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Abstract. In this paper, we derive several subordination results and integral
means result for certain class of analytic functions defined by means of g-
differential operator. Some interesting corollaries and consequences of our
results are also considered.

1. Introduction and definitions

Let A denote the class of functions of the form

f2)=z2+4) ap2" (1)

which are analytic in the open unit disc A = {z : |z| < 1}. Also denote by T
a subclass of A consisting functions of the form

f(z):z—Zanz", a, >0, z€ A
n=2
introduced and studied by Silverman [22]. For two functions f and g given by

fz)=z+ Z anz™ and g¢(z)=z+ Z cnz"
n=2 n=2
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their Hadamard product (or convolution) is defined by

(f9)(2) =2+ Y ancaz". 2)

n=2

We briefly recall here the notion of g-operators, i.e. q-difference operator that
plays vital role in the theory of hypergeometric series, quantum physics and in
the operator theory. The application of g-calculus was initiated by Jackson [7]
and Kanas and Riducanu [I2] have used the fractional g¢-calculus operators in
investigations of certain classes of functions which are analytic in A. For details
on g¢-calculus one can refer [2 B [7, [12] 16, 11l 26] and also the reference cited
therein. For the convenience, we provide some basic definitions and concept details
of g-calculus which are used in this paper. We suppose throughout the paper that
0<g<l1

For 0 < ¢ < 1 the Jackson’s ¢-derivative of a function f € A is, by definition,
given as follows [7]

f) = flaz) o
D) =4 (=g =70 3)
1'(0) for z =0,

and
Dgf(Z) = Dy(Dyf(2)).
From , we have

Dyf(z) =1+ [nlganz""",
n=2

where

1—¢q’
is sometimes called the basic number n. Observe that if ¢ — 17, then [n]; — n.

For a function h(z) = 2", we obtain Dyh(z) = Dy2" = 11%’1;2”*1 = [n]gz" Y,

and as ¢ — 1~ we note
Dgh(z) = q =17 ([n]g2"™") = nz""" = I (2),

where h' is the ordinary derivative. Recently, for f € A, Govindaraj and Sivasub-
ramanian [I1] defined and discussed the Salagean g-differential operator as follows

Dy f(z) = f(2),
DY f(z) = 2Dy(Dy " f(2)),

D;”f(z)zz—l—Z[n];”anz", m € Ng =NU {0}, z € A.
n=2
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We note that if ¢ — 17,
D" f(z *ZJan an? m e Ng, z€ A

is the familiar Saligean derivative [21].
Now let

D°f(z) = DI'f(2),
DY f(2) = (1 — NDJ f(2) + A=(Dy f(2))
=2+ Z "1+ (n— 1)Nanz",

Dir:f(z) =(1- )\)D;;”f(z) + )\z(D;Zlf(Z)f(z))/

Z+Z M1+ (n— )N an2".

In general, we have

DS F() = (1= DS, ™ 1) + A=(DS " f (=)

—z-l—z ™1+ (n— DA%z,  A>0, ¢ €No.
We note that when ¢ — 17, we get the differential operator

]D)f\’mf(z) =z+ Z n™[1+ (n — 1)\ a, 2" A >0, m,¢ € Np.
n=2

We observe that for m = 0, we get the differential operator D¢ defined by Al-
Oboudi [B], and if ¢ = 0, we get Silagean differential operator D™, see [21].
With the help of the differential operator ]D)f\’;n, we say that a function f € A

is said to be in the class Si’;”(a, B) if it satisfies

%(z@il?f(z))’ B a) PRI
DYy f(2) DYy £(2)

where —1 <a<1,8>0,A>0,m,{ € N

The family Sﬁz;”(a, B) contains many well-known as well as many new classes
of analytic univalent functions. For § =0, ( = 0 and m = 0 we obtain the family
of starlike functions of order a(0 < o < 1) denoted by S*(«) and for 5 =0, =0
and m = 1 we have the family of convex functions of order a(0 < o < 1) denoted
by K(«). For ¢ =0 and m = 0 we obtain the class § —UST («) and for ( = 0 and
m = 1 we get the class 8 — UKV (a). The classes § — UST (a) and § — UKV («)

— 1], z €A,
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were introduced by Renning [19], [20]. We observe that 8 — UST (0) =8 — UST
the class of uniformly S-starlike functions and 8 — UKV (0) =8 — UKV the class
of uniformly S-convex functions introduced by Kanas and Wisniowska [13], [14],
see also the work of Kanas and Srivastava [15], Goodman [9], [I0], Ma and Minda
[18] and Gangadharan et al. [g].

Before we state and prove our main result we need the following definitions
and lemmas.

DEFINITION 1.1 (Subordination Principle)
Let g be analytic and univalent in A. If f is analytic in A, f(0) = g(0) and
f(A) C g(A), then the function f is subordinate to g in A and we write f < g.

