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commuting Hilbert space contractions

Abstract. The n-tuples of commuting Hilbert space contractions are con-
sidered. We give a model of a commuting lifting of one contraction and
investigate conditions under which a commuting lifting theorem holds for an
n-tuple. A series of such liftings leads to an isometric dilation of the n-tuple.
The method is tested on some class of triples motivated by Parrotts example.
It provides also a new proof of the fact that a positive definite n-tuple has
an isometric dilation.

1. Introduction

By the dilation theory, started by Szokefalvi-Nagy, every contraction has a uni-
tary dilation. The dilation provides a simpler proof of the von-Neumann inequality.
It is a bit striking that the result does not extend to n-tuples of (commuting) oper-
ators. Precisely, a single contraction on a Hilbert space has the minimal, unique up
to isomorphism, unitary dilation (Nagy [15][16]), a pair of commuting contractions
has a minimal unitary dilation but it is not necessarily unique (Andé [I]), while
for n > 3 a unitary dilation may not exist (Parrott [I1], Varopoulos [I7]). More
precisely, the dilation does exist but it may fail to commute. Parrott gave the first
example of a triple of commuting contractions not admitting a (commuting) uni-
tary dilation. Varopoulos showed that for any n > 3 the von Neumann inequality
may not be satisfied and hence the dilation may not exist. On the other hand,
an example of four contractions not admitting a unitary dilation and satisfying
von-Neumann inequality can be found in [5].
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The dilation theory is well developed, to mention for example results on row
contractions. We refer the interested reader for example to [I2, Chap. 4, 5]. On
the other hand, the theory still remains of interest as indicated by the following
list of recent results [2] [3, [4, [6, [7, [9] T3], [T4].

The paper is devoted to the problem of existence of an isometric (equivalently
unitary) dilation of three or more contractions. We approach the problem via com-
muting liftings. We give an equivalent condition for a triple to satisfy commuting
lifting theorem (i.e. there is a commuting triple consisting of an isometric dilation
of one operator and liftings of the two remaining). The result may be used for
n-tuples. The condition is not simple enough to be treated as a solution of the
problem. However, we show some examples in which it works well. In particular,
we apply it to some class of triples motivated by the Parrott’s example. Moreover,
we show that a positive definite n-tuple has a unitary dilation. Such a result is
known, but our proof gives a direct construction of the dilation.

2. Preliminaries

Let B(H,H') denote the space of all bounded linear operators from H to H’,
where H,H' are Hilbert spaces, and let B(H) = B(H,H) be the algebra of bounded
linear operators on #H. A subspace Ho C H is a closed linear manifold. Let Py,
stand for the orthogonal projection onto Ho (i.e. P, = Py, = Py ).

Let T = (T1,...,T,) be an n-tuple of commuting contractions, where T; €
B(H), and let T® =[], T7", where a = (a1, ...,ap) € Z" and T} = T:lm\ for
a; < 0. The n-tuple U = (Uy,...,U,) on a Hilbert space K is called a dilation of
T if and only if

(i) HC K,
(ii) U is a commuting n-tuple,
(i) T = Py U%|y for any a € (Z4+ U {0})™.

If the projection in condition [(iii)| may be canceled (i.e. T = U®|y) the dilation is
called an eztension. A dilation is called isometric or unitary if operators in U are
of the respective type. Since an n-tuple of isometries admits a unitary extension,
an arbitrary n-tuple of commuting contractions admits a unitary dilation if and
only if it admits an isometric dilation.

Note that a dilation is assumed to be a commuting n-tuple. If n-tuple fails to
admit a unitary dilation it is due to the commutativity requirement.

A unitary dilation is called regular if T**~ T = P U%|3 for any o € Z",
where a_ =(—min{0, a1 },...,—min{0, a,, }), oy =(max{0,aq},...,max{0, an}).
The n-tuple T is called positive definite if

Z(_l) \a(v)\T*a(v)Toz(v) >0

vCu

for any u C {1,...,n}, where a(v) = (xo(1): ., xo(n)), a(v)] = X7 xo(i) and
Xv is the characteristic function of v C {1,...,n}. An n-tuple admits a regular
dilation if and only if it is positive definite [16, Theorem 9.1, Chap.1].
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As we mentioned, a contraction T' € B(#H) admits a unique isometric dila-
tion where uniqueness is up to the unitary equivalence. For the model of such
dilation recall that Dy = /I — T*T and Dy = ran(Dr) are called the defect op-
erator and the defect space of a contraction T, respectively. Let D C C be the
unit disk with boundary T and let L?(T) and H?(T) denote the space of scalar
valued, square integrable functions and the Hardy space, respectively. The space
of square integrable functions valued in a separable Hilbert space H with the in-
ner product induced by the norm || f|| = (J; 1 £(2)]|12,dm(2))'/? (m - normalized
Lebesgue measure) is unitarily equivalent to L?(T) ® H and is denoted with this
symbol. Similarly, H?(T) ® H denotes the space of analytic, square integrable,
H-valued functions. Set P, € B(H?(T)) for the projection onto the subspace Cz"
and P, ® I for the projection onto z” ® H for n > 0, where 2™ stands for the mono-
mial {z — 2"} in this context. In particular, 1 ® H denotes constant functions in
H?(T) ® H. Let then

