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Abstract. This paper presents a theorem dealing with absolute matrix summa-
bility of infinite series. This theorem has been proved taking quasi S-power
increasing sequence instead of almost increasing sequence.

1. Introduction

The following notations and notions will be used in this paper. If g > 0, then
f = O(g) means that |f| < K.g, for some constant K > 0 (see [5]). Let (u,) be
a sequence. We write that Au, = u, — tuni1, A, = u, and AFu, = AA*~1y,
for k=1,2,... (see [5]).

ABEL’S TRANSFORMATION ([7]): Let (ax) and (bx) be complex sequences, and
write s,, = a; +as + ...+ a,. Then

n n—1
Zakbk = Z SEAb + s,by.
k=1 k=1

HOLDER'S INEQUALITY ([7]): If p > 1, £ +
and bl, bQ, bg, ey bn Z O, then

n n 1/ n 1/
> < (Sal) p(ZbZ) |
k=1 k=1

k=1

%Z 1 and a1,02,0a3;...,0y > 07
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A positive sequence (d,) is said to be almost increasing if there exist a pos-
itive increasing sequence (¢,) and two positive constants K and M such that
Ke, < d, < Mec, (see [1]). Let > a, be an infinite series with its partial sums
(sn). Let (p,) be a sequence of positive numbers such that

Pn:va—>oo as n — 0o, (P_i=p_;=0,i>1).
v=0

Let A = (an,) be a normal matrix, i.e. a lower triangular matrix of nonzero
diagonal entries. Here, A defines the sequence-to-sequence transformation, map-
ping the sequence s = (s,,) to As = (A,(s)), where

n
s):E (v So, n=0,1,....
v=0

Let (¢n) be any sequence of positive real numbers. The series > a,, is said to be
summable ¢ — |4, pplk, k > 1, if (see [14]),

Z(pk YA, (s) = Ap_1(s)|* < .

If we take ¢, = p—:', then we get |A, pp|r summability (see [2I]). If we take
On = 5—: and an, = %=, then we get |N, pnlrx summability (see [2]). Also, if we
take @, = n, Gny, = 1’;” and pn = 1 for all values of n, then ¢ —|A, p, | summability

reduces to |C 1] summability (see [2]).

2. Known result

Mazhar [9] has proved the following theorem.

THEOREM 2.1
If (X,,) is an almost increasing sequence and the conditions:

A | Xm = O0(1) as m — oo, (1)
Zan|A2)\n\ =0(1) as m— oo, (2)
P,
Zf:O(Pm) as m — 0o,
n=1
m ‘t ‘k-

(X;m) as m — oo,
and

m P .

Zp—|t| =0(X;,) as m— o

are satisfied, where (t,) is the n-th (C,1) mean of the sequence (nay), then the
series Y apAy is summable [N, ppli, k > 1.
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Before introducing main result, we need some notations. Let A = (an,) be
a normal matrix. Two lower semimatrices A = (@n,) and A = (d,,) are defined
as follows

n
Ony = E Ani, n,v=0,1,..., (3)
i=v
Qo0 = Qoo = 00, Oy = Gpy — C_ln—l,va n=12..., (4)

and

An(s) = ianvsv = ia‘nvava (5)
v=0 v=0

AAn(s) =Y vty (6)
v=0

3. Main Result

There are some papers on absolute matrix summability (see [10} [1T], 12} [13] [15]
16l [17), [18] 19, 20]). The aim of this paper is to obtain a theorem dealing with the
absolute matrix summability of infinite series. A positive sequence (7,) is said to
be a quasi S-power increasing sequence if there exists a constant K = K(3,v) > 1
such that KnPv, > m?y,, holds for all n > m > 1 (see [6]). It should be noted
that every almost increasing sequence is a quasi S-power increasing sequence for
any nonnegative 3, but the converse need not be true as can be seen by taking
the example, say v, = n~? for B > 0. A sequence (\,) is said to be of bounded
variation, denoted by (X,) € BV, if >°.° | |AN,| < occ.

