s sciendo Aun. Univ. Pacdagog, Crac. Stud. Math, 23 (2024), 47-60

DOTI: 10.2478 /aupcsm-2024-0006
FOLIA 386

Annales Universitatis Paedagogicae Cracoviensis
Studia Mathematica 23 (2024)

Kuldip Raj, Devia Narrania and Mohammad Mursaleen*
A-statistical convergence of double sequences of
functions via difference operators

Abstract. The paper aims to investigate A-statistical convergence using mod-
ulus function and a generalized difference operator for double sequences of
functions for order v € (0, 1]. Further, we prove that the statistical conver-
gence in the newly formed sequence spaces is not well defined for v > 1.
Finally, we examine relevant inclusion relations concerning A-statistical con-
vergence and strongly A-summable in the environment of the newly defined
classes of double sequences of functions. Some interesting examples related
to the examined results are also discussed in this paper.

1. Introduction and Preliminaries

The notion of statistical convergence, which is an extension of the idea of usual
convergence was formerly given under the name "almost convergence' by Zygmund
in the first edition of his celebrated monograph published in Warsaw in 1935 [45].
The concept was formally introduced by Fast [I5] and later was reintroduced
by Schoenberg [40], and also independently by Buck [3]. Although statistical
convergence was introduced over nearly the last ninty years, it has become an
active area of research for forty years with the contributions by several authors,
Salat [39], Fridy [16], Di Maio and Koc¢inac [I1], Cakalli and Khan [6]. For more
work on statistical convergence, we refer the reader to [2], [, [5], [6], [7], [22], [34]
and [41]. The idea of statistical convergence was later extended to double sequences
by Moricz [26], and Mursaleen and Edely [30]. Further, the notion of statistical
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convergence and its applications were studied by several authors ([I7], [27], [28],
[43], [44]). After that, statistical convergence of order o and strong p—Cesaro
summability of order a were studied by Colak in [9], and later Colak and Altin
[10] extended these results for double sequences. As an application, generalizations
of statistical convergence appeared in the study of strong integral summability and
the structure of ideals of bounded continuous functions on locally compact spaces.
Statistical convergence and its generalizations were also connected with subsets
of the Stone-Cech compactification of the natural numbers. Moreover, statistical
convergence is closely related to the concept of convergence in probability. For
more applications, one may refer to ([8], [I8], [19], [21], [3€], [37]). Recently, the
notion of statistical convergence has been generalized through g-calculus (see [31],
32).

A sequence y = (y; 1) is convergent in Pringsheim sense if for every e > 0 there
exists N € N (set of all natural numbers) such that |y; , — L| < e for all j,k > N.

Let P C N x Nand P(r,s) ={(i,7) € P: i <7, j <s}. The double natural
density of P is defined by

52(P) = tim L8

7,8—> 00 T8

, if the limit exists.

A double sequence y = (y; ) is said to be statistically convergent to L (see
[30]) if for every e > 0,

1
lim —[{(,k):j<r k<s: |yun—L| =€} =0.

r,8—00 T'S

Note that every convergent sequence is statistical convergent but the converse
does not have to be true. Consider the example

Tar — j27j7k:n27
ik 0, otherwise.

Clearly, (z;1) is statistically convergent to 0, but does not converge to 0.
A sequence y = (y;,1) is said to be strongly Cesaro summable to [ (see [30]) if

i LSS 1=

j=1k=1

Throughout this paper, we will take v = (a,b) and x = (¢, d), where a,b,¢,d €
(0, 1], otherwise stated. Also, we define the following:

vy<x iff a<candb<d,

y<x iff a<candb<d,

y=x if a=candb=d,
0<y<1 iff a,be(0,1]
0<x<1 iff ¢de(0,1],
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y=1 iff a=b=1,
x=1 iff c=d=1,
v>1lincasea>1andb> 1.

Now we define the y-double natural density of the set P C N x N as

P(r,s)| . o

62(P) = lim M, if the limit exists.
v 7,8—00 ragh

A sequence y = (y; ) is said to be statistically convergent to L of order v (see

[10]) if for every € > 0,

1
lim
7,8—00 ragb

|{(j,k):j§r, kE<s: |yj7k—L|26}’:0.

For v = 1, the statistical convergence of order v coincides with statistical conver-
gence of double sequences.