Kr =H & (H*(T)® Dr)
be the Cartesian product Hilbert space with (-, ), = (-,)g + () gr2(1)ep, and

the respective norms. By the Nagy result the minimal isometric dilation of T' may
by defined as an operator on K given by the matrix

(1)

T 0
Vr = [EDT MZ] ’

where E: Dy 3 h+— 1®h € H?(T) ® Dr is the embedding operator and M, is an
operator of multiplication by the independent variable.

An operator L4 € B(K,K') is called a lifting of A € B(H,H') if Py La = APy,
where H C K and H' C K'. Note that ||A|| < ||La|. Let us recall the Nagy-Foiag
lifting theorem [16], Theorem 2.3, Chap. 2]

THEOREM 2.1

Let T, T' be contractions on the Hilbert spaces H, H', and let Vp, Vi be their
minimal isometric dilations on the spaces K, K', respectively. For every bounded
operator S € B(H,H') satisfying

T'S = ST
there exists a bounded operator Cs € B(IC,K') satisfying the conditions:
(i) VrCs =CsVr,
(ii) S = Py Csly,
(iii) $* = Cilae,
(iv) IS[I = ICs]l-
By and the operator Cy is a lifting of S.
Parrott noticed in [II] that the lifting theorem is equivalent to the existence
of a unitary dilation for a pair of contractions. Indeed, Theorem for H =H'

and T =T' € B(H) provides a lifting of any operator in the commutant of T. By
conditions of Theorem the pair (Vp,Cyg) is a dilation of (7,5). It is
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not yet an isometric dilation, but Vp is an isometry. However, if we lift Vp with
respect to the isometric dilation of C'g, since a lifting of an isometry is an isometry,
we get a pair of isometries (Cy,., Voo ), so an isometric dilation of (T, 5).

A similar construction could be used for an n-tuple of commuting contractions
provided the respective contractions can be lifted to commuting operators. Indeed,
for a given n-tuple of commuting contractions T = (T},...,T},) let kg <n+1 be
the maximal integer, such that T; is an isometry for i < ko (ko = 1 if T} is not
an isometry). Let Ct = (Cpy, ..., Cr,) consist of an isometric dilation of Ty, and
corresponding commuting liftings of the remaining contractions. Since a lifting of
an isometry is an isometry, C'r, are isometries for ¢ < kg + 1, so at least Cp, is
an isometry. If k; is the maximal integer such that C'r, are isometries for ¢ < ky,
then kg + 1 < ky. If we repeat the construction with Cr we get Cc, which is
a lifting of Cr, so also a lifting of T and C¢,, are isometries for ¢ < ki + 1, so
at least C’CT1 , CCT2 are isometries. Repeating the construction at most n-times
we get an n-tuple of commuting isometries which is an isometric dilation of T.
However, the lifting theorem does not extend to n-tuples of operators. For S, R €
B(H) commuting with T" there are Cs, Cr by Theorem but not necessarily
commuting, which is required in the construction of an isometric dilation described
above. Another idea is to construct a dilation of a pair and add a lifting of the
third operator afterwards. However, if we replace T, T’ by n-tuples T, T’ the
operator C's may not exist even if T, T” admit regular dilations - see [I0] for
details.

Summing up, the problem of the existence of a dilation (isometric, unitary)
reduces to the problem of the existence of commuting liftings. More precisely, we
focus on conditions under which the lifting theorem holds for an n-tuple of contrac-
tions to be understood as the existence of commuting liftings of n — 1 contractions
with respect to the dilation of the remaining one. A triple is representative for
n-tuples.

3. A lifting of a contraction

The lifting theorem does not hold for an arbitrary n-tuple. However, for
an n-tuple for which commuting liftings exist and the liftings may be lifted to
commuting contractions and so on, there is an isometric dilation of the n-tuple
as it was described in the last but one paragraph of the previous section. Lifting
Cs may be constructed of the same norm as S by Theorem 2.1 However, for
the purposes of the construction of an isometric dilation it is enough if Cg is a
contraction. Hence, if needed, we may use a wider class of liftings than constructed
in the proof of Theorem Let us define:

DEFINITION 3.1
Let T, S € B(H) be two commuting contractions and Vy € B(K) be the minimal
isometric dilation of T'. The operator Cg satisfying conditions

(i) VrCs = CsVr,
(iil) S* = C%la,



On dilation and commuting liftings of n-tuples [125]

(iv) Cs]l < 1.

is called a contractive lifting of S with respect to Vi or simply a contractive lifting
of S if the operator Vp is clear.

