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Some Hardy type integral inequalities with two
parameters of summation

Abstract. In the present work, some Hardy-type integral inequalities were
proved for two parameters of summation ¢ < p < 0 and p < 0, ¢ > 0. In
addition, some two-sided estimates are obtained.

1. Introduction

Hardy type inequalities were studied by a large number of authors during the
20th century and have inspired some important research, which is now at work.
Over the two past decades, a large number of papers have been published with
various generalizations and applications.

The following statements were established in [5] Th.330, Th.347]. If p > 0,
r#1, f(t)>0and 0 < [ t7"(tf(t)Pdt < oo,

F(z) :/ f)dt forr>1, F(x) :/ f@)dt forr <1,
0 T
then for p > 1, one has
< P p [
T P T P
/0 7 "FP(x)dr < <|r — 1|) /0 x " (xf (v))Pdu,

for 0 < p < 1, one has

/0 e F (@)da > (-2 )p /O " o (@ f (2))Pda,

r =1
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where the constant (‘Tf 0 )? is the best possible.

Bicheng Yang [4] proved the similar Hardy type integral inequalities for one
negative parameter of summation p < 0 in the following Theorem.
THEOREM 1 (see [4])
Ifp<0,7#1, f(t) >0 and 0 < 7t (tf(t))Pdt < oo,

F(x):/ozf(t)dt forr <1, F(a:):/oof(t)dt forr>1,

then one has

/O :c”"Fp(a:)dxg( P ) /O o (e f (2))Pdz, (1.1)

Ir—1]
where the constant (ﬁ)p 1s the best possible.
In several cases the integral Hardy inequalities or Hardy type inequalities are
applied to functions or weighted functions satisfying additional conditions. In [3]

Theorem 1-3], the authors gave a generalization of inequality (1.1)) by introducing
a monotone weighted function w.

THEOREM 2 (see [3])
Let p <0, f,w>0 and fooo w(z) " (zf(x))Pdx < oo, then

(a) If (o s non-decreasing and r > 1,

/O " PP ) (0)dz < (+2 ) /0 e ()P (2)de, (1.2)

- T

where Fy(t) = [° f(t)dt.
(b) If 4 is non-increasing and 0 < r <1,

| B < ()" [ @rere @ 0

r—1

where Fy(t) = [ f(t)dt.

(c) If ﬁ is non-decreasing and r < 0,

/0 Fg(x)wfr(x)dzg( p ) /O (zf(x))Pw " (z)dz. (1.4)

r—1

In this work, two generalizations of Theorem [ and the Theorem [I] are es-
tablished, first replacing (0,+o0) by (a,b), where 0 < a < b < 400, second by
applying two negative parameters p, ¢. In addition, in the case of the cone of
monotone functions, two sided integral inequalities are obtained for p < 0, ¢ > 0.

We need the following Hélder’s inequality for p < 0 (see [6], [1]).
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LEMMA 1
Ifp <0, % + ﬁ =1, fe L,(E), g € Ly(E), where E is Lebesgue measurable set,
f(),9(t) =0, then

.
7

[ swaar= ([ f”(t)dt);( [ war)” (15)

where the equality holds if and only if there exists constants ¢ and d, such they are
not all zero and

cfP(t) = dg” (b), a.e.in E.

2. Main results

The following Lemma is useful in the proofs of the first result.

LEMMA 2
Let p < 0,0 <a<b<+o0o and f be a positive measurable function on (a,b),

defined Fy(x) = [” f(t)dt and Fy(x) = [ f(t)dt.
(a) Ifr > 1, then

p— r—1 r—1 — b 1+p—r
Fi() < (+2-) L@ b)Y 1/:& 7Pt dt. (2.1)

(b) Ifr <1, then

e < (2) T - [ pae. @)

r—1

Proof. Let p < 0. [(a)] Suppose that r > 1, using the Hélder inequality (L.5) for
% + 1% =1, we get

b _l4p—r 14p—r
Fl(x):/ t~ ot f(t)dt
T

b > b 14por »
> </ t_Pdt> </ t o fp(t)dt>

P r—1 r—1, 1 b 14+p—r %
= P P — )P p’ p
_(1_r) (z b7 ) </mt f(t)dt) ,

which yields

R s (7)) @ - / ()t



[102] N. Azzouz, B. Benaissa and A. Senouci
[(b)] Suppose now r < 1, applying (L.5]), we obtain

/ - lt)pprtlt)pprf()

P )

T oi4p—r

FY(z) < (%)p_l(mT —a ;1)p71/1 t— 7 fP(t)dt.

thus

Now, we state and prove the first generalization on (a,b).

