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Abstract. The main aim of this paper is to use the k-Hilfer fractional deriva-
tive to derive certain Polya-Szego fractional integral inequalities. Further
fractional integral inequalities are obtained. The results presented here ex-
tend and generalize various existing inequalities associated with the Riemann-
Liouville, Caputo, Saigo, and Hilfer fractional operators. The findings con-
tribute to the growing theory of fractional calculus and offer potential tools
for the analysis of fractional differential and integral equations.

1. Introduction

Integral inequalities play a fundamental role in the study of classical and frac-
tional differential equations, providing powerful tools for establishing the existence,
uniqueness, and stability of solutions in various mathematical models. Among
these, Pélya-Szego-type inequalities have attracted considerable attention due to
their wide range of applications in approximation theory, optimization, and math-
ematical analysis. In 1925, Pdlya-Szegé established the following inequality (see

i3]):
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provided that x and 1 are two square integrable functions on [k1, k2] and satisfy
the conditions

O<u<x(z)<U, O<v<yx)<V, u,U,v,V € R, x € [Kk1, Ka]. (1)

Dragomir and Diamond also established the following inequality in [I8]:

[t (2 | w<x>dx)\

U—-u)(V—v) 2 2
= 4(ko — K1)2VuldVY J i, x(@)de /m V@),

provided that x and 1 are two integrable functions on [k1, ko] and satisfy the
conditions in .
In 1935, G. Griiss proved the following classical integral inequality (see [6] [19]):

[t (s [ (S [T vow)|

UEDIE)
- 4

provided that x and ¢ are two integrable functions on [k1, ko] and satisfy the
conditions

u< x(x)<U, v<P(x)<V, u,U, v,V ER, x € [k, K1].

In recent years, researchers from various disciplines have achieved diverse
results in fractional calculus and its applications, using operators such as the
Riemann-Liouville, k-Riemann-Liouville, Caputo, Hadamard, Marichev-Saigo
-Maeda, Saigo, Katugamapola, and Atangana-Baleanu operators, among others
[, 2, @, @, B, 0, 10, 01, 12 16, 17, 24, 25, 26, 27, 28, 30, 35, B8, B9, 40]. Many
researchers have studied the Pélya-Szegd inequalities in recent years, using a num-
ber of fractional integral operators in their studies (see [15 23] BT} [36] 37]). In
[7], Chinchane et al. addressed the Caputo-Fabrizio fractional integral operator
with a nonsingular kernel and established some new integral inequalities for the
Chebyshev functional in the case of the synchronous function using the fractional
integral. Our work is strongly inspired by the references [8, 21}, 29] 32, 33]. In [§],
the authors presented the k-Hilfer fractional derivative operator. Building on this
concept, they derived the reverse Minkowski fractional integral along with several
other fractional inequalities. Igbal et al. [21] used the k-Hilfer fractional derivative
operator to obtain the Griiss inequality.

The main purpose of this paper is to present original results on the Pélya-
Szegd inequality and related inequalities using the k-Hilfer fractional derivative
operator. This progress has been driven by the increasing use of fractional differ-
ential and integral operators in describing phenomena with memory and hereditary
properties, such as diffusion, viscoelasticity, fluid dynamics, and signal processing.
Several fractional operators such as the Riemann-Liouville, Caputo, Hadamard,
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Saigo, and Atangana-Baleanu operators have been utilized to establish new ver-
sions of Pélya-Szeg6 and related inequalities. However, despite this progress, most
existing works focus on a single fractional operator and therefore lack a unified
approach that can encompass these diverse formulations.

To bridge this gap, this paper employs the k-Hilfer fractional derivative, a
powerful generalization of many well-known fractional derivatives. The k-Hilfer
operator depends on two parameters (the order and the type) and an additional
real parameter k > 0, which allows it to interpolate between several existing frac-
tional derivatives, including the Hilfer, Riemann-Liouville, and Caputo derivatives,
as special cases. This versatility makes it particularly suitable for deriving a more
general family of fractional inequalities. The main objective of this study is there-
fore to establish new fractional Pélya-Szegd type inequalities by employing the
k-Hilfer fractional derivative. The proposed results generalize many previously
known inequalities. They also provide a unified framework from which classical
results can be recovered under suitable parameter choices. Furthermore, these in-
equalities have potential applications in fractional boundary value problems, frac-
tional integral equations, and control theory, where estimating bounds of fractional
operators is essential.