The starting point for a construction of C's is a characterization of 2 by 2 block
matrices in [8, Chap. 4]. Since H C K, we may assume that K = H & H; and
S0

ei-[53)

Indeed, the matrix of Cg is lower triangular by S* = C§|g. Since Cg is a contrac-

tion, by [8, Theorem 3.1, Chap. 4] and Cy is lower triangular we get
S 0

Cs = [YDS DY*F} : @

where Y € B(Dg,H1), I € B(H1,Dy+) are contractions. Moreover, by [8, Lemma
1.1, Corollary 3.6, Chap. 4] it follows that for any contraction Y there is a contrac-
tion I" such that Cg is a contraction. Unfortunately, such C's does not necessarily
commute with V7. In Lemma [3:2] and Example [3:4] we show that for a given YV
there may not exist I such that Cg given by commutes with Vi, but if such
I' exists, then it is unique. Hence any contractive lifting Cg is determined by the
contraction Y € B(Dg,H;1) and may be denoted by Cgy. In other words, there
is a one-to-one correspondence between contractive liftings of S commuting with
Vr and some subfamily of contractions in B(Dg, H1).

LEMMA 3.2
Let S,T € B(H) be a pair of commuting contractions and let Vi be an isometric
dilation of T as in . Any lifting of S commuting with V is of the form
S 0
Csy = [YDS Sy] ’ 3)

where Y € B(Dg, H*(T) @ Dr) determines Sy by

Sy(z" (39 DTh) = Mg(EDTS + M,YDg — YDsT)h (4)
for anyn >0, h € H.

To be clear, the lemma considers an existing lifting and investigates its form.
Hence describes the existing contraction Sy on a dense subset of its domain.
By the continuity, Sy is determined by on the whole domain.

Proof. By (2)) only the formula for Sy needs an explanation. By the commutativity
CsyVr = VrCsy we get

ST 0o 1 TS 0
YD5T+SYEDT SyMZ - EDTS+MZYDS MzSY ’
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By the equality of (2,1) entries the operator Sy is defined on 1 ® Dr by
Sy EDr = EDyS + M,Y Dg — Y DgT. (5)
However, by equality of (2,2) entries Sy commutes with M,. Hence
Sy (2" ® Drh) = Sy M™(1 ® Drh) = M"Sy (EDrh)
= M} (EDpS+ M,YDs —YDgT)h.

We have already emphasized that Lemma [3.2] does not show the existence of
a contractive lifting, but only investigates its form. Indeed, if we take an arbitrary
Y and try to use as a definition of Sy two problems appear. The first one is
that Sy acts on H?(T) ® Dr, so among others on vectors of the form 2™ ® Drh
for h € H, while the right hand side of acts directly on h € H. Hence
properly defines a linear operator if the right hand side does not depend on the
choice of h € H representing a certain k € DpH. In other words, the right hand
side of has to vanish on ker Dy. Then Sy is a properly defined operator on
2" ® DpH and as the right hand side is a bounded, so a continuous operator, the
definition extends to 2™ ® Dr. However, this does not imply that Sy defined by
is a bounded operator, while it should be a contraction. Indeed, the norm
of a value of the right hand side operator in on some h is bounded by S||h||
for some constant 5 > 0. For boundedness of Sy the considered norm should be
bounded by 02" ® Drh|| g2 (mygp, = 6||Drhl| for some 6 > 0. This does not follow
if D7 is not bounded below.

Summing up, Lemma[3.2]does not provide a proof independent on Theorem [2.1]
that there is Y properly defining a contractive lifting. However, since by Theorem
a lifting of S exists, by Lemma it has to be of the form and so there is
at least one operator Y properly defining Sy and so Cs y.

REMARK 3.3
A contraction Y properly defines by a linear operator Sy if and only if

(EDrS+ M,YDg —YDsT)|ker p; = 0.
Then the lifting Cs)y is a contraction if and only if Sy is a contraction.

In the following example Y = 0 does not define a lifting. In Remark we
describe all contractions Y defining a lifting for this example. It is inspired by
Parrotts example [I1]. The example is the case when ED7pS + M, Y Dg — Y DgT
does not vanish on ker Dy.

EXAMPLE 3.4
Let T, S € B(H © H) be such that

00 00
r=[vi] s-[ae)
where V, B € B(#H), V is an isometry, B # 0 is a contraction. Then T'S = ST =0

and
|00 | Dpo0
or=o7]. pe= |77
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Note that ker Dy = {(h,0) : h € H} is not invariant under S since S(h,0) =
(0, Bh) ¢ ker D for h ¢ ker B. Hence and by for Y =0 we get

So0 = SoEDT(h,O) = EDTS(h7O) =1® (0,Bh) # 0,
S0 Sp is not a linear operator.

From a contractive lifting Cg y is an extension of S if and only if Y Dg = 0.
Since Dg is the domain of Y, the latter means that Y = 0. Hence, the extension
of S with respect to V is Cg and it exists if and only if Sy defined by is
a well defined contraction. In particular, if S is an isometry, then Dg = {0} and so
Y = 0 is the only choice. Let us investigate conditions under which an arbitrary
contraction S commuting with 7" admits an extension with respect to V.

