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Abstract. In the present paper, a theorem on 8 —|T'; 6|, summability method
of an infinite series is proved, and also by using this method, a result on
summability of a trigonometric Fourier series is obtained.

1. Introduction

Let > a, be a given infinite series with partial sums (s, ). Let T' = (¢,,) be a
normal matrix, i.e. a lower triangular matrix of nonzero diagonal entries. Then T
defines the sequence-to-sequence transformation, mapping the sequence s = (s,,)
to T's = (Ty,(s)), where

To(s) =Y tnwse, n=01,....
v=0

Let (6,,) be any sequence of positive real numbers. The series > a,, is said to
be summable 6 — |T;6|,, k > 1 and 0 > 0, if (see [11]),

D 0T (5) = Toa (s)]F < oo (1)
n=1
Further, two lower semimatrices T = (£,,) and T = (f,,,,) are defined as follows:

{nvzztnia n,UZO,l,.... (2)
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~

EOO = 500 =100, lnw= Env - En—l,vv n= 1, 27 FRRR (3)

and
AT, (5) = Tu(s) = Tn-1(5) = Y _ fnue. (4)
v=0

Let (py) be a sequence of positive numbers such that

Pn:va%oo as n — oo, (P_p=p_r=0, k>1).

v=0

By taking 6, = %, 6 = 0and ty, = B in , we get |N,pn|r summability

method (see [I]). For any sequence (), it should be noted that A\, = A, — A\p41,
A%\, =\, and AF), = AAF=L), for k =1,2,... (see [7]).

It should be noted that (y,) is the n-th (C,1) mean of the sequence (na,),
L. Yn = 757 Doyey Vay. Also, if we write X, = >0 B, then (X,,) is a positive
increasing sequence tending to infinity as n — oo.

2. Known Result

The following theorem has been proved in [3].

THEOREM 1
Let (py) be a sequence of positive numbers such that

P, =0(np,) as n— oo.

If the conditions

Am =0(1) as m — oo, (5)
Zan‘AQ/\n =0(1) as m — oo, (6)
n=1
Zm:pn wel* _ oix )

P, i1 (Xm) as m— oo
n=1 n

hold, then the series S an\, is summable [N, py|,, k > 1.

3. Main Result

There are many papers on the field of summability, some of them are [4], [5] [8]
9, 10}, 12} 13}, T4, [15 [16]. In this paper, Theoremis generalized to the 6 — |T'; 6],
summability method as in the following.
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THEOREM 2
Let T = (tny) be a positive normal matriz such that

=1 n=0.1,...,

tnfl,v Ztnv fO?" nZU'i'la

m=0().

|£n,v+1| = O(U|Av(£nv)|)~

Let 0,p, = O(Py,). If the conditions , @ and

m

k
n Xk:—l 5
n=1 n
m+1
3 0HA(F) = O (03Y) as m oo
n=v+1

[129]

(12)

are satisfied, then the seriesy  an A, is summable 0—|T; 6|, k > 1 and0 < § < 1/k.

We need the following lemma to prove Theorem [2]

LemMma 1 ([2])
Under the conditions of Theorem[d we have

nXp|AX, | =0(1) as n— oo,
D Xn|AN,| < 00,
n=1

Xn|An| =0(1) as n— occ.

4. Proof of Theorem

Let (W,,) denote T-transform of the series > a,A,. Then, by (4), we have

_ n n i\ )\
AW, = anvav/\v = Z %vav.
v=0

v=1

Applying Abel’s transformation in , we obtain

n—1 N v 2 n
= 58 () S 225

r=1

>
=
I

n—1

v
v=1

n—1
1 . 1.
E ur A, ( nv) )\vyv + § ’Uj)— tn,v+1A/\vyv
v=1

(16)
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n+1

+ Z tn ,o+1 )\erl l tnn)\nyn

= Vn + Wn,2 + Wn,S + Wn,4~

To complete the proof of Theorem [2| we will prove

o0

Z 92k+k_1 |Wn,’r k

n=1

< 00 forr=1,2,3,4.

First, applying Holder’s inequality with indices k and k', where &k > 1 and
%+%z1,wehave

m+1 m-+1
ZgékJrk 1|W Zeék+k IZ|A - |)\ | |y |k
n=2 v=1

. (;i_jimv(fm)l)“.

