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On an Erdos—Straus type problem

Abstract. Motivated by the Erd6s—Straus conjecture, we study whether the

Euler totient ratio @ can be expressed as a sum of three unit fractions,
n 1 1 1
M:,_F,_'_,’ z,y,z € N.
n Ty =z

We prove that such a representation is impossible for prime powers p* with
p > 11, and for integers of the form p*'¢*? with p > 5 and ¢ > 15p. In
contrast, for 2 < p < 7 the representation exists for all p*. Moreover, for
every integer r > 3, there are infinitely many integers n with w(n) = r for
which no such representation exists. Further, if a representation holds, we
obtain the bounds

2
2<x <9+ 3e" loglogn, Lgygi.
p(n)z —n p(n)z —n
[ r—1
In addition, if z > 3= loglognt3) 41,0 rad(n) < %, where 7 is

Euler’s constant and r = w(n).

1. Introduction

When a rational number is expanded into a sum of unit fractions, the expansion
is called an Egyptian fraction. Every fraction " has an expansion of at most m
terms

11 1 1
(7+7+7+...+7),
n n n n

m times
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so in particular % needs at most two terms, % needs at most three terms, and %
needs at most four terms. For % two terms are always needed and for % three
3

terms are sometimes needed, for instance z cannot be expressed as a sum of two

unit fractions due to the following lemma

LeMMA 1 ([3,7])
Let m and n be two coprime positive integers. Then

m 1 1

n a b

for some positive integers a and b, if and only if there exist positive integers x and
y such that

(i) xy divides n,

(ii) +y =0 (mod m).

Thus, for the numerators 2 and 3 the question of how many terms are needed
in an Egyptian fraction is known. The numerator 4 is the first case in which
the question is still unanswered. That is, is it possible to express all fractions of
the form % using only two or three unit fractions? For the question on two unit
fractions the answer is no, for example % cannot be written as a sum of two unit
fractions (use Lemma 1). Therefore, the question is whether all fractions of the
form % can be expressed as sum of at most three unit fractions. The Erdés—Straus
conjecture states that for % case the maximum number of required terms in a unit
fraction sum is three. More precisely, the conjecture states that for all integers

n > 2, there exist positive integers =,y and z such that
4 1 1 1

n T Yy =z
This conjecture was formulated in 1948 by Paul Erdés and Ernst G. Straus and
published by Erdés in 1950 [5]. The problem soon attracted the attention of sev-
eral prominent mathematicians, including Oblath [10], Rosati [11], Yamamoto [19],
and Mordell [8]. Over the years, the problem has been studied from various per-
spectives, including analytic number theory, algebraic methods, and computational
techniques [1,2,4,6,7,13,14,15,16,17,18,20]. Recall that {#}%’:1 is dense in
[0,1] and ¢(n) | n if and only if n = 1 or n = 2% . 3k2 where k; > 1,k > 0 are
integers. Such n is listed in A007694. Therefore, for n of this form we have
o(n) 1 n 1 n 1
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This motivates us to consider a related question and ask whether there exist pos-
itive integers x, y, z such that

n 1 1 1
plr) 1, 1,1
n x Yy z
for given positive integers n. Observe that if we write
n= Hp”"(") and rad(n) = Hp,
pln

pln



$\frac {\varphi (n)}{n}$


\begin {equation*}\frac {\varphi (n)}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}, \qquad x,y,z\in \mathbb {N}.\end {equation*}


$p^k$


$p\ge 11$


$p^{k_1}q^{k_2}$


$p\ge 5$


$q\ge 15p$


$2\le p\le 7$


$p^k$


$r\ge 3$


$n$


$\omega (n)=r$


\begin {equation*}2\leq x\leq 9+3 e^{\gamma }\log \log n,\qquad \frac {nx}{\varphi (n)x-n}\leq y\leq \frac {2nx}{\varphi (n)x-n}.\end {equation*}


$x\geq \frac {3(n-1)(e^{\gamma }\log \log n+3)}{n},$


$\text {rad}(n)\leq \frac {4^{2^{r}}-4^{2^{r-1}}}{3}$


$\gamma $


$r=\omega (n)$


$\frac {m}{n}$


$m$


\begin {equation*}\Big (\underbrace {\frac {1}{n}+\frac {1}{n}+\frac {1}{n}+\ldots +\frac {1}{n}}_{m\text { times}}\Big ),\end {equation*}


$\frac {2}{n}$


$\frac {3}{n}$


$\frac {4}{n}$


$\frac {2}{n}$


$\frac {3}{n}$


$\frac {3}{7}$


$4/n=1/x+1/y+1/z$


$2$


$3$


$4$


$\frac {4}{n}$


$\frac {4}{5}$


$\frac {4}{n}$


$\frac {4}{n}$


$n \geq 2$


$x,y$


$z$


\begin {equation*}\frac {4}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$1948$