The rest of the paper is organized as follows: Section [2| provides the necessary
preliminaries and definitions related to fractional calculus. Section [3| presents and
proves the main results, including new forms of the Pélya-Szeg6é and Minkowski
inequalities via the k-Hilfer fractional derivative. Applications are given in Sec-
tion [l Section [5] concludes the paper with remarks on possible extensions and
applications of the obtained results.

2. Preliminaries

In [T4], the definition of the gamma k-function was given by Diaz et al. It is
provided below.

DEFINITION 1
Let k£ > 0. The I'y, function is the generalization of the classical I' function and is
defined as follows:

1.1 -1
[k(>) = lim n'k((zk)k
n—roo “ n,k

R(5) > 0,

where (5¢)p 1 = 2#(3c+k)(5¢+2k) ... (3e+(n—1)k),n > 1, is called the Pochhammer
k symbol. The integral representation is provided by

oo ok

Fk(%) :/ t* e ® dt.
0

In particular, for k = 1, T'y(3) = I'(x).

The set of complex-valued Lebesgue measurable functions f such that |f]? is
integrable on a finite or infinite interval of the real number set R is denoted by the
symbol LP[a,b]. We denote by AC™[a,b] the space of complex-valued functions f



[80] A.B. Nale, V.L. Chinchane, O.M. Khellaf and Ch. Chesneau

which have continuous derivatives up to order (n — 1) on [a,b] such that f(»—1
belongs to AC|[a, b].

The following definition is given in [20].
DEFINITION 2 ([13])

Let £ > 0. The k-fractional derivative operator (kDSJ_’ f) of order 0 < £ < 1 and
type 0 < i < 1 with respect to » € [a,b] is defined by

_e d (-
(D)) = LY (P f()), (2)
whenever the right-hand side exists.
The derivative is usually called the k-Hilfer fractional derivative. A more
general representation, as in equation , is as given below.

DEFINITION 3
Let k>0,0<¢<1,0<n<1andn € N. Then the following equation holds
true: &

D) (o) = (1) (P9 £ (6))). (3)

dx"

The relation can be expressed in the following way using the Riemann-
Liouville fractional integral properties:

*DETF) () = (124 O (D 9 £ (50))

-1 s — )1 pEtn(n—6)
a kl“k(n(n_g))/a (=) (Dot fy))dy.

We generate many classical fractional derivatives from the derivative as special
cases by setting
(i) k=1, we get the Hilfer fractional derivative presented in [22],

(ii)) k=1,n=0, Dgf f= Dg . f, we arrive at the Riemann-Liouville fractional
derivative of order & given in [40],
(iii) k=1,n=1,n=1is a Caputo fractional derivative of order £ from [25].

3. Fractional Pélya-Szego inequality

In this section, we investigate some new fractional Pélya-Szeg6 inequalities by
considering the k-Hilfer fractional derivative operator.

THEOREM 4
Let k > 0 and (kDg’f )(5¢) denote the k-Hilfer fractional derivative of order 0 <
£ <1, and type 0 < n < 1. Let (kDgi"(n%)hl) and (’“Dfli”("’@m) be two
integrable functions on [0,00). Assuming that there exist four positive integrable
functions (kpgiﬁ(n—i)(bl)’ (kpgiﬁ(n—f)%)’ (kpgiﬁ("—ﬁ)wl) and (kpgin(n_£)7/12)
on [0,00) such that