PROPOSITION 3.5
Let S,T € B(H) be commuting contractions and let Vp be the minimal unitary
dilation of T. A contraction S admits a contractive extension with respect to Vi
if and only if | D Sh|| < ||Drhl|| for any h € H.

Moreover, the extension is of the form

S 0
0I®S|’
where S € B(Dr) is the continuous extension of {Drh +— DrSh}.

Proof. By Lemma [3.2] the extension is given by

S 0
CS,O— |:0 SO:l’

where, by [@), So(z" ® Drh) = 2" ® DpSh = (I ® S)(2" ® Drh). Hence S is
a well defined contraction if and only if S is a well defined contraction, which in
turn is equivalent to | D Sh| < ||Drhl| for any h € H. This fact and Remark [3.3]
finish the proof.

In particular, the only lifting of an isometry is an extension.

COROLLARY 3.6
An isometry S commuting with a contraction T admits a unique lifting with respect
to Vr and the lifting is an isometry. The lifting is an extension of the form

S 0
0I®S]’
where S € B(Dr) is the continuous extension of { Drh — DrSh}.

Proof. Since S is an isometry, Dg = 0 and by the only lifting is an extension.
Recall that || Drhl|* = ||h||* — ||Th||*. Hence || Drh| = ||DrSh|| and so S is a well
defined isometry. Since S and S are isometries, Cg is an isometry.
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Since not all contractions Y create a commuting lifting, it is natural to ask
which of them do. Let us investigate Y more thoroughly. Since Y maps Dg to
H?*(T) ® Dr, there is a natural decomposition Y = >">° | P,ngp, Y. On the other
hand, Pyngp, Y : Ds — 2" ®@Dr may be identified with an operator Y,,: Dg +— Dr.
Then P,ngp, Y = 2" ®Y, and we get

oo
Y =) 2"0Y,, (6)
n=0

where the convergence is in the strong operator topology. Subsequently may
be reformulated as

Sy (2" @ Drh) = 2" ® (DrS — YoDsT)h + > _ 2*" @ (Yi_1Ds — Y;DsT)h. (7)

i1
Let us describe liftings of S in Example [3.4]

REMARK 3.7
Let T, S be as in Example and let Vp be the isometric dilation of T" given by
. Our aim is to describe all possible liftings of S. By Lemma it is enough
to describe all possible contractions Y € B(Dg, H*(T) ® Dr) generating liftings.
Recall that
Dr =kerT = {0} ®&H, Dr= P{O}@?—L

and

Ds=Dp®H, Dr CkerS, Dg= |:DB 0:|

0 I
Hence, by (7)), we get

oo

Sy (" ® (0,k)) = Sy (2" @ Dr(0,k)) = »_ 2" @ Y;_1Ds(0, k)

i=1

. (8)
= MY 2 @ Yi(0,k) = MY (0, k)

i=0

for an arbitrary contraction Y generating a lifting. On the other hand, Sy (2" ®

Dr(h,0)) =0 and DgT(h,0) = (0,Vh), which, by (7)), implies

Yo(0,Vh) =YoDsT(h,0) = DrS(h,0) = Dr(0, Bh) = (0, Bh)
and
Y;(0,Vh) =Y;DsT(h,0) =Y;_1Dg(h,0) = Y;_1(Dgh,0)
for ¢ > 1 and any h € H. Hence we get
Y(0,Vh) =Y 2 ®@Y;(0,Vh) =1 (0,Bh)+ Y _2' @ Y;_1(Dph,0)

=0 i=1
=1® (0, Bh) + M.Y (Dgh,0).
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Summing up,

Y(h,k) =Y (h,0)+Y(0,k) =Y (h,0)+ Y (0,VV*k) + Y (0, Prerv+k)
=Y (h, Perv+k) +1® (0, BV*Ek) + M, Y(DpV*k,0).
In other words, an arbitrary contraction Y defining a lifting of .S is determined by

its restriction Y|p,gker v+. However, an arbitrary contraction Y: Dp ®kerV* —
H?(T) ® Dr defines a bounded operator Y: D ® H — H*(T) ® Dr,

Y (h,k) =Y (h, Pier v+k) + 1 ® (0, BV*E) + M. Y (DpV*k,0), (9)

which may not be a contraction. More precisely, if | B|| < 1, then Y of sufficiently
small norm (any contraction multiplied by a sufficiently small constant) generates
by @D a contraction Y. On the other hand, since 1 ® (0, BV*k) is orthogonal to
M.Y(DpV*E,0), we get
I1® (0, BV*k) + M.Y (DgV*k,0) |32 (ryepor
= 1@ 0, BV K)o, + MY (DBV k0 m)e,
<100, BVk) 3e9 + (DBV K, 0) 30
= BV k|3, + IDBV*k[F, = VK3,
= [0, V*k) | en

and the estimate may not be improved if || B|| = 1 as ranV* = H. Consequently,

1Y (h, k)| 2 (myepr < Y (R Peer vek) lir2my@py + 1100, VE) [
<Y (A, Peervek)llnam + 10, VV*E) | an
< (L+ Y12 (R, k) .

