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Algebraic points on the hyperelliptic curves
y? = x5 + n?

Abstract. We give an algebraic description of the set of algebraic points of
degree at most d over Q on hyperelliptic curves y? = z° + n?.

1. Introduction and result

Let Q be the field of rational numbers and Q a algebraic closure of Q. Let C
be an algebraic curve of genus g > 2 defined over Q, and Je¢ its jacobian variety.
A celebrated theorem of Mordell-Weil states that the group J¢(Q) of rational
points of the jacobian Je is a abelian group of finite type, e.g. Je(Q) & Z" X
Je(Q)tors, where the integer r is called the rank of the variety Je and Je(Q)sors
the torsion subgroup. In this note, we study the algebraic points of degree at most
d on hyperelliptic curves C4 of genus 2 of affine equations

Ca:y>=a"4+A for some integer A.

The degree of an algebraic point on C4 is the degree of its field of definition
over Q. Note that the case A = 1 goes back to Schaefer ([§]), Fall ([3]) and
Sall, et al ([7]). The purpose of this note is to settle the case A = n? with
n € {4,5,8,10,12,16, 20,27, 36, 144, 162, 216, 400, 432, 625, 648, 1250, 1296, 5000}.
Let 7 be a primitive 10-th root of unity in Q and we put A} = (v/n2n?k+10) with
0 <k <4. Alsolet P, = (0,n), P, = (0, —n) and P, the point at infinity on C,2.
Various works study these curves (see [9], [10], [I1]).
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Combining the results given by Mulholland ([5], p. 177-178) and Bruni ([I],
p. 142), we obtain the following theorem

THEOREM 1
The Q—rational points on the curve Cph2 are given by

Cn2(Q) = {Py, Py, P}

It is also known since Faltings ([2]), for a number field K, the set C,2 (K) of K-
rational points on C,2 is finite. We are interested mostly in this note in describing
this set. More precisely, we give an algebraic description of the set of algebraic
points of degree at most d over Q on the curve C,2. We denote this set by ng (Q).
The underlying principle of the method used to study these algebraic points in
this paper is as follows. It is assumed that one knows or determines the structure
of the Mordell-Weil group Je¢ ,(Q) and that it is finite (e.g. 7 = 0),

Je ,(Q) =Z/mZ x --- X L/nL.

Consider a base point Py, € C,,2(Q); the Abel-Jacobi map associated to Py is
the embedding j: C,2 — Je ,, P+ [P— Px], where [P — P] denotes the class of
the divisor P — P,,. We then determine Dy, ..., D, divisors on C,2 defined over Q
such that j(D;) is of order n; and j(D1),...,j(Ds) generate Je ,(Q). Let then R
be an algebraic point on C,,2 of degree d. Let Ry,..., Rq be its conjugates under
the Galois action, then j(Ri+---+Rg) € Je,,(Q) and consequently, there exist m;
with 0 < m; < mn; —1 such that j(Ry +---+ Rg) = m1j(D1) 4+ -+ msj(Ds). The
Abel-Jacobi theorem (see [4], p. 155) leads to the existence of a rational function
f defined over Q such that

div(f)=R1+---+Rs—miDy —---—msDs + (Zgigs m;deg(D;) — d)POO.
Our main result is the following theorem.

THEOREM 2
1. The algebraic points of degree 2 on C,2 over Q are given by

C(Q) = {(z, V25 + n2) : z € QY.
2. The algebraic points of degree 3 on Cp2 over Q are given by

C(3)(Q) = {(z,+n — A\2?) : X\ € Q" and x root of z° — \*z? + 2\n = 0}.

n2
3. The algebraic points of degree 4 on Cp2 over Q are given by

Q) =ApuArUAL

with
o ={(z, £Va® +n?): [Q(z): Q] =2}
P ={(z,4n — Az — px?): A€ Q*, u € Q and  root of
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B (x) =zt — pa® — 22 pax? + (=A% £ 2un)x + 2n);
D ={(z,£n — Ax? — pz®): \, p € Q* and x root of
By (z) = pla* + (20 — )23 + N22? F 2una F 2\n}.