0< (*DII""01(0)) < (DL (o)) < (DL (0),

0 < *DE 9 (0)) < (DI Vo (o)) < (DT (o)),
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where o € (0, 3¢) for all ¢ > 0 and « > 0, the following inequality holds:
(*D§ I ribah?) (32) (FDE Y 1 82h3) () <1
(DS (161 + ado)haho) ()"~ 4
Proof. To prove , since o € (0, ») and 3 > 0, we have
((k@ii“”%w» _ <’€D§i"<"%<a>>) >0
(D (0) (DI ha(0)
On the other hand,
((k@ii’"”%l(a)) - (k@ﬁi”<”5>¢1<a>>> -
(D" ha(0)) (WD n(0)) )
Multiplying (5)) and (6], we have
<(k7)21n(n_€)¢2(0)) - (kpiin(n—é)hl (J))>
(DT (o)) (DI ha(0))
y ((k@ii"whl(o)) - <’f7>§i"(”5>¢1<a>>> -
(D" hg(0)) (DL a(0)) )
which implies that
((k@ii“"‘%w)) <’€D§i"<”‘“h1<a>>)<'<Dﬁi"<"‘5>h1<a>>
(D" (o)) (DI s (0) ) (DI (o)
- ((kDii“”%w» - (’@21“”%(0») (D" V61(0))
(DL (0)) (DI V() (FDLT T (o)

Therefore
((kD£+n(n f (O_)) (kDﬁi"("_f)qﬁl(o))) (kpgin(n—é)h (0)
(D (0) (DI () ) (DI ha (o)
(D" 03 (0)) (DY (0) (DT ()
T DR (0) (DI 0 (o)) (D (o)

and

(D D1 (0)) (DI (o) + (DL 6a(0)) (DT Vs (0))]

% kpgin(nfﬁ) hy (U)kpgin(nig)hQ (0.)

> (*DI T (0) (DL (o) (DR (0))
+ (DI 61(0)) (DI 62(0)) (DL IS (o).

(7)
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Multiplying both sides of (7 by m(% —0) a —! then integrating the
resulting identity with respect to o from a to s, we get

(e = 0) 55
KLk (n(n =€)
% ((*D5E" " 91 () (DL Dy (0)
+ (DI 62(0)) (DI (o))
= )
- (krm)(n—«s))
x (DL (0)) (DL 4 (0)) (DL 3 (0))

DO Ry (0)) (DS hy (o))

(n—¢)
(3¢ — U)nT*l

TR - )
x (("DE" 010 (DI a(0)) (DI UNE(0)).
Integrating with respect to o from 0 to sz, we obtain
(kpgﬁ (G191 + P2t)2) hiha)(3) > (kpgf%?/&h%)(%) + (kpgf%éf)zh%)(%)-
By considering inequality 1 + k2 > 2,/K1K2, Where k1, K2 € [0, 00), we have

(FDET ($1001 + batha) huha)(30) 2 24 (*DETbr o) (56) (VD21 13) (52),

SO

(MDD (G191 + dath2)haha)(5))? > A((FDST11pahd) (3¢) (FDETha d2h3) (),
and it follows that

(DS b1 h?) (50) (FD5Y $162h3) (3¢) <

which gives the required inequality .

(*DS(p131 + d1¢2)hiha)(3))?,

N

THEOREM 5
Let k>0, (*D57f)(5) and (*D)F f)(5) denote the k-Hilfer fractional derivative
of orders 0 < € < 1 and 0 < A < 1, respectively, and types 0 < n < 1 and
0 < p < 1, respectively. Let (kDgin(n%)hl) and (kD;\_t”(nfx)hg) be two integrable
functions on [0,00). Assuming that there exist four positive integrable functions
(kngiﬁ("—f)(ﬁl), (kpiiﬂ(n—ﬁ)(ﬁ?)’ (kpi\i'ﬂ(n—)\)wl) and (kpiiu("—)\)wQ) on [0, 00)
such that

0< (DI V(o)) < (DI O hi(0)) < (DT V82(0)),

0 < (D" V(0) < (DI Vha(0)) < (PP (6)),

where 0,0 € (0, 3) for all > 0, the following inequality holds:

(*DE162) (30) (FDot 1102) (50) (FDEIR3) (52) (*DYY3) ()
((*DE7d1h1) (32) (FDFnho) (32) + (FDETdohn ) (5¢) (*DYFbohs) (5¢))

1
< 1 9)
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Proof. To prove @, since 0,0 € (0, ) and 3 > 0, we have

(kpgiﬂ(n—f)hl(g)) - (kpgiﬂ(7l—5)¢2(a))
(DT Vha(0)) ~ (DU N (6))

which implies that
( (D" V(o)) _ (DI (o)) ) -

DNy 0)) (DT N o (6))

Also, we have

DYV ho(0)) (DY (0))
Multiplying and 7 we get
( FD D g0(0)) (DS (o)) )

( (kpgin(n—i)hl (o)) (kpgin(n—f)qgl (o)) ) > 0.