Hence, if |B|| = 1, then Y may not be a contraction even if | Y| is very small.
By a direct calculation one may check that any operator of the form @ satisfies

(ED7S + M.Y Dg — Y DgT)(h,0) = 0.

Hence, since ker Dy = H @ {0} and by we get by Remark a one-to-one
correspondence between liftings of S and contractions in B(Dp @ ker V*, H*(T) ®
Dr) such that @ defines a contraction.

Let us give a few hints how to find the proper contractions Y. The case
| B|| < 1 was explained. For an arbitrary contraction B, Y = 0 generates Y # 0,
which in turn generates the lifting Cgy which is not an extension. The other
way is to get orthogonality of summands in @, which may be obtained using
decomposition (@ of Y. For example, let Y,, = 0 for odd n or simply Y, = 0 for
all n except one ng # 0.
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4. Triples

In Section 2] there was described a construction of an isometric dilation of an
n-tuple, which in the case of the triple R, S, T € B(H) starts with the dilation of
T to the isometry Vp and liftings of R, S to contractions Cr,Cs commuting with
V. The problem that appeared was that Cg,Cs may not commute with each
other and if so, the further construction fails. We investigate the condition under
which Cg, Cs commute.

PrOPOSITION 4.1
Let R, S, T € B(H) be a triple of commuting contractions and let

R 0 S 0 T 0
Crx = {XDR RX} » Csy = [YDS SY} » Vr= [EDT MJ

be the liftings of R, S and an isometric dilation of T, respectively.
Operators Cr x, Csy commute if and only if

YDsR+ SyXDgr=XDgrS+ RxYDg. (10)

Proof. The commutativity between Cr x and Csy leads to the equality

SR 0 . RS 0
YDsR+ SyXDgr SyRx o XDrS+RxYDs RxSy |’

The equality of entries (2,1) yields the condition to be necessary. To show
it is a sufficient condition we need to show that if it holds, then RxSy = Sy Rx.
However, since Rx, Sy commute with M, it is enough to show commutativity on
1 ® Dr. Note that 1 ® Dy = ran(E D). On the other hand, from we get

RxSyEDr = Rx(EDrS + MY Dg — Y DgT)
= RxED7S + RxM.YDg — RxY DgT
= (EDyR+ M. XD — XDgT)S + M.RxY Ds — RxY DsT
= EDrRS + M.(XDgS + RxY Dg) — (XDgS + RxY Dg)T

and, similarly,
SyRxEDp =EDyrSR+ M.(YDsR+ SyXDpg) — (YDsR+ Sy XDgr)T.
Hence, indeed yields Rx Sy EDp = Sy Rx EDr.

Let us now describe precisely a dilation of the triple (R, S,T) via liftings. We
start with the dilation to a pair of contractions and an isometry (Cr, Cs, V). Next
denote by Vi, the isometric dilation of Cg. Since Vr is an isometry, by Corollary
@ it admits the extension Cy, with respect to V. Assume that Cr may be
lifted to a contraction C¢, with respect to Vi, commuting with Cy,.. Then we
get the commuting triple (Cep, Vg, Cvy). Since Ve, Cy,. are isometries, they
admit by Corollary @ extensions with respect to Ve, — the isometric dilation
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of C¢p,. Hence (VCcR Cvoy s CCVT) is the isometric dilation of the triple (R, S,T),
where the operators commute by Proposition [I.I] Indeed, extensions are defined
by X =0,Y =0, so they satisfy the condition . In other words, the dilation
is constructed in three steps where the third one is always possible.

The second step of the construction makes the case when one contraction is
an isometry interesting.

COROLLARY 4.2

The triple R,S,T € B(H) of commuting contractions, where R is an isometry,
admits a unitary dilation if and only if there is a contraction Y = > 2 12" ®
Y, (each Y,: Dg — Dr) defining a lifting of S with respect to a dilation of T
as described in Lemma and such that Y,,DsR = RY, Dg for each n, where
R: Drh — DpRh is an isometry.

Proof. With the notation of Proposition by Corollary [3.6] we have X = 0 and
Rx = I®R, where R: Dprh — Dy Rh is an isometry. Since Dgi = 0, the condition

simplifies to R
YDsR=(I® R)YDg.

The remaining part follows by the decomposition of Y.

As mentioned before, the last step of the described construction of an isometric
dilation of a triple, which under the assumptions of Corollary [£.2]is the second step,
is always possible. This follows from Corollary and the fact that extensions
always commute. Indeed, in this case we get an isometric dilation of a contraction
and extensions of two remaining isometries.

