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On maximizing line arrangements in the complex
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Abstract. In this note we provide a complete classification of weak combina-
torics of the so-called maximizing line arrangements in the complex projec-
tive plane.

1. Introduction

The main aim of this short note is to provide a complete classification of
maximizing line arrangements in the complex projective plane. This notion comes
from the theory of algebraic surfaces and is due to Persson [5]. Let C : f = 0 be a
reduced plane curve in P2

C of degree d ≥ 3 having only ADE singularities, and for
the completeness of the note, let us recall the classification of ADE singularities
by presenting their local normal forms:

Ak with k ≥ 1 : x2 + yk+1 = 0,

Dk with k ≥ 4 : y2x + xk−1 = 0,

E6 : x3 + y4 = 0,

E7 : x3 + xy3 = 0,

E8 : x3 + y5 = 0.

All reduced plane curves that admit only ADE singularities will be called
simply singular. We will need the following definition.
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Definition 1.1
Let p be an isolated singularity of a polynomial f ∈ C[x, y]. Since we can change
the local coordinates, we may assume that p = (0, 0).

The number

τp = dimC

(
C[x, y]/

〈
f,

∂f

∂x
,

∂f

∂y

〉)
is called the Tjurina number of f at p.

For a projective situation, with a point p ∈ P2
C and a homogeneous polynomial

f ∈ C[x, y, z], we take local affine coordinates such that p = (0, 0, 1) and then the
dehomogenization of f .

In the projective setting, the total Tjurina number of a given reduced curve
C ⊂ P2

C is defined as
τ(C) =

∑
p∈Sing(C)

τp.

Now we are ready to formulate the mains objects of our studies.

Definition 1.2 ([5, Definition 1.6.])
We say that a reduced simply singular curve C : f = 0 in P2

C of even degree
n = 2m ≥ 4 is maximizing, if

τ(C) = 3m(m − 1) + 1.

Very recently, Dimca and Pokora proved in [2] a theorem saying that maxi-
mizing curves are exactly free curves with some additional property regarding the
so-called exponents of a given free curve. Moreover, they introduced the notion of
maximizing curves in the odd-degree case.

Definition 1.3 ([2, Definition 5.2])
Let C : f = 0 be a reduced simply singular curve in P2

C of odd degree n = 2m+1 ≥
3. We say that C is a maximizing curve if

τ(C) = 3m2 + 1.

The main aim of this note is to provide a classification of maximizing line
arrangements, both in odd and even degrees. Let us explain that the condition
that a line arrangement in the complex plane has ADE singularities means that it
has only double and triple intersections as singularities.

To formulate our main result, we need the following technical definition.

Definition 1.4
Let L ⊂ P2

C be an arrangement of n ≥ 2 lines. Denote by ti the number of i-fold
intersection points of lines, i.e. points in the plane where exactly i lines from the
arrangement meet. The weak combinatorics of L is defined to be the vector of the
form (n; t2, . . . , td).
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Here is our main result of this note.

Main Theorem
Let L ⊂ P2

C be a maximizing line arrangement of n ≥ 3 lines. Then L is one of
the following weak combinatorial types:

(n; t2, t3) ∈ {(3; 0, 1), (4; 3, 1), (6; 3, 4)}.

Let us point out here that our proof is purely combinatorial and we do not use
any advanced theory of plane curves.

2. Proof of Main Theorem

We will use the notation and basic definitions covered in [1]. We start with
a small preparatory result.

Proposition 2.1
Let L ⊂ P2

C be an arrangement of lines with only t2 double and t3 triple intersec-
tions. Then the total Tjurina number of L has the following form

τ(L) = t2 + 4t3.

Proof. It follows from the fact that for line arrangements in the plane one has

τ(L) =
∑

p∈Sing(L)

(multp − 1)2 =
∑

p∈Sing(L)

(r − 1)2tr = t2 + 4t3,

where multp denotes the multiplicity of a singular point p ∈ Sing(L).

We will need also the following version of Hirzebruch’s inequality [4].

Theorem 2.2 (Hirzebruch)
Let L ⊂ P2

C be an arrangement of n ≥ 4 lines such that tn = tn−1 = 0. Then one
has

t2 + 3
4 t3 ≥ n +

∑
r≥5

(r − 4)tr.

Now we are ready to present our proof of Main Theorem.

Proof. We will divide our discussion into two parts
(even case): If n = 2m with m ≥ 2, then we have the following constraints:

(⋆) :
(

2m

2

)
= t2 + 3t3 and t2 + 4t3 = 3m(m − 1) + 1.

Observe that these constraints give us that

t3 = 3m2 − 3m + 1 − 2m2 + m = (m − 1)2,

t2 = 2m2 − m − 3(m − 1)2 = −m2 + 5m − 3.

Since t2 ≥ 0, it implies that m ∈ {2, 3, 4}. The collected data gives
us the following cases.
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1. For m = 2 we have t2 = 3 and t3 = 1. This weak combinatorics
corresponds to a Hirzebruch’s quasi-pencil of 4 lines.

2. For m = 3 we have t2 = 3 and t3 = 4. This weak combi-
natorics can be realized as a simplicial A1(6) arrangement, cf.
this notation with Grünbaum catalogue [3].

3. For m = 4 we have t2 = 1 and t3 = 9. Observe that

t2 + 3
4 t3 = 1 + 3

4 · 9 = 31
4 < n = 8,

so we have a violation of the Hirzebruch’s inequality and a con-
tradiction.

(odd case): If n = 2m + 1 with m ≥ 1, then we have the following constraints:

(△) :
(

2m + 1
2

)
= t2 + 3t3 and t2 + 4t3 = 3m2 + 1.

Based on that combinatorial identities, we arrive at

t3 = m2 − m + 1,

t2 = −m2 + 4m − 3.

Since t2 ≥ 0, we have that m ∈ {1, 2, 3}. The collected data gives
us the following cases.

1. For m = 1 we have t3 = 1 and t2 = 0, so this is a pencil of 3
lines.

2. For m = 2 we have that t3 = 3 and t2 = 1. Observe that

t2 + 3
4 t3 = 1 + 3 · 3

4 = 13
4 < 5,

so we have a contradiction with respect to Hirzebruch’s inequal-
ity.

3. For m = 3 we have t3 = 7 and t2 = 0, so this is the weak
combinatorics of the Fano plane that cannot be constructed
over the complex numbers. More concretely, observe that

t2 + 3
4 t3 = 0 + 7 · 3

4 = 21
4 < 7,

and again we have a contradiction with respect to Hirzebruch’s
inequality.
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