$1950$


$1/x_1+\cdots +1/x_n=a/b$


$4/n=1/x_1+1/x_2+1/x_3$


$4/n=1/x_1+1/x_2+1/x_3$


$4/n=1/x+1/y+1/z$


$4/n=1/x+1/y+1/z$


$4/n=1/x+1/y+1/z$


$4/n=1/x+1/y+1/z$


$4/n=1/x+1/y+1/z$


$\{\frac {\varphi (n)}{n}\}_{n=1}^{\infty }$


$[0,1]$


$\varphi (n)\mid n$


$n=1$


$n=2^{k_1}\cdot 3^{k_2}$


$k_1\geq 1, k_2\geq 0$


$n$


$n$


\begin {equation*}\frac {\varphi (n)}{n}=\frac {1}{\frac {3n}{\varphi (n)}}+\frac {1}{\frac {3n}{\varphi (n)}}+\frac {1}{\frac {3n}{\varphi (n)}}.\end {equation*}


$x, y, z$


\begin {equation*}\frac {\varphi (n)}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z},\end {equation*}


$n$


\begin {equation*}n = \prod _{p \mid n} p^{v_p(n)} \quad \text {and} \quad \text {rad}(n) = \prod _{p \mid n} p,\end {equation*}


$v_{p}(n)$


$p$


$n$


\begin {equation*}\frac {\varphi (n)}{n} = \frac {\varphi (\text {rad}(n))}{\text {rad}(n)}.\end {equation*}


$n$


$\text {rad}(n)$


$m$


$n$


\begin {equation*}\frac {m}{n} = \frac {1}{a}+\frac {1}{b}\end {equation*}


$a$


$b$


$x$


$y$


$xy$


$n$


$x+y \equiv 0 \pmod m$


$p$


$k$


$2\leq p\leq 7$


$x,y,z$


\begin {equation*}\frac {\varphi (p^k)}{p^k}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$p\geq 11$


$x,y,z$


\begin {equation*}\frac {\varphi (p^k)}{p^k}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$n$


$\omega (n)=1$


$n$


$\omega (n)=1$


$n=2^{k_1}\cdot 3^{k_2}$


$k_1\geq 1, k_2\geq 1$


$\varphi (n)\mid n$


$n$


$\omega (n)=2$


$n$


$\omega (n)=2$


$p,q$


$q\geq 15p$


$p\geq 5$


$x,y,z$


\begin {equation*}\frac {\varphi (p^{k_1}q^{k_2})}{p^{k_1}q^{k_2}}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z},\end {equation*}


$k_1,k_2$


$n=2^{k_1}\cdot 3^{k_2}\cdot p^{k_3}$


$p=5,7$


$k_1,k_2,k_3$


$x,y,z$


\begin {equation*}\frac {\varphi (p^{k_3})}{p^{k_3}}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


\begin {equation*}\frac {\varphi (2^{k_1}\cdot 3^{k_2}\cdot p^{k_3})}{2^{k_1}\cdot 3^{k_2}\cdot p^{k_3}}=\frac {1}{x\Big (\frac {2^{k_1}\cdot 3^{k_2}}{\varphi (2^{k_1}\cdot 3^{k_2})}\Big )}+\frac {1}{y\Big (\frac {2^{k_1}\cdot 3^{k_2}}{\varphi (2^{k_1}\cdot 3^{k_2})}\Big )}+\frac {1}{z\Big (\frac {2^{k_1}\cdot 3^{k_2}}{\varphi (2^{k_1}\cdot 3^{k_2})}\Big )}.\end {equation*}


$m=5^{{k_3}}\cdot p^{k_4}$


$p$


$k_3,k_4$


$m$


$p\leq 73$


$p=13$


\begin {equation*}\frac {\varphi (5^{{k_3}}\cdot 13^{k_4})}{5^{{k_3}}\cdot 13^{k_4}}=\frac {1}{2}+\frac {1}{5}+\frac {1}{26}.\end {equation*}


$k_1,k_2$


\begin {equation*}\frac {\varphi (2^{k_1}\cdot 3^{k_2}\cdot 5^{{k_3}}\cdot 13^{k_4})}{2^{k_1}\cdot 3^{k_2}\cdot 5^{{k_3}}\cdot 13^{k_4}}=\frac {1}{2\Big (\frac {2^{k_1}\cdot 3^{k_2}}{\varphi (2^{k_1}\cdot 3^{k_2})}\Big )}+\frac {1}{5\Big (\frac {2^{k_1}\cdot 3^{k_2}}{\varphi (2^{k_1}\cdot 3^{k_2})}\Big )}+\frac {1}{26\Big (\frac {2^{k_1}\cdot 3^{k_2}}{\varphi (2^{k_1}\cdot 3^{k_2})}\Big )}.\end {equation*}


$n$


$\omega (n)=3,4$


$n$


$\omega (n)\geq 3$


$r\geq 3$


$n$


$\omega (n)=r$


\begin {equation*}\frac {\varphi (n)}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z},\end {equation*}


$x,y,z$


$n$


$\omega (n)\geq 2$


$n$


$n$


$\omega (n)=r\geq 2$


\begin {equation*}\frac {\varphi (n)}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z},\end {equation*}


$x\leq y\leq z$


\begin {equation*}2\leq x\leq 9+3 e^{\gamma }\log \log n,\quad \frac {nx}{\varphi (n)x-n}\leq y\leq \frac {2nx}{\varphi (n)x-n},\end {equation*}


$\gamma $


\begin {equation*}x\geq \frac {3(n-1)(e^{\gamma }\log \log n+3)}{n},\end {equation*}


