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Ireneusz Krech
Awaiting the series of colors — stochastic graph

as a means of mathematical treatment and
argumentation

Abstract. This paper presents methods of calculating the probability of
events related to Markov’s homogeneous chains theory. The main means
of argumentation being the stochastic graph.

The method of some events probability calculations connected with a par-
ticular sampling experiment having a random number of stages is presented in
this work. The presented argumentation is based on a stochastic graph, but
the reasoning is carried out in the probabilistic space generated by this graph.

The construction of a probabilistic space as a model of a certain multi-
stage sampling experiment (see [7], pages 24-25) is a form of mathematical
treatment. The argumentation apply to probabilities in this space.

Let us consider a box U, containing r balls of n different colors: k, k2,

-»kn (n < r). The results of sampling a balls from box U,, create a set Q =
{k1,k2,...,kn}. Let uj denote the probability of sampling a ball of color k; from
box U, (j € {1,2,...,n}). Function p meets the following conditions: p(k;) =
up > 0, p(k2) =u2 >0, ..., p(kn) = v, > 0 is the probability distribution on
the set §2, and therefore the pair (f2,p) is the probabilistic space. This is the
probabilistic model of sampling a ball from box U,. Sampling a ball from box
U, we call a trial and denote it by d,,. ., orby ds ifuy =ug =--- = u, = 1.
The elements of the set € are called colors. A trial is defined unequwocally by
the n-terms sequence (ui,uz,...,un) of rational numbers from the interval
(0,1), the sum of which is equal to 1, where u; = p(k;).

The result of m-time recurrence of trial d,,, ... v, , i-€. any m-terms arrange-
ment of the set {ky, k2,...,kn}, is called series of colors or flag and is denoted
by a. Number m is called the length of series of colors and is denoted by |a|.
If t < m, the sub-sequence ¢ of subsequent ending elements of series of colors
a is called its ending of length t.

We say that flag a; is contained in flag a2, what is denoted by a; C ay, if
a; is a sub-sequence of the consecutive terms of the sequence a-. If flag «a; is
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not a sub-sequence of the consecutive terms of sequence a; we say that flag a;
is not contained in flag a2, which is denoted by a; ¢ a-.

Let ay, a2, ..., ax be fixed flags of |o;| = nj so that forany l,j€{1,2,...,k}
and [ # j the following condition is satisfied:

a #aj A [(la] #le]) = (a1 € aj Aej & )]

Repeating trial d,, ... ., for such a long time that:
— the results of n, last trials create flag a;,
— or the results of n, last trials create flag a-,

— or the results of n; last trials create flag o,
is called ewaiting k flags and is denoted by dji» 4 (or by dj, ., if u1 =

U= =up= L),

Any result of the experiment dj» 4~ (as an elementary event) is such a
sequence w, that:
—we€{1,2,...,n}™, where m > min{n;,n,...,n} and
— either the ending of length n; of sequence w creates flag a;,
— or the ending of length n, of sequence w creates flag as,

— or the ending of length n; of sequence w creates flag o4,
and none other sub-sequence of the previous terms of sequence w creates any
ﬂag of Q1,02,...,0F.

The set of all possible results of the experiment dg!*-3= is denoted by
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Let J;(w) denotes the number of terms equal to k; in the sequence w, where
J =1,2,...,n. We define the function p: Qg!*-~4~ — R by the formula:

P (w) = u'{‘(“’) . ug2(“’) ..... ,u;l:.(w).

Function p3»-4» is the probability distribution on the set 13-4~ The

15--0QOp Qy,...,0%°

pair (g1 »an , pals-an) is the probabilistic space that we consider as a prob-
abilistic model of the sampling experiment dgl*::~5n.

Let us associate the below events with the sampling experiment dg!»gn:
Aj = {awaiting djt" o will result with flag a;}, for j =1,2,...,n.

The event A; we denote by {...q;} and its probability — by P(...a;).

Let us consider box Uz containing three balls of colors: white, black and
green. There are only three possible results of sampling a ball from this box:
b : the sampled ball will be white,
¢ : the sampled ball will be black,

z : the sampled ball will be green.
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Sampling of a ball from box Uj is the trial d3. Composed sampling with
return of the ball back to box Us until black ball will be sampled two times
running or until black ball will be sampled after the white one is awaiting one of
two flags: a1 = cc and a2 = be or in other words: it is the sampling experiment

2

cc—be”

Let us distinguish the following states in the experiment d3,_, : the ini-
tial state s and the states c, b, cc, be. The procedures described below lead up
to the stochastic graph of the sampling ezperiment dﬁc_bc. Every state of the
experiment is interpreted as a point of the plane and is called a node of the
graph. The node of a graph representing state s is denoted by (8). The node of
a graph representing state j different from s is denoted by . Let p;_,x denotes
the probability that the experiment d2,_, would be in state k after a given
sampling if after the previous sampling it was in state j. If p;_,x > 0 then we
join node |j| with node (k| by a straight or curved arrow. This arrow is called
edge of the graph and it is denoted by j — k. Close to each edge of the graph
we write down:

— the result of the trial after which awaiting would be in state k if after the

previous trial it was in state j, ifuy =us =--- =u, = '1-' or
— number p;_, if 7,k € {1,2,...,n} exist such that u; # u;.