Now, we prove the following result dealing with absolute matrix summability.

THEOREM 3.1
Let (X,,) be quasi B-power increasing sequence for some 0 < <1 and A = (any)
be a positive normal matriz such that

anozla n:O717"'7 (7)
Ap—1,v > Any fO?” nz>uv+ 1; (8)
Pn
i =02 )
n—1

S linesil - o), (10)

v=1
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Let (ﬂ’.@—f") be a non-increasing sequence and (\,) € BV. If conditions (1)-([2) of
Theorem [21] and

nij:l (@;nn)k_1|t2|k =0(X,) as m — oo, (11)
i Pk (%)kum =O0(Xp) as m— oo, (12)

Il
N

n

are satisfied, then the series > anAy, is summable ¢ — |A,pplg, k > 1.

Taking (X,) as an almost increasing sequence, @, = £ and a,, = B in
n

Pn
Theorem [3.1] we get Theorem [2.1]

LeMMA 3.2 ([3])
If (X,,) is quasi B-power increasing sequence for some 0 < 8 < 1, then under the

conditions and , we have

nXp|AX, | =0(1) as n— oo, (13)
D Xa|AN,| < o0, (14)
n=1

4. Proof of Theorem 3.1
Proof of Theorem[3.1]. Let (M,) denotes A-transform of the series > a,A,. We
get by and @,

n A

AMn = zn:&m,av)\v = Z a%)\vvav.

v=0 v=1

Then, using Abel’s transformation, we obtain

n—1 A v A n
AM, = Z A, (an:))\”> Zlmr + a";;)\n Zl ra,
r= r=

v=1

n—1 n—1
v+1 v+1
= E Ay (Gnp) Moty E ———ln,u+1 ANty
(Gnw) +U=1 y dntl

v=1 v
n—1
R ty n—+1
+ Z an,v+1Av+1* + 7ann)\ntn
=1 v n

= n,1 + Mn,Q + Mn,B + Mn,4-

For the proof of Theorem [3.1] we prove

o0
Z O" M, |F < 0o forr=1,2,3,4.

n=1
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For r = 1, applying Holder’s inequality with indices k& and k', where & > 1 and
% + % 1, we have

m+1 m+1

n—1 k
S G M, = (va DIt |)
n=2 v=1
m+1 n—1 - k
_ (Zm k|Av<am>|wU|tv|)
v=1
m+1

((; |A,( "”)|}C|)‘u||tv|)k>}“)k
: <<Z(Av( nv)|kkl)k’>k1/)k

v=1
m—+1
DY e (Zm e )
n=2
n—1 k—1
< (Liautanl)
v=1
Using and 7 we can easily show that A, (dny) = @ny — an—1,. Then, by ,
and , we have
n—1 n—1
Z ‘Av(dnv” = Z(an—l,v - anv) S Ann-
v=1 v=1
Now, @D gives
m+1 m—+1 Onp
e M F=0(1) ) ( 5 ) (DAU o) || Aot |’<)
n=2 n=2 n

ZM kS (W“) 1Ay (tn)|

n=v+1
m m+1
Pupo\ P71 .
O (B2) Y 1)
v=1 v n=v+1

Here, implies that

m+1 m—+1

Z ‘Av(dnv” = Z (an—l,v - @nv) < Gy,

n=v+1 n=v+1
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so0, by using the conditions (9)), (12)), and (1)), we obtain

s i PoPo\ -1
* = 0(1) Z ‘/\U|k71‘)‘v|‘tv|k( ; U) Ayy

> en M,
n=2
pv)k k
Avl|ty
T (F) Melit

v=1

ZAIMZw 2 o
\AmIZw (Y

m—1

1) Y ANIX, + O(1) A | Xom

v=1

=0(1) as m — oo.