$\gamma $


\begin {equation*}\mbox {\rm rad}(n)\leq \frac {4^{2^{r}}-4^{2^{r-1}}}{3}.\end {equation*}


$n$


$\omega (n)=r\geq 2$


\begin {equation*}\frac {\varphi (n)}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z},\end {equation*}


$x\leq y\leq z$


$p$


$n$


\begin {equation*}e^{e^{\frac {p}{9}-1}}\geq n,\end {equation*}


$p\nmid x$


$\frac {\varphi (p^k)}{p^k}=\frac {\varphi (p)}{p},$


$\frac {\varphi (p)}{p}$


\begin {align*}\frac {\varphi (2)}{2}=\frac {1}{2}=\frac {1}{4}+\frac {1}{6}+\frac {1}{12},~~\frac {\varphi (3)}{3}=\frac {2}{3}=\frac {1}{3}+\frac {1}{4}+\frac {1}{12},\\[1ex] \frac {\varphi (5)}{5}=\frac {4}{5}=\frac {1}{2}+\frac {1}{5}+\frac {1}{10},~~\frac {\varphi (7)}{7}=\frac {6}{7}=\frac {1}{2}+\frac {1}{3}+\frac {1}{42}.\end {align*}


$x,y,z$


\begin {equation}\label {eq1} \frac {\varphi (p)}{p}=\frac {p-1}{p}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z},\end {equation}


$p\geq 11$


$x\leq y\leq z$


$p\geq 11$


\begin {equation}\label {eq2} \frac {1}{x}+\frac {1}{y}+\frac {1}{z}\geq \frac {10}{11}.\end {equation}


$x\leq y\leq z$


$\frac {1}{x}\geq \frac {1}{y}\geq \frac {1}{z}$


\begin {equation*}\frac {3}{x}\geq \frac {1}{x}+\frac {1}{y}+\frac {1}{z}\geq \frac {10}{11}.\end {equation*}


$x\leq 33/10$


$x$


$1,2$


$3$


$\frac {\varphi (p)}{p}<1$


$x\neq 1$


$x=2$


\begin {equation*}\frac {2}{y}\geq \frac {1}{y}+\frac {1}{z}\geq \frac {9}{22}.\end {equation*}


$y\leq 44/9$


$y$


$2,3$


$4$


$y\neq 2$


$y=2$


$\frac {\varphi (p)}{p}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}>1$


$y=3$


\begin {equation*}\frac {\varphi (p)}{p}=\frac {5}{6}+\frac {1}{z},\end {equation*}


$(p-6)z=6p$


$p\nmid (p-6)$


$p\mid z$


$z=pk$


$k$


$(p-6)z=(p-6)pk=6p$


$k=\frac {6}{p-6}\leq 6/5$


$k=1$


$z=p$


$p\geq 11$


$(p-6)p\neq 6p$


$y$


$4$


$y=4$


\begin {equation*}\frac {\varphi (p)}{p}=\frac {1}{2}+\frac {1}{4}+\frac {1}{z}=\frac {3}{4}+\frac {1}{z},\end {equation*}


$(p-4)z=4p$


$p\nmid (p-4)$


$p\mid z$


$z=pk$


$k$


$(p-4)z=(p-4)pk=4p$


$k=\frac {4}{p-4}<1$


$x\neq 2$


$x=3$


\begin {equation*}\frac {2}{y}\geq \frac {1}{y}+\frac {1}{z}\geq \frac {19}{33}.\end {equation*}


$y\leq 66/19$


$y=3$


$y=3$


\begin {equation*}\frac {\varphi (p)}{p}=\frac {2}{3}+\frac {1}{z},\end {equation*}


$(p-3)z=3p$


$p\nmid (p-3)$


$p\mid z$


$z=pk$


$k$


$(p-3)z=(p-3)pk=3p$


$k=\frac {3}{p-3}<1$


$x$


$y,z$


\begin {equation*}\frac {\varphi (p)}{p}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$f_{\alpha }\colon [7,\infty )\to \mathbb {R}$


\begin {equation*}f_{\alpha }(x)=\frac {x}{1-16x+\alpha x^2}.\end {equation*}


$\alpha \geq 2.5$


$f_{\alpha }(x)$


$x$


$[7,\infty )$


$f_{\alpha }(x)<1$


$x\in [7,\infty )$


$x\geq 7$


$\alpha \geq 2.5$


$\alpha x^2-16x+1=x(\alpha x-16)+1>0.$


\begin {equation*}f_{\alpha }'(x)=\frac {1-\alpha x^2}{(1-16x+\alpha x^2)^2}.\end {equation*}


$\alpha \geq 2.5$


$x\geq 7$


$f_{\alpha }'(x)<0$


$f_{\alpha }(x)$


$x$


$[7,\infty )$


$f_{\alpha }(x)\leq f_{\alpha }(7)=\frac {7}{49\alpha -111}<1$


$x\geq 7$


$\alpha \geq 2.5$


\begin {equation*}\frac {\varphi (p^{k_1}q^{k_2})}{p^{k_1}q^{k_2}}=\frac {\varphi (pq)}{pq},\end {equation*}


$\frac {\varphi (pq)}{pq}$


$x,y,z$


\begin {equation*}\frac {\varphi (pq)}{pq}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}\end {equation*}