In 1953, the notion of a modulus function was introduced by Nakano [33].
This concept was later used by Ruckle [38] and Maddox [24] to construct some
sequences spaces. A modulus g is a function from [0, 00) to [0, 00) such that

(i) g(z) =0 if and only if z =0,

(ii) g(z +y) < g(z) + g(y) for every z,y € R¥,
(iii) g is increasing,
(iv) g is continuous from the right at 0.

In 2012, Aizpuru et al. in [I] defined statistical convergence of double sequences
using a modulus function. Torgut and Altin [42] further studied this work by using
double sequences of order B

A-statistical convergence of double sequences and the de la Vallée-Poussin mean
for double sequences has been expressed by Mursaleen et al. in [29].

Let A = (\) and p = (us) be two sequences of real numbers such that A, <
Ari1s ts < pisy1 and A > 0, ps > 0 for all ;s € N tending to co with A\, <
A+ 1,0 =15 psr1 < ps+ 1,01 =1 be given. The de la Vallée-Poussin mean for
a double sequence x = (z; 1) is given as

o) = A:Ms S

jEJ, kEK,

where J, = [r — A, + 1,7] and K, = [s — us + 1,5]. A sequence y = (y;,x) is said
to be strongly (V, A, u) summable to a number [ if

1
T£lglw )‘Tﬂs Z Z ‘yj,k - l| =0.

JE€Jr kEKs

If \, = r and ps = s then strongly (V, A, ) summability reduces to strongly
Cesaro summability.
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Isik and Altin [2I] developed the concept of (A, u)-statistical convergence by
a modulus function of order & for double sequences. Let P C N x N. Then
692(P)-double density of P is defined as:

2 Yy
59 (P):Tginwgwus 9([{(G. k) € Jo x Ks & (j, k) € P}

), if the limit exists.

A sequence y = (y;,x) is said to be g5 ,)-statistically convergent to L of order
v if for every € > 0,

r£lglm g(A“MS (|{ .7’ GJTXKS: ‘ijk_L| 26}|) =

For g(z) = x, A\, =7, us = s and v = 1, g5 ,)-statistical convergence of order
reduces to the statistical convergence of double sequences.

The study of sequence spaces through difference operators has become an
emerging area of research in mathematical sciences providing a wide range of
applications in several branches of science and engineering. The fundamental idea
of difference operators is being often used in various fields of mathematics such
as summability, operator theory, linear algebra, numerical analysis, calculus, and
approximation theory. It has also been extensively used in the development of
fractional calculus along with its original classical theory.

The notion of difference sequences was defined by Kizmaz[23] and later Et
and Colak [14] generalized it as A"™(X) = {o = (ax) : A"z, € X} for X =1, ¢
or ¢y, where r € N, [, ¢ and ¢y are the spaces of bounded, convergent, and
null sequences, respectively. Ar = (z3), A"z = A"tz — A" 1z, and so
ATz, =37 _o(=1)"(})@k+i- For a double sequence y = (y;,x), we have generalized
difference sequences as follows:

- - T r
3= 3 S0 () (7 s

u1=0 us=0

where Ay k= Yjk — Yjk+1 — Yi+1,k T Yj+1,k+1 for all j, k,r € N. For more results
on difference sequence spaces, one may refer to [13], [14] and [35].

Pointwise convergence and uniform statistical convergence of sequences of real-
valued functions were defined by Gékhan et al. ([18], [L9], [20]) and independently
by Duman and Orhan in [I2]. Cinar and Et [8] introduced the concept of A”-
statistical convergence of order 7 for double sequences of functions.

A sequence of real-valued functions {h;} is said to be A"-pointwise convergent
to the function h on a set B if for every € > 0 and for every = € B, there exists
N € N such that |A"h;i(z) — h(x)| < € for all j,k > N.

A sequence of real-valued functions {h;;} is said to be A"-pointwise statistical
convergent of order v to the function h on a set B if for every € > 0 and for every
x € B,

lim -
r,s—oo rtg

1{37 1<, k< st |[AThu(z) — h(z)] > €} =0,

i.e. for every xz € B, |A"hji(x) — h(z)| < e a.a (j,k) v (see [J]).
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Let p be a positive real number. A sequence of functions {h;;} is said to be
strongly Aj-pointwise Cesaro summable of order v to the function h on a set B
(see [§]) if

1 T S
s Y ST IAhu(a) )P =0
j=1k=1

Motivated by the above discussion, here we investigate \-statistical conver-
gence by means of a modulus function and a generalized difference operator for
double sequences of functions for order 7. Moreover, we show that every A”-
pointwise convergent sequence of functions is pointwise statistical convergent for
our newly defined sequence space and give some compelling instances to show
that the converse does not hold. Furthermore, we establish a relation among
A-statistical convergence and strongly A-summable for our sequence spaces.

