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Abstract. The main result of the paper is the proof of the equivalence theorem
for a K-functional and a modulus of smoothness for the Deformed Hankel
Transform. Before that, we introduce the K-functional associated to the
Deformed Hankel Transform.

1. Introduction and Preliminaries

In [2], Belkina and Platonov established the equivalence theorem for a K-
functional and a modulus of smoothness for the Dunkl transform in the Hilbert

space L2(R, |z[>***1), o > 5!, using a Dunkl translation operator.

In this paper, we prove the generalization of this theorem for the Deformed

Hankel transform F,, with a parameter x > i. For this purpose, we use the

deformed Hankel translation operator, this result is analogous of the statement
proved in (11, 2], ], [10], [L1)).

We recapitulate some facts about harmonic analysis related to the deformed
Hankel transform, consider the differential operator

Li() = [[Ax(),

where A,; is the Dunkl Laplacian defined by A, = d% + 24 _ 5 (1-35), where

z dx
Sf(x) = f(—=).
The deformed Hankel kernel B, (\z) is given, for x > %, by

\x
B.(\x) = jax_1(2v/|Ax|) — ———J AVADY 1
0) = o 2/ ha]) = 5 (2, (1)
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where j, denotes the normalized Bessel function of order «, defined by

Jolu) = 2°T(a+ 1u~"Ja(u) =T(a+1) 3 m'F((_l)m (5"
m=0 .

a+m+1)
It satisfies the following differential-difference equation
|z|AxBr(Ax) = —|\|Bo(Az).
From (1)) and (2)), one can easily find that B, has the properties
B,(0) =1 and |B.(Az)| <1forall A\,z €R,
and from [9], we have

lim Bg(Az)=0

Ax—+00

The deformed Hankel translation operator T is defined by

/ Ky, 9, 2)dpin(2),

where dy () = mhﬂz”*ldaz and for all z,y € R*, the kernel K,; is given by

Kn(x?:% )_2F QH WQN 1 v|$ \/E \/E l’y,

where W, is the positive Bessel kernel given by

Wa (’U,, v, w)

_ Fla+1) {{(u+v)? —w[w? — (u—v)?}>~>
220-1T(a + 1)I(2) (uvw)2e

and

Vil z) =2 {14 B e (o] g [al)? - 1

4 1
+ng( 2 Azl 2], [y)? — 1]
! Sie(f 1) CONERPREIES

and A(u,v,w) = 2\/1%(u—|—v —w), u,v,w € R%. We recall that LP(du), k >

the set of all measurable functions f on R satisfying

([ If(x)”dum(x)); .

Let f € L'(du,), the deformed Hankel transform F is defined by

I/

/f w(Az)dpg (), AeR.

(2)

X]|u7v|,u+v[(w)a
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We have F,(f) € Co(R). Moreover we have

1P flloo = 11 f

It is well-known (see [3],[4],[5],[6]) that the deformed Hankel transform F
satisfies the following properties.

1,k

(a) Tts inverse formula is given by
1@) = [ Fod 0B (V).

(b) The Plancherel formula states

[ Fwf

20 = [ fll2-
(¢) From [9], we have
Fele)A) = (DA Ff(N),  reN, (4)
where LT f = L, (L.71f) and L2 f = f.
(d) The generalized translation operator Ty, verifies
Fe(Ty F)N) = Be(Ay) Fref () (5)
and we have || T f|lxp < Axl/f]lxp forall 1 <p < oo and y € R.

Let WJ", be the Sobolev space constructed by the L, operator that is
Wi = {f € L*(dpx) : LLf € L*(dux), j=1,2,...,m},

where L7 f = L,(LZ71f) and LY f = f. Now we define the finite differences of
order m € N and step h > 0 by

wfQA) = (T = D™ F(N),
where I denotes the unit operator.

REMARK 1
For all m € N, we have

LEMMA 2
Let f € L*(du,), we have

Fr(A7 F)A) = (Be(Ah) = )™ Fi(£) () (6)
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Proof. On the basis of (f]), we have
Fu Ty f) () = Be(Ay) Fe f(N),

then, by recurrence on ¢, we get

Fel(T)) FYN) = (Bu(Ay)) Fif(N),

hence

Fapnn = % 0 (7)) B Fs .

0<i<m

:< 3 (- (T) (BH(/\y))i>fnf(/\)~

0<i<m
Using Newton’s formula, we obtain @

DEFINITION 3
Let f € L?(du,) and 6 > 0. Then

(i) The generalized modulus of smoothness is defined by

w7n(f75)2,m = Ssup ||A:Lnf||27f”v
0<h<d

(ii) The generalized K-functional is defined by

Km(f7 6)2,& = ll'lf{”f )

2.5 Ol gllan i g € Wal}

The modulus of smoothness wy, (f, 8)2,, possesses the following properties (see,
for example [7],[9]),

(a) wm(fv 5)2,11 S An2m||f||2,n;

(b) if f € Wi, then wy(f,6)2,s < c(m, k)™ L f|l,,., where c(m, k) is a
constant.