DYV (0)) (DY hy(6))

DS Oh (o)) (D4 (0))
( kpAHin=2) A=) )ZO’
Dot Iy (0)) (DY (0))

which implies that
<(kagin(n—€)¢2(g)) - (kpgin(n—ﬁ)hl(o,))> (kpgiﬁ("—ﬁ)hl(o.))
(DTN (0)) DYV ha(6)) ) (DT Vo (9))

_ ((k@ii"<"f>¢2<a>> (kvii“”@hl(a») (DS 6,(0))

(DN (0) (DY TV by (0))
and it follows that
(D" V() | (DI V61(0)) ) (DL V(o))
(<kD21“<”*>w1<9>> kDTN <>><kz>“*‘<" Yhy(6))
(D" (o) | (D61 (0)) (D6 (0))
T D TIR30) (DT Y (0)) (*D T T N a(6))
Multiplying both sides of inequality (12| . by

>0,
(DL N gy (6))

(12)

(DTN (0) (FD TV o (0) (FDA TV R3(0)),
we obtain
(kD§+77("*E)¢ (U))(kpﬁJrn("*E)h (U))(kaAJr#(n*A)wz(9))(ka2\jrr#(n*>\)h2(9))
+ (DL 01 (0) (DI () POV (0) (DL ha(9))
> ( Dii””*”wlw»( Dii’“‘“ Mo (0)(*D5 TR (o)) (13)
+ ("D 61 (0) (PDEET T (o)) (FDU TV B3 (69)).
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n(n—¢)
[

Multiplying both sides of by m(% —0) ~1 then integrating

resulting the identity with respect to o from a to s, we have

FD)TH N (6)) (PP M R () (FDE 6101 ) ()
+ (DY (0) (DY hg (8)) (FDE ol ) (52)

(14)
> (D e (0) DT Y 0 (60) (DT 1Y) ()
+ (DI (0) (D5 p162) (59)-
Again, multiplying both sides of (14]) by m(% 9) b1 , then inte-

grating resulting the identity with respect to 6 from a to », we gct
("Dt p1ha) (30) (*DETG1ha ) (5¢) + (FDYHabaha) (30) (*D T dho) ()
> ("Dt bie) (5) (FDEIRY) (30) + ("DRR3) (30) (*DE L 61.6) ().
By a1 + as > 2\/aras, where ag,as € [0,00), we obtain
(FDy ey ha) (3¢ ><’CD5 Torhy)(30) + (FDp{ aha) (30) (DS daha ) ()
> 20/ (FDX 1) (2) (VDETRE) (52) (VD 3) (52) (DS 01 62) (54),

which gives the required inequality @

THEOREM 6
Letk >0, ("313g W f)(3¢) denote the k-Hilfer fractional derivative of order 0 < £ <1

and type 0 < n < 1. Let (kpgin(n—i)f) , (kDgi"(n_g)g) be two positive functions
defined on [0,00), such that (kDgi”(nff)g) is non-decreasing. Assuming that

*DELF)(30) > ("Dl g) ()
for all 5 > 0, the following inequality holds:
("D 70)(50) < ("DET 7 970) (52). (15)

Proof. We use the arithmetic-geometric inequality, for v > 0, § > 0, and 7 €
(0, 5), 3¢ > 0. It follows that

) —&) - _
—— ("D () < (DI g0 (7)),

Y E4n(n—E&) py—
DO ) -

)