2. Main result

DEFINITION 2.1
Let g be an unbounded modulus function. Let A = (\.) and p = (us) be two
sequences as defined above and v € (0,1]. A sequence of real-valued functions
{hjr} is said to be (g(x,u), A")-pointwise statistically convergent of order  to the
function h on a set B if for every € > 0 and every = € B,
1
T)Ligloo m!}ﬂ{(ja k)€ J. x Kg: |[A"hjp(x) — h(z)| > 6]r‘|) =0,

where J, = [r — A + 1,7] and Ks = [s — ps + 1, 5].

In this case, we write lim, 5o A"hjx(x) EH h(x) on B. Theset of all (g ), A")-
pointwise statistically convergent sequence of functions of order v will be denoted
by S%(g@,wN)- If we take v = 1, that is, a = 1, b = 1, Sg(g(A,#),AT') denotes
the set of all (g(x,.), A")-pointwise statistically convergent sequences of functions.
Notice that if g(x) = z, A\, =7, ps = s, then (g ), A”)-pointwise statistical con-
vergence of order 7 coincides with A”-pointwise statistical convergence of order
5.

REMARK 2.1
Observe that (g(x,,), A”)-pointwise statistical convergence of order v holds for
0 < v < 1. But it does not need to hold for v > 1. For this, let g be an unbounded

modulus such that lim;_,., @ > 0 and {h;x} be defined as follows:

2, j+kis even,

o, jtkisodd,  © S0/

hjr(x) = {

Then we calculate Ahji(z) as follows

4 — 3t —2d j+kis even,
o)+ 27t — 4, j+kis odd.

Ahj(z) = {
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Thus for every = € [0,1/2], we get

9([Arps]) +1

: . — > < =
i gy € T Ko 1Ahto) =41 ) < 00 =0
and
g([Arps]) +1
i Jox Ky | Ahg(a) = (—4)| = e}]) < Lokl 00
i g tI(GR) € Jo s ata) - (-0 ) < S5

2
for v > 1, where |-] denotes the floor function. Hence lim, ;oo Ahji(2) £ 4 and

2
lim, o500 Ahjg(2) < —4, which is impossible.

REMARK 2.2
Every A-pointwise convergent sequence of functions is (g(x,.), A™)-pointwise sta-
tistically convergent of order «y for each v € (0, 1], but the converse does not hold.

For this, let g be an unbounded modulus such that lim;_, o @ > 0 and {fjx} be

defined as follows:
27 j7 k = n37
fin(z) = ka .

m s otherwise.

Then we calculate A fjx(z),

Afjk(z)
2= 1+<j+k1€2k2x2 - 1+J(2k(ﬁ)19§2z2 + 1+(]-&-(f)g(1kmj-l)2x27 gk =n?
= 1+j’§:fc212 - 1+(j+k1)2k2m2 - 1+j(2k(—l;1~)1a;2x2 +2, Jk=mn3—-1,
1+j]§i2x2 - 1+(j+kl:§2k2z2 - 1+j(2k(-l:i)1a§2a:2 + 1+(j+(f)t(1131)2m2’ otherwise,
we get
lim g({G. k) € T x K& |Afj(z)] > €}]) SM:O

r,8—00 g()\a,u,s g()\?ﬂg>

fora>%,b>%,i.e. 7>%.
The sequence {fjx} is (g(x,u), &)-pointwise statistically convergent of order
2
with lim A f5 () £ 0 for ~v > 1/3, but it is not A-pointwise convergent.
THEOREM 2.1

Let v € (0,1], {hjx} and {f;x} be two sequences of real-valued functions defined
on a set B. Then the following statements are true:

2
(i) If lim, o0 AThj k() Z h(zx) and ¢ be any real number, then

lim AR (z) E ch(z).

7,800
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(il) If limy 500 A"hj k() Ex h(z) and lim, 500 A" fjr(x) & f(x), then

lim (Ahy(e) + A7 (@) S hiz) + f(2).