THEOREM 3
Letp <0, 7>1,0<a<b< oo and f, w be positive measurable functions on

(a,b), Fi(x) = ff fyde. If (o s non-decreasing, then

/ab w (@) F} (x)dx < (1 pi T)p/ab w"‘(x)(l — (%)%)pil(mf(x))pdx. (2.3)

Proof. Applying inequality (2.1) and the Fubini’s theorem, we get

/a ' (@) FP ()

fp( )dtdx
) v )p_ldx> dt
p-1 /abtlﬁf’/_rfp(t)(/at (ﬁ)rxﬁ”l(l — (%) 1p'r-)p1d$> dt.
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b iipr " T
<) [ o (Gg) (0-6)
b
(%) [ o= ()

REMARK 1
Taking b = +o00 in Theorem [3] we get

/(foo w " (x)FF (z)dx < (1 P

-Tr

)p/:oo w™" () (zf(2)) dz, (2.4)

where Fy(x) = [ f(t)dt.
The inequality (2.4) which is a particular case of (2.3)) is an extension of inequality
(1.2) and they coincide when a = 0.

THEOREM 4
Letp <0, 7r<1,0<a<b< oo and f, w be positive measurable functions on

(a,b), Fo(z) = [ f(t)dt.

(a) Ifo<r<1and @iy s non-increasing, then
b
/ w " (x)Fy (z)dx
< (_P_\° b 1 a\ s
<(:55)" [ wr@(-(5)

(b) If r <0 and % is a mon-decreasing function, the inequality 1) holds.

B (2.5)
) @ @),

Proof. Suppose that 0 < r < 1 and wfx) is a non-increasing function. Using

the inequality (2.2]) of Lemma [2| and the Fubini’s theorem, we obtain

/a ' (@) P ()

P p—1 (b 2 _r r—1 r—1,p—1,1dp=r
(r—l) /a /a w(z)(zF —aw )Tt fP(t)dtde
b

G [ o [ )= (= () 7))

IN

Since (w?m) )T and (1—(2) T)pfl are non-increasing functions on (¢, b), it follows
that
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@ The proof is similar if < 0 and w?z) is a non-decreasing function.

REMARK 2
Setting a = 0 in Theorem [4] we obtain

/0 W @) () < (=) / " () (e ()P, (2.6)

where Fy(x) = fb F(t)dt.
The inequality (2.6) which is a special case of (2.5)) is an extension of inequalities
(1.3) and (1.4), additionally they coincide when b = +oo.

We need the following lemma from [2] to prove the second result.

LEMMA 3 (see [2])
Let —co < ¢ < p < 0 and ¢, v be measurable positive functions on (a,b) and

suppose that 0 < ff ¢1(z)Y(z)dx < o0, then
b b e b 2
[ or@vars ([v@a) " ([ or@uwe)’ @
Inequality holds for 0 < p < q < oo and is reversed for 0 < ¢ < p < o0.

Let —co < g < p < 0, r # 1, putting ¢(x) = zf(x) and Y(x) = w™"(z) in

(2.7), we get

/ab(:bf(:c))pw—r(x)dx < (/abw_"(:c)dt) oy (/ab(xf(m))qw_7'($)d$)q~ 28)

The next result includes the second generalization with two negative parameters
of summation.

COROLLARY 1
Let —co < ¢ <p<0,7r# 1 and f, w be positive measurable functions on (0,+00),

Fi(z) = [T f(t)dt, Fuo(x) = [ f(t)dt.
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(a) Ifr > 1 and w(oy s non-decreasing, then

0 Ff’(@w”(ﬂﬁ)dﬂff(1fr>p</o+mw_r(x)dx) | (2.9)

< ( /0 e f(as))qw_’"(m)dx) g

(b) If0<r<1 and ﬁ is non-increasing, then

(et G2 ([T

X (/O+Oo(arf(x))qwr(9:)d:z:> "

(¢) If r < 0 and ﬁ is a non-decreasing function, inequality 1) holds.