If pj; > O then the edge j — j is called a loop. If p;_,; = 1 then we neglect
loop j—j and node |j| is called a peripheral node. The set of all peripheral
nodes is called the periphery of the graph.

Any sequence of edges such that the beginning of the first one is node @),
the end of the last edge is a peripheral node and in case of any two other
sequential edges the beginning of it is at the same time the end of the next one
(excluding the last edge) is called a trace. The weight of a trace is the product
of numbers associated to its sequential edges.

Any sequence of edges such that the beginning of the first one is node ,
the end of the last edge is a peripheral node and in case of any two other
sequential edges the beginning of it is at the same time the end of the next
one is called a cycle and we denote it by ¢; (k is an index ordering the set
of cycles). The number of edges creating cycle ¢ is called the length of the
cycle and is denoted by r(cx). A loop is considered as a cycle of length 1.
The weight of a cycle is the product of numbers associated to its edges. The
nodes being the beginnings or endings of a cycle’s edges are called the tnner
nodes of the cycle. If j,ki,...,k, are the inner nodes of a cycle and p;_,x, > 0,
Prn—j > 0 and py, 4k, > 0 for I = 1,2,...,n — 1, such a cycle we denote
by j—ki—...2k,—j. If a sequence of edges of a trace creates a cycle we
say that this trace contains a cycle. Otherwise we say that the trace does not
contain a cycle.

Figure 1 presents the stochastic graph of the sampling experiment d>,_,,
(see [7] and (1]).
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Let us consider set 27._,. of all traces on the stochastic graph of the
sampling experiment d3__, . Function p,_,. assigning the weight to each trace
from the set Q7 _,. is the probabilistic distribution on set Q._,.. The pair
(2. _pesPoc—se) is the probabilistic space called the space induced by the sto-

chastic graph.
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Figure 1.

Probabilistic spaces (2._p.,Pre_sc) and (2._,.,p3._,.) are isomorphic

(see [8], page 32). Therefore we assume probabilistic space (2}, _pcs Pre_sc) a5
a probabilistic model of sampling experiment d>,_,.. The following deductions
and calculations are carried out in such probabilistic space.
In the probabilistic space (7._;.,Pr.—p.) €vent {...a} is a set of all traces
leading to the node [@] on the graph in Figure 1, P(...a) is the sum of all
weights of traces leading to node [@ (o € {cc, bc}).

Let A be a set of traces leading to node [bc| that do not contain any cycle.
By w(A) we denote the weight of traces belonging to set A. Let B be a set of
traces leading to node [bc] that contain at least one cycle. By w(B) we denote
the weight of traces belonging to set B. Here we have:

{.-.bc}=AUB and ANB=0.
Because P(... bc) is the sum of weights of traces leading to node [bc}, therefore:
P(...bc) = P(A) + P(B) = w(A) + w(B). (1)

Let C denote a set of stochastic graph cycles of sampling experiment d5¢—5¢
containing the starting node (). Here we have:

C={s—s,s3b>s,s53crs,srcrb—35,52b3rb3s,s2b2rb—>b—rs,
cey8=cdbarbrs,s2carb2bbos, . ).

C is an infinite but countable set, therefore we can enumerate its elements.
Let C = {e1,¢z,...,¢j,...}. Let ¢, be any fixed cycle and let w(c,) be its
weight. Now let us consider a set B., made up of those traces leading to node
that have r(c,) of the beginning edges creating cycle ¢,,. Let w(B,, ) denote
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a sum of weights of all traces belonging to set B, . Set B, is equinumerous to
the set {...bc}. Let z = P(...bc). Therefore:

w(B,..) =w(c,) - z. (2
From
U B.,, =B and VCJ',Ck eC [Bcj nBck = 0]’ 3
cn€C
it follows that
P(B)= ¥ w(B.,). )
cn €C

From equations (1) and (4) it results that

P(...bc) = w(A) + ) w(B.,).

cn€C

If we take into consideration equation (2) in the above equation then we have

z=w(A)+ Y wiea) z=w(A) +z- Y wlcn).

cn€C c.€EC

So we get the equation

z=w(A)+z- Z w(ey).

cn€C
After some transformations we have
z= A_ (5)
1- ) wiea)
ca€C
Because 5 .
Z w(cn) = G and w(A)= Y
cn €C
therefore L
P(...bc) = —l-ﬁ.
6

Finally we get: P(...bc) = £ and P(...cc) =1— P(...bc) = 1.

The method presented in this work allows for probability calculation of
events of type {...a;} in the case the graph of the sampling experiment
dgt-u» has cycles with node (§ being one of inner nodes. This method en-

ables us to find the probability of an event of type {...c;} on the basis of
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sampling experiment’s stochastic graph. Thereby this method may be used in
case of any sampling experiment being the Markov chain and satisfying the
above assumption.

The problem of drawing up a method of calculating the probability of events

of type {...a;} in the case of any sampling experiment dj!*4= is still open.
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