DEFINITION 1.2 (Subordinating Factor Sequence)

A sequence {b, }52; of complex numbers is called a subordinating factor sequence
if, whenever f is analytic , univalent and convex in A, we have the subordination
given by

ananzn =< f(z), z€A, ap=1.
n=2

LeMMA 1.3 ([28])
The sequence {b,}32 1 is a subordinating factor sequence if and only if

§R(1+2§:bnz”) >0, zeA.
n=1

LEMMA 1.4
Assume that

o0

Yo+ (n = DA (B +1) — (a+ B)]lan| <1 -« (4)

n=2

then f € Sﬁj;n(a,ﬁ), where —1 < a<1,8>0,A>0and m,( € Ng. The result
1s sharp for the function

1—Oé n
fa(2) =2 - e+ (n— DB+ 1) — (a+B)]

Proof. Tt suffices to show that

BWIM(WWQQ&

DS f (%)
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‘We have
2055 £ D55 £(2)
— 7t R —=
e ‘ ( DS 7 (2) )
2(D§™ £(2))
< (1 S NPV |
=t D f(2) '
(1+5) 5 (] [1+ (n — 1A (n — 1)]an||2|" "
< =
1= 55 bl + (= DA
(1+58) < )1+ (n = DAK (n — 1)]an]
< =
1- 2232[7%};"[1 + (0 — DA |an|

The last expression is bounded from above by 1 — « if

oo

Do+ (n = DA (B + 1) = (a+ B)]]an|

n=2

holds. It is obvious that the function f,, satisfies the inequality , and thus 1 —«

cannot be replaced by a larger number. Therefore we need only to prove that
fe Sﬁj;n(a,ﬁ). Since

o0

1= S [+ (n— D)An a2zt
%< = _a>
L= [n]2[1+ (n— 1)A]C apzn!
n=2
io? [P [1+ (n — DA (n — 1) apz""*
> ﬁ n=2 _
L= Sl [+ (= DA anzn!

Letting z — 1 along the real axis, we obtain the desired inequality given in .
and the proof is complete.

Let S;:g’m(a, ) denote the class of functions f € A whose coefficients satisfy
the condition (4). We note that S;’g’m(a,ﬁ) C Sﬁ:;n(a,ﬂ).
2. Main Theorem

Employing the techniques used earlier by Srivastava and Attiya [27], Attiya
[4] and Frasin [6], Singh [25] and others, we state and prove the following theorem.
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THEOREM 2.1

Let the function f be defined by (1] . be in the class S* o< m( ,B), where =1 < a < 1,
B >0, A>0, ¢ e Ny. Also let I denote the famzlzar class of functions f € A
which are also univalent and convexr in A. Then

(1+g"(1+N(B+2-aq)
2l —a+ 1+ ¢)m(1+NS(B+2—a)

(f*9)(2) < g(2), z€A, gek, (5)

and
l—a+(1+m1+N(B+2—0)
R(f()) > - (1+q¢m1+N(B+2—a)

(14+¢)™ (14N (B+2—a)
2[1—a+(1+q)™ (14+M)¢ (8+2—a)]

z € A. (6)

is the best estimate.

The constant

Proof. Let f € S;:g’m(a,ﬁ) and let g(z) =z + § cpz™ € K. Then
n=2
(1+q)™1+ N (B+2—a)
A —a+(1+¢m(1+ M) (B+2-a)]

(f *9)(2)

_ 1+¢)m™1+N(B+2-a)
2l —a+(1+q)m(1+N(B+2—a) (”Zancn )

Thus, by Definition the assertion of our theorem will hold if the sequence

( 14+ ™1+ N(B+2—a) . )00
20 —a+ 1+ ™1+ NS(B+2—a) "

n=1

is a subordinating factor sequence, with a; = 1. In view of Lemma [T.3] this will
be the case if and only if

14+)™(1+NS(B+2—a) n
(1+2Z P st +A)<(6+2_&)]CL,L,Z)>0, seA. (7)

Now

1+¢m™1+N(B+2—a)
§R<1+1—a+(1+Q) m(1+A)<(B+2—a) za” )
1+ +N)(B+2-a)
l—a+(14+g9m1+N(B+2—a)
1
l—a+14+g¢m™1+N(B+2—-a)

:%<1+

_|_

. Z(l + )™+ N(B+2— a)anz">
n=2

271+ A (B+2—a)
z1- (1—04+[2]gl(1+)\)<(6+2—a)r
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1
T l—a+ 21+ N(B+2—0)

q

R+ (= VA8 + 1) — (a+ Blanr™)

B (1+¢)m™(1+N(B+2—a) .
l—a+(1+gm1+N)(B+2-aq)
11—«
Cl—a+1+mA+NB+2—a)

>1

r >0, |z| = 7.