4. The algebraic points of degree at most d with d > 5 on Cp2 over Q are given

by
¢k (Q) = D UD? UDE UDE

with

if d is even};

VIS

Dy ={(z,£Va® +n?): [Qz): Q] <

Z . gai.’ﬁi
?:{(x, m) Dag #0 and 3b; # 0 if d is even,

. d—’b'ivj
Zog;g—; J

b% # 0 if d odd and x root of
n )2 i\ 2
Fr@) = (Spcica ain’)’ = (Loejcazs bja) (z5+n2)};

Y ocicdrt a;zt
D :{ (x —0352,) © ap = £nbo, ass #0 if d is odd,
2oo<j< izt b ’

b% #£ 0 if d is even and x root of
" N2 )
T3 (x):(zogigd%aix) _(Zoﬁjé% bjxﬂ) (x5+n2)};

n 2o<ic g2 ai’
Dy = |z, —=—2——]: ap=*tnby, a1 = tnby, aarz #0
3 ’ ’ )
20<j<—d’3 bjx? 2
SI="3

if d is even, b? # 0 if d is odd and = oot of

F3(x) = (Zogzs% aixi)Q - (Zoga‘s% bjxj>2(x5 + nQ)}.

2. Fundamental lemmas

Let D be a divisor on C,2. The vector space £(D) is defined to be the set of
rational functions
£(D) = {f € QC,)* : div(f) = ~D} U {0},
The dimension of £(D) as a Q—vector space is denoted by /(D). Let x and y
denote the functions on C,2 given by

Y

X
(XY, 2) = - and y(X,Y,7)= 75

The smooth projective form of the curve C,2 is

Ch2:Y?=X°Z+4+n%Z5.
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The following lemma gives the structure of the Mordell-Weil group Je ,(Q)
and that the finiteness of the latter group is essential for this work.

LEMMA 1
Jan (Q) = Z/5Z
Proof. Using of MAGMA for 2-descent on jocabians of hyperelliptic curves we
obtain the desired result (for more detaits, we refer to [12], [5], [I]).
LEMMA 2 o

(i) div(y —n) = 5P, — 5P, div(y + n) = 5P, — 5Px;

(i) div(z) = Py + P, — 2Py, div(y) = Af +--- + A} — 5P,
Proof. 1t suffices to apply the following relation

divir —a) = (X —aZ =0).Cp2 — (Z =0).Cp2

with a € Z, where I'.C,,2 is the intersection cycle of a algebraic curve I' defined
over Q and the curve C,:.

From Lemma e see that 5j(P,) = 5j(P,) = 0, and j(P,) + j(P,) = 0.
Thus, j(P,) and j(P,) generate the same group Jc ,(Q) which is isomorphic to
Z/5L.

LEMMA 3
We have

L(Psy) =<1>, L(2Py)=L(3Px) =<1,2>, L(4Psx)=<1,2,2%>,

L(5Py) =< 1,z,2% y >, L(6Py)=<1,z,2% 1y 2% >.
More generally, for p >5, a Q-basis for L(pPs) is given by

Bp:{xi: iENandOgng}U{yxj: jENCmeSjSZ%}.

Proof.
— It is clear that I(Psx) = 1. But £L(Ps) certainly contains the constant func-
tions, thus £L(Py) =<1 >.

— Since the genus of C,,2 is equal to 2, then 2P, is a canonical divisor on C,z2,
50 1(2P) = 2, thus {1,z} provides a basis for £(2P).

— For p > 3, we can see that the elements of B, are linearly independent and
are in L(pPy). Thus, it suffices to show that the cardinality of B, is equal
t0 {(pPso). According to the Riemann-Roch theorem (see [6], p. 71), we have
l(pPs) = p — 1. Two cases arise:

15t case: if p is even, then by setting p = 2h, we have

5 2h—5
=h j<Po- & j<h-3.

p
<
‘ 2 2 =

=2

Therefore, we get B, = {1,z,...,2"}U{y,yz,...,y2" 3} and hence
#B,=(h+1)+(h—3+1)=2h—-1=p—1.
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2nd case: if p is odd, then by putting p = 2h + 1, we obtain

i<£_2h—|—1 p—5_ 2h—-4
-2 2 B N

Si<h  j<——

h—2.
2 2

Thus, we have B, = {1,z,...,2"}U{y,yx,...,yz"~?} and therefore

#B,=(h+1)+(h—2+1)=2h=p—1.