The interesting case is when the triple admits a dilation to an isometry and
liftings to contractions by some X, Y, where X # 0 or Y # 0 and it is not possible
to get an isometry and two extensions. Instead of a single example of such a case
we examine a class of triples based on the Parrott’s idea. The class is defined
in Example below, where the Parrott’s example is obtained by taking V =1
and assuming B to be an isometry (denoted by V in the Parrott’s work) not
commuting with A. We are not going to give an equivalent condition for a triple
in the considered class to admit a dilation to an isometry and two contractions.
Our aim is rather to show some constructive approach to the dilation problem
following from the method described in Section [3] We give a necessary condition
which covers the Parrott’s result. Some sufficient condition is also presented.

EXAMPLE 4.3

Let A, B € B(H) be contractions commuting with an isometry V' € B(H) but
not necessarily with each other. Let us check conditions under which there exist
commuting liftings of R, S with respect to the isometric dilation of T', where

00 00 00
w=[a) s=[sa] =[]
With the notation of Proposition let the liftings of R and S be determined by
contractions

oo oo
X:Zzi@)Xi and Y:sz@)Yj,
i=0 3=0
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respectively. As noted in Remark Dr = {0} @ H and so describes Sy on
a (linearly) dense subset of its domain. In particular, since ran(X;) C Dy we get
Sy (*® X;(+,+)) = MITY X, (-, ). Taking advantage of Remarkwe get the left
hand side of the condition as

(YDsR+ Sy XDg)(h, k)

=> 2 @Y;(0,Ah) + Sy Y 2" @ Xi(Dah,k)
=0 i=0

o0

2 @Y;(0,Ah) + 3 Sy (' ® Xi(Dah, k)
=0

<

'Dnﬂ@g L

<
I
o

Z @Y;(0,Ah) + > MY X;(Dah, k)
=0

# @Y;(0,Ah) + > MY "2 @Y Xi(Dah, k)

(oo}
jz:(:) i=0 j=0
(oo} (oo} (oo}

=> F@Y(0,Ah) + > Y 2T @Y Xi(Dah, k)
=0 i=0 j=0
oo ) k

=> Z@Y(0,Ah) + > @Y YiXp_y(Dah, k)
j=0 k=0 1=0

[eS) Jj—1
=10Y(0,An) +> # ® (Yj(o, Ah) + Y Vi X;__1(Dah, k;)).

j=1 1=0

Similarly, the right hand side has the form

(XDgrS + RxY Dg)(h, k)

0o i—1
=19 Xo(0,Bh) + Y 2 ® (Xi((), Bh)+ Y XiY;_i_1(Dgh, k)>.
i=1 =0

Hence X, Y generate commuting liftings if and only if they satisfy
Y0(07Ah) = XO(Oth) (11)

and

i1 i-1
Yi(0, Ah) + ZYzXz;lq(DAf% k) = X;(0, Bh) + ZXIYFZA(DBM k) (12)
1=0 =0

for ¢ > 1. In particular, for i =1 and h = 0 yields

YoXo(0, k) = XoYo(0, k). (13)
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It turns out that and are not only necessary but also sufficient conditions
for the existence of commuting liftings of R, S with respect to the dilation of
T. More precisely, if X’ and Y’ are contractions generating liftings of R and
S, respectively, and satisfying and 7 then the liftings do not necessarily
commute. However, the other two contractions X, Y defined as X = 1 ® X,
Y = 1® Yy, where Xo(h, k) = X[(0,k), Yo(h, k) = Y5(0,k) (so in particular Xy,
Yp vanish on the first coordinate) generate liftings of R and S, respectively, which
do commute. Indeed, by Remark X', Y satisfy (9) for the respective X,
Y’ and are contractions. Then one can check that also X, Y satisfy @ with
X =1® Xpand Y = 1® Yy, where Xo(h, k) = X}(0, k), Yo(h, k) = Y(0,k) and
IXI < 1X'|I, Y]l < ||Y']l, so X, Y are contractions defining liftings of R, S. Since
X, Y satisfy also (note that X; =0, Y; =0 for ¢ > 1), the liftings commute.

Summing up, without lost of generality we may assume that X =1 ® X, and
Y = 1Y)y, where Xg € B(D4a®H,Dr), Yo € B(Dg ®H,Dr) and both operators
vanish on the first coordinate. By virtue of @D our aim is to construct Xo, }70
such that ~

X0(0,k) = Xo(0, Prerv+k) + (0, AV*E)

and R
Y0(0,k) = Y5(0, Peer v+ k) + (0, BV*k)

satisfy and . However, note that is precisely
XoY0(0,Vh) =Y X(0,Vh).

Hence we look for a commuting pair X, Yy of the form above. In particular, since
A, B commute with V', the condition for k = V2h where h € H is arbitrary
yields commutativity of A and B.

Conclusion: A necessary condition for the existence of commuting liftings of
R, S with respect to the dilation of T' is commutativity of A, B.

Let us finish the remark by giving also a sufficient condition. Obviously we
assume that A, B commute. If AV* commutes with BV*, then taking X, =
Yy = 0 we get commuting liftings. Let us generalize this condition. Note that
since H = V*H, the commutativity AV*BV* — BV*AV* = 0 is equivalent to
AV*B — BV*A = 0.