Proof. The proof of (2.9) and (2.10) follows from Theorem [3|and from Theorem
by setting a = 0, b = +o00 and applying (2.8).

REMARK 3

Taking p = ¢ in the Corollary (I} we obtain inequalities (1.2)), (1.3 and (1.4)).

+oo 1_5

2.1. Case of monotone functions

We present here some estimates and two-sided estimates for f: Fl(z)w™"(z)dz
and f; FP(z)w™"(z)dz in the case of monotonic functions, for this we need the

next Lemma.

LEMMA 4
Letp<0,¢g>0,0<a<b< o0, ¢, be positive measurable functions on (a,b),
then

/a (o) (@) > ( / b ¢q(x)¢(x)d:r> ' ( / b qb(x)dx) o (2.11)

/ab B (2)da > ( / b w”(m(m)dm) ’ ( / b ¢($)dm> T an

Proof. By applying the Holder inequality 1’ with exponent % < 0 and its con-

jugate (%)’ = ﬁ, we have

b b
/ ¢(x)yP (x)de = / WP (2) ()9 ((x)) P/ Tda

)
q

- (/ b ¢q<w>¢<x>daz)£( / bqs(x)dx)l .
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By 'Tholosing the exponent % < 0 instead of % < 0, inequality li is proved
similarly.

Now we state and prove the following result.

THEOREM 5
Let p<0,g>0,0<a<b<oo,r#1andlet f, w be positive measurable

functions on (a,b). If moreover Fy(z) = ff f(t)dt and Fy(z) = [ f(t)dt, then

(a) If f is non-decreasing then

( / bFf(x)w—r(x)dx> '

e , (2.13)
> ([ o) ([ @-os@re @)
' -r x)ax %
(a%(x)wb (a)dz o o
<([wrwa) ([ @ as@me @)
(b) If f is non-increasing then
' -r x)ax
(/aFl (a:)wb ( )d) e % o)
<([wr@a) ([ @-orrene @)
< /a bFQ"(x)wr(g;)dx)q -

Proof. [(a)l Let f be a positive non-decreasing function,

/ F(t)dt > f(z) / dt = (b— ) f(2),

then

b b
| Fi@w @ = [ (- o) fe) 0 @),
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Applying (2.12)) on the right hand side of the above inequality, we get

/a ' F ey ()

) ) . (2.17)
> ([ o-as@)y @ @it ([
then, we get ([2.13). The proof of (2.16]) is similar to that of (2.13]).
@ Let be f a positive non-decreasing function,
Fale) = [ (0t < (& - 0) (o),

since p < 0, we obtain

b b

/ FY(2)w™"(z)dz > / ((z —a)f(x)Pw™ " (z)dz.
Applying (2.11) on the right hand side of the above inequality, we deduce
b
/ FY(2)w™" (z)dx
¢ i (2.18)

- (= a) S ) ([ bw-"m)dw)l "

thus, the desired inequality (2.14)) is obtained. The proof (2.15) is similar to that
of @14),

Now we present some two sided integral inequalities.

]

COROLLARY 2
Letp<0,g>0,0<a<b<oo,r<1andf be a positive non-decreasing and w
a positive measurable functions on (a,b), Fy(z) = [ f(t)dt.

(a) If0<r<1and ﬁ s non-increasing, then

( /abw_r(mx)l‘?( /ab((x—a) Fa) (@) dm)

< /b FY(z)w™ " (z)dx (2.19)

b r—1
) L@ (5) ) ey
< — | = .
< (r—l) /a w(x)(1 . (xfP(x))Pdx
(b) If r <0 and @iy s non-decreasing then li holds.
Proof. Inequality (2.19) is a direct consequence of (2.18]) and (2.5).

Q3
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Combining the inequalities (2.17)) and (2.3]) we get the following corollary.

COROLLARY 3
Letp < 0,q¢>0,0<a<b<oo,r>1, f bea positive non-increasing and

let w

be a positive measurable functions on (a,b), Fy(x) = f; f®dt. If oy i

non-decreasing, then

([om)”

Q

( / (- x)f(x»q(m)wr(x)dx)
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