3. Proof of Theorem

Let R be an algebraic point on C,2 of degree d over Q; if d = 1 these points are
given by Theorem (1} so we can assume that d > 2. Let Ry,..., Rq be the Galois
conjugates of R. We have [R; + -+ + Rq — dPx] € Jc ,(Q) and Lemma |I| gives

[Ri+ -+ Rg— dPx] =mj(P,)  with0<m <4, (1)

3.1. The algebraic points of degree 2 on C,,2 over Q

CASE m = 0. The formula becomes [R; + Ry —2Ps] = 0. The Abel-Jacobi
theorem implies the existence of a function f such that

le(f) = R1 + R2 — 2Poo

Therefore f € L£(2P), hence f = ag + a1z with a; # 0 otherwise one of the
R; would be equal to P,, P, or Ps, which is absurd. At points R;, we have
ag+a1x =0, hence x € Q*. The relation y? = 2° 4+ n? gives y = +£v/25 + n2, thus
we obtain a family of points of degree 2,

{(z, V25 +n2?): z€Q"}.

For the cases m = 1, 2, 3,4, we obtain an absurdity.
Thus, we obtain a family of points of degree 2,

Cfg)(Q) ={(z, Vx> +n2): z€Q"}.

3.2. The algebraic points of degree 3 on C,,2 over Q

For the cases m = 0, 1,4, we obtain an absurdity.

CASES m = 2 AND m = 3.

— For m =2, becomes [R; + Ry + R3 + 2P, — 5P5.] = 0. There exists a
function f such that

div(f) =Ry + Ry + Rz + 2P7n —5P,.

Therefore f € L(5P), hence f = ag + a1z + azx?® + by with by # 0
otherwise one of the R; would be equal to P.,, which is absurd. The
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function f is of order 2 in P,, so ag — nby = 0 and a; = 0. Thus f =
bo(y +n) + azx?. At points R;, we have by(y +n) + azx? = 0. By putting
A = 32, we obtain
0
y=—n— Az’

5 _n? =0, we have

Replacing the expression of y in y? —
—2%(x® — X222 — 2An) = 0.

We must have 22 # 0, A # 0 and 23— A\?22 —2\n an irreducible polynomial,
so we get a family of points of degree 3,

{(z,—n — Xz%): A€ Q" and z root of x> — \22? —2\n =0}. (2)

For m = 3, by analogous reasoning to the case m = 2, we obtain a family
of points of degree 3,

{(z,n — Az?): A€ Q* and x root of x® — A\?2? +2\n =0}.  (3)

Finally combining and 7 we obtain

Cffz)(@) = {(x,+n — Xz?): XA € Q* and z root of * — \2x? + 2\n = 0}.

The algebraic points of degree 4 on C,,2 over Q

CASE m = 0. The formula becomes [Ry + Ry + Rs + Ry — 4P = 0. The

Abel-Jacobi theorem implies the existence of a function f such that

div(f) =R+ Ro+ R3+ Ry —4P.

Therefore f € L(4P,,), hence f = ag + a1 + azx? with as # 0. At points R;, we
have ag + a1z + asz? = 0. The relation y? = 2% + n? gives y = £/2% + n?2, thus
we obtain a family of points of degree 4,

b= {(e,£Va5 1 n?): [Q): Q] =2}.
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CASES m =1 AND m = 4. o
— For m =1, (1)) becomes [Ry + Ry + R3 + R4 + P, — 5Px] = 0. Then there
exists a function f such that

div(f) = R1+ Ra + R3 + Ry + P, — 5Px.

Therefore f € L(5P), hence f = ag + a1z + asx? + boy with by # 0. The
function f is of order 1 in P,, so ag — nby = 0, thus f = by(y +n) + a1 +

a

asx?. At points R;, we have by(y+n) + a1z +asz? = 0. By setting A = o
and p = ‘g—g, we obtain
y=—n—\x— px

5 —n? =0 gives

The substitution y in 42 — z
z(z* — p?2® — 22 px® + (=\* — 2un)z — 2An) = 0.