$q\geq 15p$


$p\geq 5$


$x\leq y\leq z$


\begin {equation}\label {eq3} \frac {3}{x}\geq \frac {1}{x}+\frac {1}{y}+\frac {1}{z}=\frac {\varphi (pq)}{pq}=\Big (1-\frac {1}{p}\Big )\Big (1-\frac {1}{q}\Big )\geq \Big (1-\frac {1}{p}\Big )\Big (1-\frac {1}{15p}\Big )\geq \frac {296}{375} .\end {equation}


$x\leq 1125/296$


$1\leq x\leq 3$


$x\neq 1$


$\frac {\varphi (pq)}{pq}<1$


$x=2$


\begin {equation*}\frac {2}{y}\geq \frac {1}{y}+\frac {1}{z}\geq \frac {217}{750}.\end {equation*}


$y\leq 1500/217$


$2\leq y\leq 6$


$x=2$


$y\neq 2$


$\frac {\varphi (pq)}{pq}<1$


$x=3$


\begin {equation*}\frac {2}{y}\geq \frac {1}{y}+\frac {1}{z}\geq \frac {57}{125}.\end {equation*}


$y\leq 250/57$


$3\leq y\leq 4$


$q\geq 75$


$q\mid (p-1)(q-1)xyz$


$q\nmid (p-1)(q-1)$


$q\mid xyz$


$2\leq x\leq 3$


$q\mid y$


$q\mid z$


$x=2,3$


$y<7$


$q\mid z$


$z=qk$


$k$


\begin {equation*}\frac {\varphi (pq)}{pq}=\frac {1}{x}+\frac {1}{y}+\frac {1}{qk}.\end {equation*}


\begin {equation}\label {eq4} k=\frac {pxy}{q(xy(p-1)-p(x+y))-xy(p-1)}.\end {equation}


$q\geq 15p$


$xy(p-1)-p(x+y)>0$


$p\geq 7$


$x\geq 2, y\geq 3$


\begin {equation}\label {eq5} \begin {aligned} k&\leq \frac {pxy}{15p(xy(p-1)-p(x+y))-xy(p-1)}\\[1ex] &=\frac {p}{1-16p+15(1-\frac {x+y}{xy})p^2}=f_{15(1-\frac {x+y}{xy})}(p). \end {aligned}\end {equation}


$2.5\leq 15(1-\frac {x+y}{xy})$


$(x,y)=(2,3),(2,4),(2,5),(2,6)$


$(3,3),(3,4)$


$k<1$


$q \geq 15p$


$p \geq 7$


$x,y,z$


\begin {equation*}\frac {\varphi (pq)}{pq}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$p=5$


$q\geq 15p$


\begin {equation}\label {eq6} k=\frac {5xy}{q(4xy-5(x+y))-4xy}.\end {equation}


$(x,y)=(2,4),(2,5),(2,6),(3,3),(3,4)$


$4xy-5(x+y)>0$


$q\geq 75$


\begin {equation*}k\leq \frac {5xy}{75\{4xy-5(x+y)\}-4xy} =\frac {5}{296-375(\frac {x+y}{xy})}.\end {equation*}


$\frac {5}{296-375(\frac {x+y}{xy})}<1$


$(x,y)=(2,4),(2,5),(2,6),(3,3),(3,4)$


$k<1$


$(x,y)=(2,3)$


\begin {equation*}k=\frac {30}{-q-24}<1,\end {equation*}


$r\geq 3$


$k_1,\ldots ,k_r$


$n=p_1^{k_1}p_2^{k_2}\cdots p_r^{k_r}$


$\frac {1}{1-\sqrt [r]{4/5}}\leq p_1<p_2<\ldots <p_r$


$2\leq j \leq r$


\begin {equation}\label {eq7} p_j\equiv 2\pmod {p_1p_2\cdots p_{j-1}}.\end {equation}


$p_j$


$x,y,z$


$\frac {\varphi (n)}{n}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}$


\begin {equation*}\frac {\varphi (n)}{n}=\prod _{i=1}^r \frac {(p_i-1)}{p_i},\end {equation*}


\begin {equation*}\prod _{i=1}^r \frac {(p_i-1)}{p_i}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$x\leq y\leq z$


$p_1\geq \frac {1}{1-\sqrt [r]{4/5}}$


\begin {equation}\label {eq8} \frac {3}{x}\geq \frac {1}{x}+\frac {1}{y}+\frac {1}{z}=\prod _{i=1}^r \frac {(p_i-1)}{p_i}\geq \Big (1-\frac {1}{p_1}\Big )^r\geq \frac {4}{5}.\end {equation}


$1\leq x\leq 3$


$x\neq 1$


$\frac {\varphi (n)}{n}<1$


$x=2$


$y\in \{3,4,5,6\}$


$x=3$


$y\in \{3,4\}$


$x=2$


$y=3$


\begin {equation*}\frac {1}{z}=\prod _{i=1}^r \frac {(p_i-1)}{p_i}-\frac {5}{6}=\frac {6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r}{6p_1p_2\cdots p_r},\end {equation*}


\begin {equation}\label {eq z} 6p_1p_2\cdots p_r=z(6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r).\end {equation}