Throughout this paper, C' denote a positive constant which may vary by line.

2. Main result

In order to prove Theorem [ we need some preliminary results. The behaviour
in 0 of the kernel B, (Az) could be deduced from [7] and [9], we get

Az sgn(Ax)
262k +1)  26(2k+1)(2k+2)

1
B.(Az) =1- %|)\x| — A2+ o(|Az]?).  (7)
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LEMMA 4
(i) There exist constants C > 0 and v > 0 such that if |Az| < wv, then

|B.(Az) — 1| > C|Az|. (8)
(ii) There exist constants C > 0 and v > 0 such that if |Axz| > v, then

B.(Az) =1 > C. (9)

Proof. Using the relation @, we obtain
B -1 1 sga(a)

palso e 26 2k(2k+ 1)
This allows to get that there exist C' > 0 and v > 0 such that
|Az| < v = |B,(\zx) — 1| > C|Az|.

From [12], we have the asymptotic formula for the normalized Bessel function
Ja, when x — 400,

ja(z) = M*)U(2)a+$ cos (x — (20 + 1)%) + o(ié)

T2

Therefore
lim B,(Az)=0.

Arz—+o00o

As a consequence there exists v > 0 such that if |Az| > v the inequality | B, (Az)| <
% is true. We get the inequality

1
|Bx(Ax) — 1| > C, where C = 7

For any function f € L?(du,) and any number v > 0 we define the function
v
Py(f)(x) = | FufNBu2)dun(A\) = FH (Ff (N)xe V),
—v

where

1, if |\ <uw,
v(A) =
xo(3) {o, if [\ > v.

F1is the inverse deformed Hankel transform. One can easily prove that the

function P,(f) is infinitely differentiable and belongs to all classes Wy, m € N.

LEMMA 5
If f € L?(duy), then

If = Po(Pll2n < Cwm(f,0)2m,  meN,

where v > 0 and § > 0.
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Proof. Using the Plancherel identity, we have

I~ Pu(P)IE = / 11— o VPIF S )P (V)

- /w [ F FON) 2 (V)-

By @, we have
|Be(AR) — 1| > C for |Ah| > v.

Therefore, from @ and the Plancherel identity we deduce that

1f = Po(H)I3 < 0_2’”/ | B (Ax) = 12" F f (V)P (V)

[A|>v

— o [ R = DD Pl )
[A|>v

< C—2m /R |]_-H((T}r: _ I)mf‘)()\)|2d,un()\)
= (T = DI = O AT FIR,

Hence
||f - Pv(f)”ln < C_mHAZLf”ZN < C_mwm(f, 5)2,57

the lemma is proved.

LEMMA 6
For any f € L*(du,), we have

LY (P (f)l2, < ClR[T™ AR fll2es  mEN, (10)
where v > 0.

Proof. Relations , @ and together with the Plancherel identity yield

L (Po ()]

2 = / A2 F f ) ()

—v

v

< C72m|p|m / |Be(AR) = 1P| f (V) Pdpu (A)

—v

< C2mpp) / Fu( AT YN P (V)
— AT

Hence

L (Po(f D) Nl20 < ORI JAR fll2,-
This proves .
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COROLLARY 7
The inequality
ILZ (Po () ll2. < CO " win(f, 6) 2,

holds for any f € L*(du,), m € N, v >0 and § > 0.

THEOREM 8
There are two positive constants ¢c; = ¢(m, k) and ca = c¢(m, k) such that

Clwm(f7 5)2,& S Km(,f7 5m)2,n S Cme(f7 6)2,H (11)
for all f € L*(du,) and 6 > 0.
Proof. To prove the left-hand inequality in it is sufficient to show that

wm(f; 5)2,& é CKm(fa 5m)2,n~ (12)

Let g € Wy",. Using the properties of the modulus of smoothness (see [9], Prop-
erties 4.2) we obtain

wm(f7 5)2,N < wm(f -9, 5)2,n + wm(gv 5)2,m
< A2"|f = gll2e + C(m, 5)6™ (L gll2,
< CUIf = gllze + 6™ LT gll2.x),

where C' = max(A,2™,C(m, «)). Taking the infimum over all g € W5, we arrive

at inequality (12).
Now we prove the right-hand inequality in . If g = P,(f) for v > 0, then
it follows from the definition of K, (f,d)2,, that

K (f,0™)2.n <1 = Po(Fll2n + 8™ L Po(f) 2,6

It follows from Lemma [5} and Corollary [7] that

Km(f7 5m)2,n S QC’LUm(f, 6)2,%7
which proves the right-hand inequality in .
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