We must have z # 0, A # 0 and z* — p223 — 2 \u2?® + (=A% — 2un)z — 2\n

an irreducible polynomial. We obtain a family of points of degree 4,

A? = {(z,—n — Az — pa®): A€ Q*,p € Q and x root of BY ()}

with BY | (z) = 2* — p?23 — 22 pa? + (=X — 2un)x — 2)n.
— If m = 4, by similar reasoning to the case m = 1, we obtain a family of
points of degree 4,
Al ={(z,n — Az — px?): A€ Q*, u e Qand z root of B 4 (%)}
with B (z) = 2* — p?a® — 22 pa® + (=A% 4 2un)z + 2\n.

Finally, we put A} = A}, UA7 4 and BY = BY; UBY .

CASES m =2 AND m = 3.

— Form =2, becomes [R1 + Ry + R3 + Ry + 2P, — 6P.] = 0. According
to the Abel-Jacobi theorem, there exists a function f such that

div(f) =R+ Ro+ Rs+ Ry + Q?n— 6P,.

Therefore f € L(6Ps), hence f = ag+a12+asx? +boy+azx® with az # 0.
The function f is of order 2 in P,, so ap — nby = 0 and a; = 0, thus f =
bo(y+mn)+asz?+azx®. At points R;, we have by(y +n) +asx? +azx® = 0.
Noting that by # 0 and by putting A = Z—g and p = ‘g—g, we have

y=—n—\x?— pa’.

5 —n? =0, we obtain

Replacing the expression of y in y? — x
22 (p?2* + (22 — 1)z + A22? + 2una + 2Xn) = 0.

We must have 22 # 0, A # 0 and p22* + (2Ap — 1)23 + X222 + 2unz + 2An
an irreducible polynomial.
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We obtain a family of points of degree 4,
by ={(z,—n —A2® — pa®) : A\, p € Q" and z root of By ,(x)}

with BY ,(z) = p?z* + (2Apu — 1)2® + X222 + 2una + 2)n.
— If m = 3, by analogous reasoning to the case m = 2, we obtain a family of
points of degree 4,
ba={(z,n—Xa® — pz®): A\, p € Q" and x root of By 4(z)}
with Bg 5(x) = p?2* + (2hpu — 1)2® + N22? — 2pna — 2)n.

Finally, we put Ay = A5, U A3 3 and By = By, U By 5.

3.4. The algebraic points of degree at most d with d > 5 on C,,2 over Q

CASE m = 0. The formula becomes [R; + -+ + Rq — dPx] = 0. The
Abel-Jacobi theorem implies the existence of a rational function f defined over Q
such that

div(f) = Ri + -+ + Rg — dPx.
Therefore f € £(dPx), hence f = Eogigg a;zt + yzogjgdz;s bjzd with:
(i) ag # 0 if d is even:
o if for 0 < j < 452,b; = 0, then at points R;, we have . ) a;x’ = 0,
0<i<d

then the relation y? = 2% + n? gives y = £v/x5 + n2, thus we obtain a
family of points of degree at most d

Dy = {(x,:l: 2o +n?): [Qx): Q] < < ifdis even};

N

o otherwise there exists j with 0 < j < % such that b; # 0, then y =

Do<icd 4T’ ) L .
— =22 which after substitution for y in y? —x
Zogjgfdj bja?

5—n? =0 gives

N 2 N 2
(Eogiggaixz) - (Zogjg% bjxj) (x5 4+ n?) =0,

and we obtain a family of points of degree at most d,

Z 'iaixi
foz{(:m OSZS2): a%#O,Hbj;«éOifdiseven

. d—5 b'xj
ZOSJST J

and z root of

f,o(x) = (Zogigg aixi)Z - (Zogjgdzi bjxj)2($5 + n2)}
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(ii) ba—s # 0 if d is odd, at points R;, we have
2

ol ol —
Zogiggazx +y20§j§d2;5 bjzd =0,

Zogigg a;z’ . . 92 5 9
e Replacing the expression of y in y* —x° —n~ = 0,

hencey = ——=4——"—"2——
_d—s bix
Zog;gT J

we obtain
i\ 2 2
(Zogigg aixz) - (Zogjgdzi bj:EJ) (IE) +TL2) =0.