Multiplying both sides of by m(% -7
resulting the identity with respect to 7 from a to s, we have

n(n-g) . .
) 2ed , then integrating

gy [ e (DT Sy
(v = 0)kTk(n(n —

(y = 8)kLk(n(n —
£) / (3 — 7)1 (DS 10 (1))
1

)
~ klr(n(n—=98)) J, N g |
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consequently,
v M opy— g Y= ; -
—— ("D f770)(36) = — ("D ) () < (*DSI 1g70)(54),
v—9 v—90
which implies that

s (D00 < CDELP 60 + %

_ 5 _ (5 (kpgi]g’y*(s)(%%

that is
ky§ém py—36 776 kém gy —6 d k§m py—36
("D f770)(3) < — "Dl fg )(%Hg ("Dl f77°)(50),
which is the result .

THEOREM 7
Let k > 0 and let (kDSJ:’f)(%) denote the k-Hilfer fractional derivative of order

0<&<1andtype 0 <n < 1. Assuming that (kDf;i"("—g) ), (kpﬁi"(”‘i)g) and

(kDgin(n_g)h) be positive and continuous functions on [0,00), such that

((*D D g(7)) — (*DEL" "V g(0)))

y ((k'Dgin(ng)f(U)) kDii"("E)f(T))) - (16)
(’“Dgin("{)h(a)) kpgiﬂ(nfﬁ)h(ﬂ)

pay )

(
(
where 1,0 € (0, 5) for all 3 > 0, the following inequality holds:

(*Di9f) ()
(D5gh) ()

("D ()
(*Dgh) (2)

>

Proof. Since (kpﬁi"("‘f)f), (kDEin(n_f)g) and (kpﬁi"("‘f)h) are three positive
and continuous functions on [0,00) and 7, o € (0, »), for all 3¢ > 0, by (16]), we
can write

(el (7))
(D" h(r))

(- gy (D™ f(0)

ky&+n(n—5§)
(kpfiﬁ("—f)h(a)) +(D (@)

(17)

- ("D g(m))

Now, multiplying equation by (kDgf'(nfg)h(o)) (kDﬁi”(”’f)h(r)), on both
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side, we have
(DI g () (DI fo) (DI h(r))
= (D" () (DI () (D k(o)
= (D @) (DL @) (D)
+ (D" g(0) (DO () (DL (o)) 2 0.

Multiplying both sides of by m(% - 7)
resulting the identity with respect to 7 from a to s, we get

f(O‘) /%(% N T)w_l(kpiin(nié)gh(T))dT

n(n—8) . .
= 1. then integrating

kLk(n(n —§))
gy L e ) D pytar
g(o)h(o) g s — )L =1 ke pEAn(=€) ¢y
+/crk(n(n—f))/a =) (P71 (m)dr 20

and we get
F(0) (DN gh) (3¢) + g(o) (o) (*DE ) (52)
— 9(0) f(0)("DE{h) (32) — h(o) ("D g f) () = 0.

Again, multiplying both sides of by m(%—a) e
ing resulting the identity with respect to o from a to s, we have

(DS ) (52) ("D5 T gh) (5¢) — (FDSTR) (30) (DS g f) ()
— ("DE7gf) () (*DEIR) (30) + ("DE 7 gh) (3) (FDSY ) (5¢) > 0,

which completes the proof.

(19)

~1 then integrat-

THEOREM 8
Let k> 0, (kDEJ:’ )(5) and (kDi‘f )(5¢) denote the k-Hilfer fractional derivative
of orders 0 < £ <1 and 0 < A < 1, respectively, and types 0 <n <1 and 0 < pu <
1, respectively. Assuming that (kDflin(n_é)f), (kpiin(n_é)g) and (kDgi"(n_&)h)
are positive and continuous functions on [0,00), such that
(D" D g(m) = (DI g(0))
Epé+n(n—,) Epé+n(n—,§)
X <( Dg (nf@f(a)) - DZI <n£>f(7))) =0
(*De"" M h(o)  (FDe"" T A(7))
where 7,0 € (0, ), for all > > 0, the following inequality holds:
(*DSLS) 0 (*Dyt gh) (3¢) + (FDRL ) (30) (FD5lgh) (52)
(D5 R) (o) (*Do ' f) () + (DL 1) () (*Dgh) ()

> 1. (20)
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Proof. Again, multiplying both sides of by m(% —0) n2 —1. then
integrating resulting the identity with respect to o from a to s, we have
("Dt 1) () (*DET gh) (3¢) — (FDoL'h) () (*DE g f) (30) (21)

— ("Dl g f) (o) ("DETR) (30) + (“Dyf gh) () (D) () 2 0,

which gives the required inequality .