Notice that the last but one inequality follows from the fact that [2]7* Y77 ,[1 +
(n—1)A][n(B+1) — (a+ )] is an increasing function of n(n > 2)). Thus (7)) holds

true in A. This proves the inequality . The inequality @ follows by taking the
(o)
convex function g(z) = % =2+ Y 2" in ().
n=2

(14+¢)™ (14X (B+2—0)
2[1—-a+(1+q)™ (1+1)¢ (6+2—a)]

To prove the sharpness of the constant

the function f, € Sizg’m(a,ﬁ) given by

, we consider

l1—« 2
L@ =2 e G e’

where —1 <a <1, 8>0, A >0, m,( €Ny. Thus from (5 we have

(I+g™1+N(B+2-aq) z
2l —a+ (1+q)mA+NS(B+2— a)}fQ(Z) R

It can be easily verified that

. 1+gmA+N)(B+2-a) _ 1
min R (oo g e ) T FEA

This shows that the constant 2[1_(51?1):;)%?1&&5)?(2 /3_-5?2)—(1)] is the best possible.

Putting m = 0 in Theorem [2:1] yields the following result obtained by Aouf et
al. [1].

COROLLARY 2.2
Let f, defined by , be in the class M%(¢, o, B), where —1 < a < 1, 8 > 0,
A>0, ¢ €Ngy. Then

1+ NS(B+2—a)
2l —a+ 1+ (B+2—a)

(fxg)(z) <g(z) z€A, gek

and
1o+ (1+N(B+2-a)

Ar N Br2—a) ~ %

R(f(2) >

(1+N) ¢ (B+2-a)
2[1—a+(1+NC(B+2—a

The constant

3] 1s the best estimate.
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If we put m = 0 and ¢ = 0 in Theorem [2.I] we obtain the next two results
obtained by Frasin [6].

COROLLARY 2.3
Let f, defined by , be in the class 8 —UST (a). Then

Sy DD <a(), SlSa<l 520,568 ek
and 5432
§R(f(z)) > —m, z € A.

The constant % is the best estimate.

COROLLARY 2.4
Let f, defined by (), be in the class 3 — UKV (a). Then

B+2—a
93 L F _a- -1< 1, 8> A
26+5—3a(f*g)(z)—<g(z)’ <a<l, >0, zeA, gek
and
R(f(z) > 205230
2(84+2—a)’ :
The constant 251% is the best estimate.

Putting m = 0, ¢ = 0 and 2 = 0 in Theorem [2.I] we obtain the next two
results obtained by Frasin [6].

COROLLARY 2.5
Let f, defined by (T)), be in the class S*(cv). Then

9 _
- (fx9)(x) < g(z), €A gek
and 39
— 2«
— A.
R(J() >~ z€
The constant 62:40; is the best estimate.

COROLLARY 2.6
Let f, defined by (1), be in the class K(a). Then

2—«
and -
— 3
R(() > g, 2

2—«a

== is the best estimate.

The constant
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3. Integral Means Inequalities

LemMA 3.1 ([17])
If the functions f and g are analytic in A with g < f, then for n > 0, and
O<r<l,

2T 27
/ g(re)|nds < / | (rei®)1do.
0 0

In [22], Silverman found that the function fo(z) = z — % is often extremal

over the family 7 and applied this function to resolve his integral means inequality,
conjectured in [23] and settled in [24], that

27 2
/ Frei®) 16 < / | Falrei®)|1db,
0 0

forall feT,n>0and 0<r < 1. In [24], Silverman also proved his conjecture
for the subclasses T*(a) and K(«) of T.
Applying Lemma [3.T] and Lemma [T.4] we prove the following result.

THEOREM 3.2
Suppose f € Sﬁ:;"(a,ﬁ), n >0, and fy is defined by

1« 9
ﬁ@):z‘(1+@mu+xyw+2—af'

Then for z =re?, 0 < r < 1 we have

/ F(2)]"d6 < / Fa(2)]" do. (8)
0 0

e}
Proof. Observe that for f(z) =z — > |an|2z™ inequality (8)) is equivalent to
n=2

b3

0 n=2

2
n—1|" l-« n
< 1-— .
lan|2 \de—/W M$U+AFW+27aﬁ‘M
0

By Lemma [3.1] it suffices to show that

> 11—«
1-— aplz" <1 — Z.
;' | 2lm[1+ A8 +2—q]

Setting

> 11—«
1— lan|z" ™t =1— — w(z),
,;2 2l L+ A8 +2 -0
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and using (4)), we obtain that w(z) is analytic in A, w(0) = 0 and

o 2§ [+ A8 +2—a

w(z)|=]> —* I |an|z" !
n=2
<||Z 1+n—1)1}£(i5+1) (a+ﬂ)}|an|§|z"

This completes the proof of Theorem

Acknowledgement. We record our sincere thanks to the referees for their valuable
suggestions to improve the paper in present form.
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