If we take Xo(h, k) = (0, V*Ak) and Yy(h, k) = (0, V*Bk), then

Xo(h, k) = (0, V* APeer k) + (0, AV*E)
= (0, V*A(I — VV*)k + AV*k) = (0, V* Ak)

and similarly
Yo(h, k) = (0,V*Bk).

Such X and Yj are clearly contractions and they commute if V* A commutes with
V*B. The latter is equivalent to V*(AV*B — BV*A) = 0 which is more general
than previous commutativity of AV* and BV* (check B = V).

In particular, if V' is a unitary operator, commutativity of A and B is an
equivalent condition for the existence of commuting liftings of R and S with respect
to the dilation of T
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5. Dilation of a positive definite n-tuple

In this section we show that an isometric dilation of an n-tuple of commuting
contractions may be obtained via extensions if and only if the n-tuple is positive
definite.

LEMMA 5.1
Let T = (Th,...,T,) be an n-tuple of commuting contractions on a Hilbert space
H. The following conditions are equivalent:

(i) {Dg,h+— Dy, T;h} defines contractions T; on D, and

T 0]

T, 0 .
Vr, = |:EDT1 M. Cr. = [ } fori=2,...,n,

T loIeT
are the dilation of Ty and commuting extensions of Ts, ..., Ty;

(ii) operators T; satisfy

IBIZ + | TThI? > | Tpl* + | Tah* - fori=2,....n

Moreover, if the conditions above are satisfied and Cr = (Cr,,...,Cr,), then
Do (DO E = S (@l T p)
vCu vCu
oo (14)
£33 (OO P
=0 vCuU{1}

for any k = (h,0) ® >724(0,2" @ D hy) and w C {2,...,n}, where C‘;(U) =
[T on .

Proof. Note that operators C'r, considered inare contractions. Hence we require
|Cz, || < 1 but not necessarily ||Cr, || = ||T;||. Recall that || D, h||* = ||h]|*>—|T1h]*.
Therefore

1Dz, hl|* = | D, Tih||* = [|R]|* = I T3k | = 1Tk | + | T3 A (15)
fori=2,...,n. If holds, then T} are contractions. Hence
| Dz, hl|* — || Dy, Tih||* = 0

and by we get

Conversely, condition (i)} by (L5), implies || Dy, T;h|| < || Dy, h|| and so ker Dy,
is invariant under T;. Hence T; is a well defined contraction which may be extended
to Dpy,. We get

. T 0 |7y 0
o ) I
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the well defined dilation and extensions, commuting by Proposition 1] It is clear
that ||Cr, | = max{| T3], |7} < 1. S

Let us show the second part. Fix u C {2,...,n} and denote T = (T3,...,T}).
One can check that

Do (DOICT kP = Sl Tep)?

vCu vCu

+§Z§Z 1)@ T Dy, b2,

1=0 vCu
On the other hand, by the definition of T; we have

3 ST (1) Dy

1=0 vCu

Z 1)@ Dy, Ty |12
vCu

= Z DT h 2 — | T TRy ?)
vCu

= Z V@@, 2 4 (—1)le@ulDlpeuiihy, | 2)
vCu

Z \oc(v \”Toz(v)h ||2
uU{

From the second part of Lemma [5.1] follows that:

COROLLARY 5.2
If an n-tuple T satisfies conditions of Lemma then T is positive definite if
and only if Cr defined as in Lemma s positive definite.

Proof. Assume T is not positive definite, then

Z(—l)'a(””HT“(”)hHQ <0
vCu
for some w C {1,...,n} and h € H. If 1 ¢ u, we have
SO (,0)7 = 3 (- D)@ T 8|2 < 0.
vCu vCu
If 1 € u, we obtain

S (=D@NCs 0,2 @ D )P = Y (~1le@l T2 <0,
vCu\{1} vCu
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Hence, in the both cases Cr is not positive definite.
Assume T is positive definite. Then

S EDEONT R >0 and Y (1)@ TR2 > 0

vCu vCuU{1}

for each h,h; € H and u C {2,...,n}. Hence the right hand side of is
nonnegative and so
Z(_l)la(v)luc%(v)kllz >0

vCu

for any k € {(h,0) ® > ;2,(0,2" ® Dr, h;), h,h; € H}. Since the last set is dense
in the domain of Cr, the tuple Cr is positive definite.