T,§—00

Proof. For ¢ =0, the result holds trivially. Let ¢ # 0, we have

(’{ g k) € Jr x Ky @ |cAThj(z) — ch(z)] > e}D

= wmo([{G0 € dx K 18t ) = <)

and that of|(ii) E )| follows from

(A“us

(Aa (I{ J.k) € Jp x Kyt |AThyp(x) + A" fi(2) — (A(x) + f(2))] > €}])

+
Q
[
—
&y
~—"
m
<
X
B>
<
e
e
~—
~
—
8
=
Vv
—
N——

THEOREM 2.2
Suppose g is an unbounded modulus function and vy, x € (0,1] be such that v < x.
Then

SH gy A7) C S2(giam, A7)

and the inclusion is strict.

Proof. Let 7, x € (0,1] be given such that v < . Since g is increasing, we have

<x M% € Jr x Ky A" f(@) = f(2)] = &})

(M 59({G ) € T x Ko+ |A7fn(@) = @) 2 ¢}]) forall > 0.

Hence, S—y(g(k,u)a ) - S (g()\ ) aA )
To show that the 1nclu81on is strict, let g be an unbounded modulus such that
limy_s o0 @ > 0 and {f;i} be defined as follows:

27 j?k; :n37
fin(x) = ez .

W’ otherwise.
Then
Afjr(x)
ke (s (b+lo) k=
THG+D)?R%2? — 192kt 10222 | 1+G+12(h+1)%a2° JR="n"
_ kx kx (k+1)x S
=\ T2 T R T TP T2 Jik=mn"—1,
kx . kx _ (k+1)x (k+1z) .
PR~ TGP~ 19 PG )%? T TTG D (er)Ze2 Otherwise.
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Further,

o g(eps)3) +1
lim gy k) € JoxKg: |[Afjp(z)] > €}|) < lim Z=—————=0
Hﬁwgﬂﬁg sl Afu@)| 2 ) < lim g(Aipd)

for x > %. Hence, {fjr} € S2(gia),A) for x € (1/3,1] but {fx} & S2(gau> D)
for v € (0,1/3].

If we take y = 1 in the Theorem we get the following result.

COROLLARY 2.1

If a sequence of functions { fjr} is (9(x,u), A")-pointwise statistical convergent of
order vy to the function f, then it is (g(x,u), A")-pointwise statistical convergent to
the function f, that is, Ss(g(A,u),Ar) C 52(g(au)s A7) for each ~ € (0,1], and the
inclusion is strict.

COROLLARY 2.2
Let v, x € (0,1] be given. Then the following hold:

() S (g()\p,)v ) SQ(Q(A;A)? T) zﬁ7:X7
(11) S’y(g(/\,u)aA ) - S (g(/\,u)a T) Zﬁ’)/ =1

DEFINITION 2.2

Let g be an unbounded modulus function. Let A = (\.) and u = (us) be two
sequences as defined above and v € (0,1]. A sequence of real-valued functions
{hji} is strongly (V, A, i, g) Aj-pointwise summable of order ~ (or [w2]9*#(A")-
summable) on a set B if there is a function h such that

r?gloo )\a b Z Z |A hjk (x)|p) =0.

rHs jE€J. kEK,

Thus, we write [w2]9** — lim A"hj . (x) = h(z) on B. The set of all strongly
V,\ 1, 9) AJ-pointwise summable double sequence of functions of order v will be
denoted by [w2]9*#(AT).

Here note that, if g(z) = x. A, = r and ps = s then strongly (V, A\, p1, g) Ap-
pointwise summable of order v reduces to strongly Aj-pointwise Cesaro summable
of order ~.

THEOREM 2.3

Let g be an unbounded modulus function and v, x € (0,1] be given such that v < x
then

219, r 219,\, r

Jo(AT) < [w3Ig H(AT)

[wp

and the inclusion is strict for some v < x.

Proof. The inclusion part of the proof is easy. To show that the inclusion is strict,
define a double sequence {f;x} by

ik
fin(w) = {Hﬁ&27ﬂk:n%
J

1, otherwise.
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Then "
H;Qﬁ -1, g,k =n?,
Afje(r) = § 1+ i, Gk =n? -1,
0, otherwise

and taking g(x) = = we get

LSS A s - fagp < DU L

c c,d
)"rus jed. keK. >‘r:u’s >\r 2’UJS

as r,s — oo for ¢ > %, d> % and so the sequence {f;i} is strongly (V. A, u, g) Ap-
pointwise summable of order x for x € (%, 1]. Also,

% Z Z |Afjk(x) = f(z)P > ()2 = 1)((ps)? — 1) .

a \a@ b
T‘IJ/S jeJr keKé 7‘/’[/8

asr,s > oo fora<i,b< 3.
Hence the sequence {f;x} is not strongly (V, A, u, g) A,-pointwise summable
of order v for v € (0, 3].