\begin {equation*}\gcd (6p_1p_2\cdots p_r, 6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r)>1.\end {equation*}


$p$


\begin {equation}\label {eq9} 6p_1p_2\cdots p_r\equiv 0\pmod {p}\end {equation}


\begin {equation}\label {eq10} 6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r\equiv 0\pmod {p}.\end {equation}


$p=2,3$


$p=p_k$


$1\leq k\leq r$


$p_i>13$


$p\neq 2,3$


$p=p_t$


$1\leq t\leq r-1$


$p\neq p_r$


$t+1\leq l\leq r$


\begin {equation}\label {eq11} p_l\equiv 1\pmod {p_t}.\end {equation}


$j=l$


\begin {equation*}p_l\equiv 2\pmod {p_1p_2\cdots p_t\cdots p_{l-1}},\end {equation*}


\begin {equation*}p_l\equiv 2\pmod {p_t},\end {equation*}


\begin {equation*}\gcd (6p_1p_2\cdots p_r, 6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r)=1.\end {equation*}


$z=6z'p_1p_2\cdots p_r$


$z'$


\begin {equation*}z'(6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r)=1,\end {equation*}


\begin {equation*}6(p_1-1)(p_2-1)\cdots (p_r-1)-5p_1p_2\cdots p_r=1.\end {equation*}


\begin {equation}\label {eq13} 6(p_1-1)(p_2-1)\cdots (p_r-1)\equiv 1\pmod {p_1}.\end {equation}


\begin {equation*}6(p_1-1)(p_2-1)\cdots (p_r-1)\equiv -6\pmod {p_1},\end {equation*}


$p_1>13$


$p\neq p_t$


$x=2$


$y\in \{4,5,6\}$


$x=2,y\in \{4,5,6\}$


$x=3,y\in \{3,4\}$


$n\geq 3$


\begin {equation*}\frac {n}{\varphi (n)}\leq e^{\gamma }\log \log n+3.\end {equation*}


$n=p_1^{k_1}p_2^{k_2}\cdots p_r^{k_r}$


$p_1<p_2<\ldots <p_r$


$k_i$


$x\leq y\leq z$


\begin {equation*}\frac {\varphi (n)}{n}=\prod _{i=1}^r \frac {(p_i-1)}{p_i}=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}.\end {equation*}


$\frac {\varphi (n)}{n}\leq \frac {3}{x}$


\begin {equation*}x\leq 9+3e^{\gamma }\log \log n.\end {equation*}


$y>\frac {2xn}{\varphi (n)x-n}$


\begin {equation*}\varphi (n)xy-n(x+y)>nx.\end {equation*}


\begin {equation*}y>\frac {nxy}{\varphi (n)xy-n(x+y)}=z,\end {equation*}


$y\leq \frac {2xn}{\varphi (n)x-n}$


$y<\frac {nx}{\varphi (n)x-n}$


\begin {equation*}\frac {\varphi (n)xy-ny}{nx}<1,\end {equation*}


\begin {equation*}\frac {1}{z}=\frac {\varphi (n)xy-n(x+y)}{nxy}<0,\end {equation*}


$y\geq \frac {nx}{\varphi (n)x-n}$


\begin {equation}\label {eq14} \prod _{j=1}^{r} \Big (1 - \frac {1}{x_j}\Big ) \le \frac {a}{b} < \prod _{j=1}^{r-1} \Big (1 - \frac {1}{x_j}\Big ).\end {equation}


\begin {equation}\label {eq15} a \prod _{j=1}^{r} x_j \le (a+1)^{2^r} - (a+1)^{2^{r-1}}.\end {equation}


$r, a, b \in \mathbb {N}$


$x_1, \ldots , x_r$


$1 < x_1 < x_2 < \cdots < x_r$


$x_j=p_j$


$a=3$


$b=x$


\begin {equation*}\text {rad}(n)\leq \frac {4^{2^{r}}-4^{2^{r-1}}}{3}.\end {equation*}


$x\geq \frac {3(n-1)(e^{\gamma }\log \log n+3)}{n}$


\begin {equation*}\prod _{i=1}^r\Big ( 1-\frac {1}{p_i}\Big )=\frac {1}{x}+\frac {1}{y}+\frac {1}{z}\leq \frac {3}{x}\leq \frac {\varphi (n)}{n-1}.\end {equation*}


\begin {equation*}\frac {\dfrac {\varphi (n)}{n-1}} {\displaystyle \prod _{i=1}^{r-1}\Big (1-\frac {1}{p_i}\Big )} = \frac {n \displaystyle \prod _{i=1}^{r}\Big (1-\frac {1}{p_i}\Big )} {(n-1)\displaystyle \prod _{i=1}^{r-1}\Big (1-\frac {1}{p_i}\Big )} = \frac {1-\frac {1}{p_r}}{1-\frac {1}{n}} < 1,\end {equation*}


\begin {equation*}\prod _{i=1}^r\Big ( 1-\frac {1}{p_i}\Big )\leq \frac {3}{x} \leq \frac {\varphi (n)}{n-1}<\prod _{i=1}^{r-1}\Big (1-\frac {1}{p_i}\Big ).\end {equation*}