Thus, we obtain a family of points of degree at most d,

Do<icd Gt
D?J:{(l“’ 0<<2):bd;57é0ifdisodd

_d—s5 bizI
ZOSJST J

and x root of
” 2 2
1,1(53) = (Zogigg a;T ) - (Zogjg% ijCJ) (JC5 + n2)}

Finally, we put D} = D, UDY; and Fi' = Fi'g U F7';.

CASES m =1 AND m = 4. o

— for m = 1, the formula (1) becomes [Ry +---+ Rq+ P, — (d+1)Px] = 0.
There exists a function f such that

div(f)=Ri+ -+ Rqg+ P, — (d+1)Pxs.
Therefore f € L((d+1)Px), hence f = Zogig% aixi+y20§jg% bjad
with PR # 0 if d is odd or b% # 0 if d is even. The function f is of
order 1 in P,, hence ag = nby. At points R;, we have Zogig% a;xt +
Zogig% a;z’

——=————. Th
Tocietzt o

yzoﬁg% bjz? = 0, which implies that y =

5

substitution y in y? — 2% — n? = 0 gives

(Zoﬁiﬁdgil ami)Q _ (ZOSJ’S# bjxj)z(gj5 + 'n,Q) =0.

Thus, we obtain a family of points of degree at most d,

Do<ic it
Dy, = {(x,— 0=1=73 > : ag = nby, and x root of}";l(x)}

a
2o<jciza bjad

. N2 2
with 73 (z) = (Zogig% a;z’)” — (Z[)SdeQ;zL bjzd)” (x5 + n?).

— for m = 4, by similar reasoning to the case m = 1, we obtain a family of
points of degree at most d,

n Zo<i<% a;z" n
Dyy=1q1|2 —ﬁ) : ag = —nbg, and z root of F3',(x)
0<j<4z2 Y

2

3 n i -\ 2
with 73 (z) = (ZOSL% a;z’)” — (Zogjgdz;zl bjz?)” (x5 + n?).
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Finally, we put Dy = D3, UD3, and F3' = F3'y UFZy.

CASES m =2 AND m = 3.

— for m = 2, the formula (1)) becomes [Ry +- - -+ Ry +2P, — (d+2)P] = 0.
According to the Abel-Jacobi theorem, there exists a function f such that

div(f)=Ri1+ -+ Rqg+ 2P, — (d + 2) P.

Therefore f € L((d+2)Ps), hence f =35, a2 aix’ +y Y gcjcas bja?
with Qa2 = (0 if d is even or b% # 0if d is odd. The function f is of order
2in P,, so ag = nby and a; = nb;. At points R;, we have Zogig% a; T+
Zogig% a;z’

~. The substitu-

a3 b;xd =0, which leads to y = —
Y 2ogj<iz b v Y 2ogjcizt bio!

5

tion of y in y? — 2° — n? = 0 gives

2 2
(Zogigdzﬂ az’)” — (ZOSJ‘S% b;jxd)" (2% +n?) = 0.
Thus, we find a family of points of degree at most d,
D 0<i<di2 a;z’
D3y = {(x, _(“zbj) : ag = nby,a; = nby
Zosj'gdzi R

and z root of F3'y (x)}

. i\ 2 N2
with ./_'.57;2(1}) = (Zogzé# CLi;L'Z) — (ZOSdegj bj{ZZJ) (5135 + n2).
— for m = 3, by analogous reasoning to the case m = 2, we find a family of
points of degree at most d,

i
. 2ogic sz GT
Dys=<(v,—~=—""—]: ap = —nby,a; = —nb;
D o<j<azs bjt
SIS>T3

and z root of ]-"§L3(:c)}

: n i\ 2 N\ 2
with F2'5(z) = (ZOSzé# a;T ) — (ZOSdeQ;s bj;z;J) (z° +n?).

Finally, we put Dy = DY, U DY 3, F§ = Fi'y U F35 and CL(Q) = Dy U D} U
Dy UDL.

REMARK 1
The result obtained remains true for any integer n for which Je ,(Q) = Z/5Z and

that the set of Q-rational points on C,2 is given by { Py, Py, Px}.
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