If we take xy =1 in the Theorem [2:3] then we obtain the following result.

COROLLARY 2.3

If {fjx} is strongly (V, A, p, g) Ap-pointwise summable of order ~ then it is strongly
(V. A, i, g) A7 -pointwise summable, that is, w29+ (A™) C [w2]9MH(AT) for each
v € (0,1] and 0 < p < oo and the strict inclusion holds.

The following result is a consequence of Theorem [2.3]

COROLLARY 2.4
Let v, x € (0,1] and 0 < p < co. Then the following statements are true

(i) [wplg ™ (A7, f) = [wplg M (A" f) iff v = x.

ss 219, T _ 219, T ; —

(H) [wp]% #(A vf) - [wp]g #(A 7f) Zﬁ’y =1

Before proceeding to the proof of our next theorem, we first need to recall an
important result by Maddox, which plays a crucial role in the analysis of mod-
ulus functions and their behavior. This result establishes a key inequality for
unbounded modulus functions, which will help us derive important relationship in
our proof. The lemma, as stated by Maddox [25], is presented below:

LEMMA 2.1 ([25])
Suppose that g is an unbounded function. Then there exists an | > 0 such that
g(zy) > lg(x)g(y) for every non negative real number x,y.

THEOREM 2.4

Suppose that v, x € (0,1] with v < x, 0 < p < 00 and g be an unbounded mod-
ulus function with lim;_ o @ > 0. If {hji} is strongly (V, A, u, g) Ap-pointwise

summable of order ~y to h(x), then it is (g(x ), A")-pointwise statistical convergent
of order x to h(x), that is [w2]9™(A”) C S2(geaum, AT).
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Proof. For any € > 0 we have

S S g(1ATRs () - h(2)P?)
jeJ, keK,
> 9> > |ATh(x) — h(z)P)

JEJr kEK
> g(|{(]7 k) € J. x Kg: |A"hji(z) — h(z)] > e}} 'ep)
> 1g([{G.K) € Jr x Ko+ [AThyp(e) — ()] > e} - g(e?)

and since vy < y,

ST S g(aTh (@) - b))

TMS j€] keK,

> Tl 0G0 € T x Ko s (67 hyula) = @) = ) - (@)

> A%Mdlg(!{(j,k) € Jy x Ky ¢ [AThjp(x) — h(z)] > €}]) - g(e?)

T S 1 ‘ )
= mlgﬂ{(%k) € Jp x Ky ¢ |A"hjp(z) — h(z)| > €}]) - g(e”) g(Aipd),

where using the fact that lim;_, # > 0 and {hjr} € [w2]9H(A"), it follows
that {hjk} € S,Qy(g()\w),Ar).

COROLLARY 2.5

Suppose that 0 <y <1, 0 < p < oo. If {fjx} is strongly (V,\, p1, g) A} -pointwise
summable of order ~y to f(x), then it is (g(x ), A")-pointwise statistical convergent
of order v to f(x), that is, [w2]T™*(AT) C S2(ga,u), A7)

COROLLARY 2.6

Suppose that 0 < < 1,0 < p < oo. If {fjx} is strongly (V, A, u, g) A} -pointwise
summable of order ~ to f(x), then it is (g(x ), A")-pointwise statistical convergent
to f(z), that is [wg]g’)"”(Ar) C SQ(Q(A,H),AT).

Proof. From Corollary 23] and Corollary [2.5] we have

[wplg (AT, ) € 5% (geaum, A", f).

3. Conclusion

In the present paper, we explore (g(x ), A")-pointwise statistical convergence
for double sequences of real-valued functions of order v, where g is an unbounded
modulus function. In addition, we also introduce strongly (V, A, u, g) Aj-pointwise
summable for double sequences of real-valued functions of order v and give some
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inclusion relations. In future work, one can obtain the corresponding results by
using uniform statistical convergence for the sequence of fuzzy valued functions.
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