For r = 2, again using Holder’s inequality with indices k and k', where k > 1 and
%—&—%zl,weh&we

m+1 m-+1 n—1 k
S M = 0) Y wﬁ‘l(z |an,v+1|mv|tv|)
n=2 n=2 v=1
m-+1 n—1 k
Sh3s 1(2 (i ot 1AM E (1 | AN ) 71 |)
v=1
m+1 n—1 L
W3 ek ((Z |an,v+1|mv|>i|tv|>'f) )
v=1

x ((Z (<|an,v+1|mv>"kl>"');')k

m—+1 n—1
DY e (X fansalian ol
n=2

v=1

n—1 k—1
X < > an,v+1||m,,|) .

v=1

Here, by 7 and 7
n n—1
&n,erl = dn,v+1 - anfl,erl = Z Gng — Z An—1,i

i=v+1 1=v+1

n—1

= Qpp + E (ani - anfl,i) S Anmp -
i=v+1
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Then considering the fact that (),) € BY and the condition (9), we have

m—+1 m—+1 n—1
— PnPn - ~
> ek M = 0) Y (2 ) (Zmn,vﬂnmvw)
n=2 n=2 n
m—+1 Onp
Zm Y (22
n=v+1 n
PN R L sy
DY 1an i ) D D)
v=1 v n=v+1

Hence, by , 13, and , it is clear that |y p41| = Z;‘j:o(an—l,i — Qi)
Then, in view of (3)) and @ we get

m—+1 m—+1 v
Z ‘&7L,U+1| - Z Z(an—l,i - ani) S 1. (15)
n=v+1 n=v+11=0
Therefore, by using Abel’s transformation, and , , , we obtain
m4+1 m o |t |
— vV
> el = om Y (22)
n=2 v=1
m—1 v k—1 | k
o) Y apjan )y ()
- r
v=1 r=1
" So’l)p’l) 1 |tv‘
+OL)mlAN Y ( : ) .
v=1
m—1
=0(1) > vX,|A%\, |+ 0(1 Zm | X,
v=1
+ O()m|ANL| X,
=0(1) as m — oo.
Now, we have
m—+1 m—+1 n—1 |t ‘ k
Z @5171|Mn,3|k S Z @zl(z |&n,v+1||)\v+1|’;j>
n=2 n=2 v=1

m+1 k-1

n—1 n—1 .
_ a a
<D e 1(2 Hoera |)‘v+1|k|tv|k> (Z e "’Zj“)
n=2 v=1 v=1
m+1 k—1 n—1 t k
- 0(1) Z (SD;;S") <Z ‘a"711+1||/\v+1|k| 1’;| )

n=2 v=1

m—+1

= _ t|” PnPn\F1
DS Pt g 2 (22" an
);| w1l Ao = > . |41

n=v+1
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m—+1

s |tv|k PvPov k-1 ~
=0 Penl=-(F52) X Jnnl
v=1 n=v-+1
- Pupy\F1 |tv|k

=0(1 Ay
<>§(PU) Pl 22
m—1 v
<prT kil‘t'f‘k
=0(1 AlX,
M3 Al (F) 5
m
upy \F1 ‘tv|k
oWl 3 (F) 5
m—1
=0(1) Z |AXy 1] X1 + O(D)[Amg1 ]| Xt
v=1

=0(1) as m — oo,

by 7 @, , , and . Finally,

m m
Z Wfi_lanA b= 0o(1) Z ‘sz_lafmp‘n‘k‘tn‘k
n=1 n=1

m k
=0 Y@k (Br) el Aalleal

3
Il
—

NE

=00 Y ek () Pl

3
Il
_

=0(1) as m — oo,
as in M, ;. This completes the proof.

If we take (X,,) as an almost increasing sequence and ¢, = %, then we get
a theorem dealing with |4, p,|r summability (see [10]). Also, if we take (X,,) as
a positive non-decreasing sequence, @, = 1, Gpy = f;—: and p, = 1 for all values of
n, then we get a theorem dealing with |C, 1], summability (see [g]).
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