$p\mid x$


\begin {equation*}x\geq p\geq 9+9\log \log n>9+3e^{\gamma }\log \log n,\end {equation*}


\begin {equation*}\Big \{ n \in \mathbb {N} :\ \frac {\varphi (n)}{n} = \frac {1}{x} + \frac {1}{y} + \frac {1}{z} \ \text {for some } x,y,z \in \mathbb {N} \Big \}\end {equation*}


\begin {equation*}\Big \{ n \in \mathbb {N} :\ \frac {\varphi (n)}{n} \neq \frac {1}{x} + \frac {1}{y} + \frac {1}{z} \ \text {for all } x,y,z \in \mathbb {N} \Big \}.\end {equation*}


$\frac {\varphi (n)}{n}\geq 4/5$


$\frac {\varphi (n)}{n}$


$c$


$\frac {\varphi (n)}{n}\geq c$


$\frac {\varphi (n)}{n}$

https://oeis.org/A007694
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where v,(n) denotes the highest exponent of a prime number p dividing n, then

o) _ plrad(n)

n rad(n)

Hence, in order to determine whether n admits such a representation, it is suffi-
cient to verify the condition for rad(n). In this paper, we establish the following
theorems.

THEOREM 2
Let p be a prime number and k be a positive integer.

(1) If 2 <p <7, then there exist positive integers x,y, z such that

Note that Theorem 2 shows that there are infinitely many positive integers n
with w(n) = 1 that admit such a representation, also, there are infinitely many
positive integers n with w(n) = 1 that do not admit such a representation. For
n = 2kt . 3% where k; > 1,k > 1, we have ¢(n) | n. Consequently, there are
infinitely many positive integers n with w(n) = 2 that admit such a representation.
The following theorem demonstrates that there also exist infinitely many positive
integers n with w(n) = 2 that do not admit such a representation.

THEOREM 3
Let p,q be two prime numbers such that ¢ > 15p and p > 5. Then there do not
exist positive integers x,y, z such that

po™g™) 1 11

phighs xy 2

where ki, ko are positive integers.

If n = 2F1 . 3k2 . pks where p = 5,7 and ky, ko, k3 are positive integers, then
from Theorem 2, we have some positive integers x,y, z such that

ks 1 1 1
w(z; )_1.1.1
pks Ty z
It follows that
(21 . 3k2 . phs) B 1 1 1

2k1 . 3k2 .pks - 9k1.3k2 T ok1.3k2 + 2k1.3k2 '
T\o@rsry )  Y\p@mary) Z\G@rsk)
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If m = 5% . pF1_ where p is a prime and ks, k4 are positive integers, then m may
admit such a representation when p < 73 (follows from Theorem 3). Therefore,
setting p = 13, we get

p(5ks 13k 1 1 1

ks . 13ka _2+5+%'

Then for positive integers k1, ko, we have

<P(2k1 . 3k2 . gks . 13/€4) B 1 1 1
k1 . 3k2 . 5k3 . 13ka - 9 k1 .3k2 + 5 9k1.3k2 + 2 2k1.3k2 ’
@(2M1-3%2) p(2F1-3%2) @(2M1-3%2)

Therefore, there are infinitely many positive integers n with w(n) = 3,4 that admit
such a representation. For positive integers n with w(n) > 3, a corresponding
negative result is given below.

THEOREM 4

For any integer r > 3, there are infinitely many positive integers n with w(n) = r
that cannot be written as

where x,y, z are positive integers.

A natural question is whether, for a positive integer n with w(n) > 2 which
admits such a representation, one can obtain an upper bound for the prime divisors
of n. The following theorem partially answers this question.

THEOREM 5
Let n be a positive integer with w(n) =r > 2 such that

where x <y < z are positive integers.

(1) Then
nx 2nx
2<x<9+3e"loglogn, ——— <y< ———,
p(n)r —n p(n)x —n
where v is Fuler’s constant.
2) If
_ ¥
o> 3(n—1)(e loglogn—&—?))’
n
where v is Euler’s constant. Then
42r i 427‘—1

d(n) <
rad(n) < 3
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COROLLARY 6
Let n be a positive integer with w(n) =r > 2 such that

where x <y < z are positive integers. If p is a prime divisor of n such that
E-1

e’ >mn,

then pt x.

2. Proof of main results

o) _ o)

Proof of Theorem 2. Since we have oF b we only consider £ T' Observe
that

e 1 1 1.1 @) _2_ 1 1 1

2 2 47612 3 3 3 112

pB)_4_ 1,1 1 pm_6_1. 1 1

5 5 2+5+10’ 7 7 2+ +42

Let us assume that there exist positive integers x,y, z such that

==t -+, (1)

for a prime p > 11. Without loss of generality, assume that x < y < z. Since
p > 11, from (1) we get

1 1 1_10
—t -+ =->—. 2
x+y+z_1 )
Since z <y < z, we have%Z%zé. Thus, we can write
3.1 1 1_10
-z -+ -+-2=—.
r - x y z 11

Therefore, < 33/10, i.e. = can be 1,2 or 3. Note that % < 1, which implies
that « # 1. If © = 2 then from (2) we obtain

9
> —.
- 22

+-=

N | =

< |
< | =

Therefore, y < 44/9, i.e. y can be 2,3 or 4. y # 2 as if y = 2 then @ =
%+%+% > 1. If y = 3, then from (1) we get
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that is (p — 6)z = 6p. Since p 1 (p — 6), we must have p | z. Let z = pk for
some positive integer k. Then (p — 6)z = (p — 6)pk = 6p implies k = 1& <6/5.
Therefore, k = 1 and z = p but for any prime p > 11 we have (p —6)p # 6p. Thus,
the only choice for y is 4.