By using and , we get Ay (fny) = tny — tn 1,0- Also, using and .

we get

n—1 n—1
Z ‘Av(tnv” = Z(tn—l,v - tnv) < tnn
v=1 v=1
Then, by using @, , , we have
m—+1 m—+1
DO WLa = 0(1) Y ot Z A (o) [ Xy, |*
n=2 n=2

m—+1 n—1

ZWZM Xy, 1F

m+1
=0( )ZI/\ Flyo™ D 00FIA(En)]
v=1 n=v+1
= 0(1) Y 0 A Ayl
v=1

- Sk—1 |yv|]C
1) ZQU Aol k—1
v=1 Xy

Now, by applying Abel’s transformation and using the conditions , and

, we get
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m—+1

Sk+k—1 k
Zen * |Wna1

n=2

ZA|A’U|20M€ 1)‘?’: - ‘)\m|295k 1 |yU

m—1

DY ANIX, + O(1) A | Xom

v=1
=0(1) as m — oc.
Now, using , @, , and applying Holder’s inequality, we obtain

m—+1

S0 Wl

n=2

m—+1 n—1 k
ny eik*k-l(Zv|Av<fm>||mv|m)
n=2

v=1
m—+1 n—1 k—1
D M WEISHIRLECRIIN (Zm )
n=2

m+1 n—1

Z gék Z |A/\v|)k‘Av(£nv)||yv|k

v=1

m m—+1

Z VAN @I ANy Y KA ()]

v=1 n=v+1

Zoék 1 |A/\ | |yv|

Here, applying Abel’s transformation and using the conditions , @, and
(13), we get

m+1
Zeik+k—1|Wn72|k

n=2

—

Yr Yv
=0(1) A(U|A)\U|)Z€‘5k 1)|(k‘ - |AAm\Ze5k 1)|(k -
1 r=1

3

<
Il

=0(1) " AWAN]) X, + O1)m|Adm| X

3

<
I
—-
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m—1 m—1
=0(1) > v[AZXA X, + O0(1) D AN X, + O(1)m| AN | Xy,
v=1 v=1

=0(1) as m — oo.

Now, using , @D, , , we have

m+1
Z 92k+k71|Wn73|k
n=2

m+1 n—1 n—1 k—1
=0 3 ST A PPl < (X186
n=2 v=1 v=1

m+1 n—1

=0(1) Z afmk Z |Av(£nv)”>‘v+1|k‘yv|k
n=2

v=1
m m—+1
=0(1) Z |)‘v+1|k_1‘)‘v+1||yv|k Z 92k|Av(tnv)|
v=1 n=v+1
- Sk—1 lyo|*
= O(]‘)ZG’U |)‘U+1|Xk_1'
v=1 v
Then, as in W, 1, we get
m+1
Z ORI, 5" = O(1) as m — oo.
n=2

Finally, as in W, 1, we have

m
Sk+k—1
E G2kt [Wh 4

n=1

k

=O0(1) Y 0 A lyal*
n=1

=0(1) Y 0 Al allyal®
n=1

=0(1) i 0ok =1\, lyn]* =0(1) as m — oco.
n=1 X7k£71

This completes the proof of Theorem [2]
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5. An application to Fourier series

Let f be a periodic function with period 27 and Lebesgue integrable over
(—m, 7). The trigonometric Fourier series of f is defined as

1 oo ) oo
flx) ~ 540 + ;(an cosnx + by, sinnz) = ;Tn(x),
where
=2 [
ap = — . x)dz,
1 ™
an = — f(z) cos(nx)dzx,
™ —T
1 (" .
b, = — f(z) sin(nx)dz.
™) -7
Write

o) = U+ ) + o -} and o) = [ sl

If $1(y) € BY(0, ), then y,(x) = O(1), where y, () is the n-th (C, 1) mean of the
sequence (nTy,(x)) (see [6]). By using this fact, the following theorem on absolute
summability of the trigonometric Fourier series is obtained in [3].

THEOREM 3
If p1(y) € BY(0,m), and the sequences (py), (An) and (X,) satisfy the conditions

of Theorem then the series Y Ty (x)\, is summable |N,pplk, k > 1.

Now, Theoremis generalized to the § —|T’; §|, summability method as in the
following form.

THEOREM 4

Let T = (tny) be a positive normal matriz which satisfies the conditions @—@
If p1(y) € BV(0,7), and the sequences (pn), (An), (0n) and (X,,) satisfy the con-
ditions of Theorem[3, then the series Y Ty, (x)Ay is summable 6 — T3], k > 1
and 0 < § < 1/k.

If we take 6,, = 5—", 0 =0 and t,, = %’ in Theorem [2| and Theorem 4, then
we get Theorem [I] and Theorem [3] respectively.
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