It turns out that the construction of an isometric dilation of an n-tuple via
liftings, which we described earlier may be obtained via extensions instead of
liftings (which clearly satisfy the condition ) if and only if the n-tuple is pos-
itive definite. First, we describe more precisely the construction of an isometric
dilation for an n-tuple T = (T%,...,Ty,). Assume the contractions Tb,..., T,
admit the extensions with respect to the isometric dilation of 7} and denote
T, = (T1,1,T21,...,Tn,1), where T1 1 denotes the isometric dilation of T; and
T3, is an extension of T; with respect to 111 for i = 2,...,n. By Proposition
the operators in T; commute. Next dilate T5; to an isometry 15 o, extend
the isometry 71, to an isometry Tb; with respect to T2 (which can be done
by Corollary and assume that T3 1,...,7;, 1 may be extended to contractions
T39,...,T,,2 with respect to Th 9. Put Ty = (T12,T2,2,...,Ty,2). One may pro-
ceed similarly and construct T, ..., T,. Note that T} j is an isometry for i < k.
In particular, T, is an isometric dilation of T. Since the construction requires the
assumption that contractions admit the respective extensions, it may not be done
in the general case. As we already mentioned such a construction is possible if
and only if T is positive definite.

THEOREM 5.3
Let T=(Th,...,T,) be an n-tuple of commuting contractions on H. The following
conditions are equivalent:

(i) T admits an isometric dilation T, constructed as the last element of a
sequence Ty, = (Th ks, Tn i) on Ky for k=0,...,n, where
(a) Ko=H and Ty = T,
(b) K, = Ki—1® (H*(T) ® D) for k=1,...,n, where Dy, and Dy are the
defect operator and the defect space of Ty, 1, Tespectively,

| Tkg—1 O | Tk 0
(¢) Trr = [ ED, M. and T, = 0 I®Ti,k—1 , where the oper-

ators Ti7k_1 given by {Dih — Dy T; x_1h} are well defined and extend
to contractions on Dy for i # k.

(ii) T s positive definite.
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Proof. Since extensions are obtained by zero operators which clearly satisfy the
condition , each n-tuple Ty in is a commuting n-tuple. Hence indeed, T,
is an isometric dilation. Moreover, if T} is defined, then T; ; are isometries for
i < k. In particular, the last but one tuple T,_; consists of isometries 7} ,_1
(for i+ < n —1) and a contraction T}, ,—1. Hence, if the tuple T,,_; is obtained,
each T; ,—1 may be extended with respect to the isometric dilation of 75, ,—1 by
Corollary In other words, the conditionholds if and only if the sequence T,
may be constructed up to the term n — 1. The last term may always be obtained.

We use induction on n. The base step n = 2 follows by Lemma Indeed,
by the first paragraph of the proof, condition is equivalent to the existence
of Ty, which in turn is the condition of Lemma On the other hand,
since T, T» are contractions, the pair (77,7%) is positive definite if and only if
> oe 1.2y (~D)PNT*®) 3|2 > 0, which is condition [(ii) of Lemma
The inductive step. Assume the conditions are equivalent for n — 1 tuples and
consider an n-tuple T. If T; exists, then T satisfies conditions of Lemma [5.1
where Ct = (T3,1,...,Ty,1) is an (n—1)-subtuple of T4. Moreover, if T satisﬁes
then C satisﬁeswith (Ct)r = (T2k+1,- - - » T k+1). Then, by the assumption
of the inductive step, Cr is positive definite. Hence, by Corollary[5.2] T is positive
definite.

Conversely, if T is positive definite, then in particular conditionin Lemma
is satisfied. Hence we may construct Ty = (Vp,,Crp,,...,Cr,). Moreover, by
Corollary [5.2| the (n — 1)-tuple Ct = (Cr,,, ..., Cr,) is positive definite. Thus by
the assumption of the inductive step, there are (Cr)r = ((Cr)2,ks- -5 (CT)nk)
for k=1,...,n—1. Note that (Cr)2,1 is an isometric dilation of Cp, and (Cr); 1
are extensions of C7, with respect to this dilation for ¢ = 3,...,n. Since Vp,
is an isometry, it also has a unique extension with respect to (Cr)z21 by Corol-
lary If we denote it by T2, then Ty = (T12,(Cr)2.1,...,(Cr)n,1) has all
the properties required in Since T2 is an isometry, we may construct 77 3
as an extension of T3 o with respect to (C7)s 2, which is the isometric dilation
of (Cr)s1 and get a commuting n-tuple T3 = (T3, (Cr)2,2,...,(Cr)nz2). By
recurrence, having defined Ty, = (Th %, (C1)2k—15- -5 (CT)nk—1) We get Try1 =
(T1 k+1, (C1)2.ky - - (C7)n k), where T 41 is an extension of T3 j with respect to
(Cr)k+1,k — the isometric dilation of (Cp)ky1,,—1 for £k =3,...,n — 1. Hence we
get a complete sequence required in

We can conclude from Theorem that a positive definite n-tuple admits
an isometric, so also a unitary dilation. As we mentioned in Introduction such a
result is known ([I6, Theorem 9.1, Chap.1]) in a more precise version where an
n-tuple is showed to admit a regular dilation if and only if it is positive definite.
It is not our aim to provide a new proof of [16, Theorem 9.1, Chap.1], so we do
not check whether the constructed dilation is regular or minimal. Our aim was
to show the construction of the dilation and to emphasise that using extensions
instead of liftings (which is a convenient choice by virtue of Proposition has
limited usability.
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