For y = 4 we have

pp) 1 1.1 3.1
p 2 Tt z * 2’
that is (p — 4)z = 4p. Since p { (p — 4), we must have p | z. Let z = pk for
some positive integer k. Then (p —4)z = (p — 4)pk = 4p implies k = ﬁ <1, a
contradiction. Hence x # 2.
If = 3 then from (2) we obtain

that is (p — 3)z = 3p. Since p 1 (p — 3), we must have p | z. Let z = pk for
some positive integer k. Then (p — 3)z = (p — 3)pk = 3p implies k = p%s <1, a
contradiction.

Therefore, for any choice of x, we have no y, z such that

111
po) 11,1
p o w oy oz

This completes the proof.
To prove Theorem 3, we make use of the following proposition.

PROPOSITION 7
Let fo: [7,00) = R be a function defined by

xT

falz) = 1— 16z + az?’

If a > 2.5 then fo(x) is a decreasing function of x in [7,00) and f(x) < 1 for all
x € [7,00).

Proof. For x > 7 and o > 2.5, we have ax? — 16z + 1 = z(azx — 16) + 1 > 0. Also,

we have

1 — az?

() =
Jol®) = G160 t an?)?
Since v > 2.5 and z > 7 we have f/(z) < 0. It follows that f,(x) is a strictly

decreasing function of z in [7,00). Therefore, f,(x) < fo(7) = ﬁ < 1 for all
x > 7 and a > 2.5. This completes the proof.
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Proof of Theorem 3. Since we have

e(p"q")  olpg)

pkighks Pq

)

we only consider %. Let us assume that there exist positive integers x, y, z such

that

1 1 1
pleg) 1 11
rq r Yy =z
for some ¢ > 15p and p > 5. Without loss of generality, assume that z < y < z.

Then

1 1 1 1 1 1 1 2
3.1, 1 o) (1—7)(1—7) > (1—7)(17—) > 296
x_x Yy =z pq P q P 15p 375

Therefore, o < 1125/296, that is, 1 < 2 < 3. Note that x # 1 as 224 < 1.
If x = 2, then from (3) we get

Then y < 1500/217, i.e. 2 <y < 6. Since z = 2, we must have y # 2 as % < 1.
If x = 3, then from (3) we get
57
> =
y 125
Then y < 250/57, i.e. 3 <y < 4. Note that ¢ > 75. Since q | (p — 1)(¢ — 1)xyz
and ¢ 1 (p— 1)(¢ — 1) we have ¢ | zyz but 2 < < 3 which implies that ¢ | y or

q | z. But for z = 2,3 we have y < 7 which implies that ¢ | z.
Therefore, let z = gk for some positive integer k. Then

1 1 1
©(pq) L

+-2=

Q| =
IS

Pq x 'y gk

It follows that

q(zy(p —1) —plz +y)) —zy(lp — 1)
Since ¢ > 15p and zy(p—1) —p(z+y) > 0for p > 7and > 2,y > 3 we get from
(4) that
k< pry
= 15p(zy(p— 1) —plz +y)) —zy(p— 1)
) )

N 1—16p + 15(1 — Zt¥)p2 = f15(1—%)(p)-

Ty
Since 2.5 < 15(1— %) for the pairs (z,y) = (2,3), (2,4), (2,5), (2,6), (3,3),(3,4),
we get from Proposition 7 and (5) that & < 1, a contradiction. Therefore, for
q > 15p and p > 7, there do not exist positive integers z,y, z such that

elpg) 1 1 1

T
pq r y =z
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It remains to show that such a representation is impossible for p = 5, ¢ > 15p.
From (4) we obtain
dxy
k= . (6
q(4ry = 5(x +y)) — dzy )
Observe that for the pairs (z,y) = (2,4), (2,5), (2,6), (3, 3), (3,4) we have 4zy—
5(x +y) > 0. Therefore, since ¢ > 75, we get

b < Sxy _ 5
= 75{day — 5z +y)} — 4wy 296 — 375(LEL)

But WE@% < 1 for the pairs (z,y) = (2,4),(2,5),(2,6), (3,3), (3,4), which

implies that & < 1, a contradiction. Now for the pair (z,y) = (2,3) we have from
(6) that
30
k=——<1
—q—24

again a contradiction. This completes the proof.

)

Proof of Theorem 4. Let r > 3 and kq,...,k, be positive integers. Put n =

Ky k . i
plrphe - pkr . where - (1/475 < p1 < p2 < ...< p, are prime numbers such that

for 2 < j < r we have
pj =2 (mod pip2---pj-1). (7)
The existence of each p; is guaranteed by the Dirichlet prime number theorem.
Assume that there exist positive integers x, y, z such that @ = % =+ % + % Since
p(n) 11 i—1)
_ H ,

n .
-1 P

we have
T

1

(pi—1) 1

1
i1 D r Yy =z

Without loss of generality, assume that x <y < z. Since p; > FEvovES we have

8w

DS (1—i)rz§. (8)

1_ - (pi —
+-=1———

1
>~ +
* i1 P

1
Y
It follows that 1 < x < 3. Again, x # 1 as @ < 1. Using (8), we get if x = 2
then y € {3,4,5,6} and if z = 3 then y € {3,4}.