4. Application of Theorem E| and Theorem @

Application of Theorem [dl We first present application of Theorem [ and its
validation. Consider the functions

hi(o) =e%, hao(o) =0, o€(0,1].

Take parameters k = 1, £ = 0.5 and 5 = 0.5. Then the k-Hilfer fractional deriva-
tive interpolates between the Riemann—Liouville and Caputo derivatives. The
fractional derivatives are given by

(D8f70-5h1)(0') = F(?)15) /Oa (0_ iij)()‘g) dy7

PR he)(e) = 57 [ o

We choose bounding functions
p1(0) =0.50, @o(o) =0, Yi(c)=e"7, a(o)=1

Numerical verification shows that the assumptions of Theorem [ are satisfied.
Therefore, inequality holds:

1

(D reh?) (1) (D prp2h3) (1) < Z[(Dgf’°'5(wm +¢2¢2)h1h2)(1)r-

This explicit example confirms Theorem [ for simple exponential and polynomial
functions.

Setup to Theorem [8 We select the simple constant test case to validate Theorem
[ under the k-Hilfer operator. Take

k=1, &=3, n=3,
hi(o) =1, ha(o) =1, ¢1(0) = p2(0) =11(0) = 2(0) =1, o € (0,1].
Then, the composite functions in inequality become
A(U) = 1/J11/12h% = 17

B(o) = p1p2h3 =1,
C(o) = (Y11 + t2p2)hihe = 2.
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Validation of inequality (4). Using the computed values

1
DSMA(1) = DSB(1) = DS1(1) = 7 0.564190,
s

DEIC(1) = 2- ~ 1.128379,

1
e
the left-hand side and right-hand side of evaluated at K = 1 are
LHS = D*7A(1) - D>"B(1) =~ 0.318310,
RHS = }(D$7C(1))* ~ 0.318310.

Hence, numerically we obtain LHS = RHS (within rounding), which verifies the
inequality for this test case.
Application of Theorem [6] Let

f(a) = 027 g(o’) =0, 0C€ (07 1]a

with k =1, £ = 0.5, n = 0.5. The k-Hilfer fractional derivatives are

0.5,0.5 2 ’
PR D) = o | gy

50, A
PR0)0) = 15 | e

Since (Dgf’o'sf)(a) > (Dgf’o'sg)(o) for o € (0,1], the condition of Theorem@is
satisfied. Choosing v = 2, § = 1, inequality becomes

(Dgf’O'Sf)(/i) < (Dgf’0'5f2g_1)(lf)7 K> 0.

Numerical computations at £ = 1 confirm the validity of this inequality.

5. Conclusion

In this paper, we have established several new Pélya-Szego-type fractional in-
tegral inequalities by employing the k-Hilfer fractional derivative. These results
represent a significant extension and generalization of previously known inequali-
ties involving classical fractional operators such as the Riemann-Liouville, Caputo,
Saigo, and Hilfer derivatives. The k-Hilfer operator, due to its additional flexibil-
ity parameter k, provides a unified framework that connects and extends many
existing results in the literature.

The inequalities obtained in this work enrich the theoretical structure of frac-
tional calculus. They also serve as powerful analytical tools for estimating and
bounding solutions of fractional differential and integral equations. Such results
are potentially useful in applied mathematics, physics, and engineering, particu-
larly in the analysis of systems exhibiting memory and hereditary properties.

Moreover, an illustrative example has been included to demonstrate the ap-
plicability of the derived inequalities.
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Future research may focus on extending these inequalities to other generalized
fractional operators, such as those involving non-singular kernels or variable-order
derivatives, as well as exploring their applications to boundary value problems,
stability analysis, and fractional optimal control.
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