For z = 2 and y = 3, we get
1:11[<pi—1) 5 6(p—D(p2—1)--(pr—1) = 5papa---pr

z i 6 6p1p2 - pr

)

=1
then
6pip2 - pr = 2(6(p1 —1)(p2 — 1) (pr — 1) = Sp1p2 - - py). 9)
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If possible, assume that

ged(6pipe -+ pr, 6(p1 — 1)(p2 — 1) -+ (pr — 1) = 5p1p2---pr) > 1.

Then there is a prime p such that

6pip2---pr =0 (mod p) (10)

and
6(pr —1)(p2 — 1)+ (pr —1) = 5p1p2---pr =0 (mod p). (11)

Therefore, from (10), we have p = 2,3 or p = pg, where 1 < k < r. Since each
p; > 13, from (11) we get p # 2,3. Without loss of generality, set p = p;, where
1<t <r—1, asclearly from (11) we have p # p,.. Then from (11), we must have
some t + 1 <[ < r such that

p=1 (mod py). (12)
Setting j = in (7), we get
p=2 (mod pipz---pt - pi-1),
in particular
pr=2 (mod py),
which contradicts (12). Therefore, we have

ged(6pip2 -+ pr, 6(p1 — 1) (p2 — 1) -+ - (pr — 1) — 5pip2 -+ pyr) = 1.

It follows from (9) that z = 62'p1ps - - - p,- for some positive integer z’. Then from
(9), we can write

Z'(6(p1 —1)(p2 — 1)~ (pr — 1) = 5p1pa---pr) = 1,

which forces

6(p1 —)(p2— 1)+ (pr —1) = 5pip2 - pr = 1.
In particular, we can write

6(pr —L(p2—1)---(pr —1) =1 (mod p1). (13)

From (7) we have

6(pr —1)(p2 — 1)+ (pr —1) = —6 (mod p1),
which contradicts (13) as p; > 13. Hence, p # p;. Consequently, we must have

x=2and y € {4,5,6}. The cases x = 2,y € {4,5,6} and = = 3,y € {3,4} are
similar. This completes the proof.
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In order to prove Theorem 5, we need the following auxiliary lemmas.

LEMMA 8
Forn > 3, we have
% €7 loglogn + 3.
Proof. See (3.41) of [12].
LEMMA 9 ([9])
Let r,a,b € N and let x1,...,x, be integers such that 1 < x1 < xo < --- < x, and
" _
M- 2)=<T0-2) w
Then

aH:z:] <(a+1)* —(a+ 1)2T_1. (15)

Proof of Theorem 5. Let n = plflpécz -.-pkr where p; < pa < ... < p, are prime
numbers, where k; are positive integers. Then we have some positive integers
x <y < z such that

L (pi — 1 1 1 1
AN § QUSSR T
n iy D r Yy =z

(1) Since an) < %, using Lemma 8, we get

x <9+ 3e” loglogn.

2zn

» . Then we have
e(n)z—mn

If possible assume that y >
e(n)zy — n(z +y) > nz.

From the above we can write
nxy

~ pn)zy —n(x+y)

which is a contradiction. Therefore, we must have y < W(S;ﬁ;ﬂn. Next,
assume that y < %. Then we have
n)ry —n
p(n)ay —ny _ L
nx

which implies that

1 —
L_gmjry—nlzty) o
z nxy

which is absurd Therefore, our assumption was wrong and thus we must
have y >

cp(n)z n°
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(2) Since ¢ > 2=t loglog n+3) using Lemma 8, we have

CHR PR W B0
e Di zr vy z x n-—1
Since
- 1
¢(n) n (1 — —)
n—1 lill Di 1— -
_ i= _ Dr
= = <1,
r—1 r—1 1 1
1 1 n
H0-3) eif0-3)
i1 Di i1 Di
we have
r—1 1

(- p) =<5 <I10 ;)

Hence, the inequality (14) is satisfied for «; = p;, a = 3, b = x. Therefore,
from (15) we get
42)" _ 427‘—1

<
rad(n) < 3

Proof of Corollary 6. Assume for the sake of contradiction that p | z. Then
x>p>9+9loglogn > 9 + 3¢” loglog n,

which contradicts Theorem 5.

3. Future research

A natural direction for future research is to investigate the natural density of
the sets

1 1 1
{nEN: M:f—i—f—ﬁ—fforsomeac,y,zeN}
n x Yy =z

and
1 1 1
{nEN: M;«réf—i-f—f—fforallgu‘,y72'GN}.
n Yy z
Note that in the proof of Theorem 4 we actually showed that if # > 4/5, then

@ cannot be written as a sum of three unit fractions. Hence, another interesting
problem is to determine, the infimum of the set of the values ¢ with the property

that if @ > ¢, then % cannot be written as a sum of three unit fractions.
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