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Abstract. In the present paper, we study in the harmonic analysis associated
to the Weinstein operator, the boundedness on L? of the uncentered maxi-
mal function. First, we establish estimates for the Weinstein translation of
characteristic function of a closed ball with radius € centered at 0 on the
upper half space R?~!x 10, +00[. Second, we prove weak-type L'-estimates
for the uncentered maximal function associated with the Weinstein opera-
tor and we obtain the LP-boundedness of this operator for 1 < p < +o0.
As application, we define a large class of operators such that each opera-
tor of this class satisfies these LP-inequalities. In particular, the maximal
operator associated respectively with the Weinstein heat semigroup and the
Weinstein-Poisson semigroup belong to this class.

1. Introduction

For a real parameter o > —% and d > 2, the Weinstein operator (also called

Laplace-Bessel operator) is an elliptic partial differential operator Ay, defined on
the upper half space RY = R4~!x ]0, +o00[ by

d
0? 20+1 0
Ajo = B
d,o Lo Jx2 + zq Oxyq
=1 g
The operator Ag o can be written as
Ajo=2A0g_1+ L,
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where Ay_; is the Laplacian operator on R~ and £, is the Bessel operator on
10, +o0o[ with respect to the variable x4 given by

0? 20+1 0
»Ca - a2 -
oz rq Oxg

For d > 2, the operator Ay, arises as the Laplace-Beltrami operator on the
Riemannian space ]R‘_f_ equipped with the metric

9 da+2 d 9

_ . d-=2

ds* =z, g dz;.
i=1

The Weinstein operator A4, has important applications in both pure and applied
mathematics, especially in the fluid mechanics (see [19]). Many authors were
interested in the study of the Weinstein equation Aj,u = 0, one can cite for
instance M. Brelot [5] and H. Leutwiler [I2]. The harmonic analysis associated
with the Weinstein operator was studied in [2, B]. In particular, the authors
have introduced and studied the generalized Fourier transform associated with
the Weinstein operator also called the Weinstein transform.

The Hardy-Littlewood maximal function was first introduced by Hardy and
Littlewood in 1930 for functions defined on the circle (see [I0]). Later it was
extended to various Lie groups, symmetric spaces, some weighted measure spaces
(see [6], @, 13| 15} 16, [I7]) and different hypergroups (see [7} 8, [14]).

In this paper, we denote by B*(0,¢) = B(0,)NRY%, the closed ball on R% with
radius € centered at 0. For z € Ri, we establish in a first step, estimates of the
Weinstein translation (see next section) of the characteristic function of BT (0, ¢),
T2 (XB+(0,e))(—¥';ya), based on the inversion formula, where we put y = (3, yq) in
]Ri with 4" = (y1,...,y4—1). Using these estimates, we prove in the second step,
the weak-type (1,1) of the uncentered maximal function M, f, defined for each
integrable function f on (R%,v,) and = € R‘_i._ by

1
My f(x) = sup —_—
f( ) e>0,z€B*(z,e) Va(B+(07€))

y F)T(xB+0.)(=Ys ya)dva(y)|,

where v, is a weighted Lebesgue measure associated with the Weinstein operator
(see next section) and B (z,£) = B(z,e) NRY is the closed ball on R? with radius
€ centered at x. We can write also

Maf(x)=  sup mu *o x5+ 00 (2],

e>0,z€B*(z,e) Vo

where *, is the Weinstein-convolution operator (see next section). As a conse-
quence, we obtain that M, is of strong type (p,p) when 1 < p < 4+00. We recall
that the operator M, is said to be of weak-type (1,1) if there exists a positive
constant ¢ such that for all f € L'(R%,v,) and A > 0, we have

vo({z € RL : M, f(z) > A}) < c%.
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Also, we recall that the operator M, is said to be of strong-type (p,p) for
1 < p < +o0, if it is bounded from L”(R‘j_, Vo) into itself.

Bloom and Xu in [4] have obtained analogous results for the Chébli-Trimeche
hypergroups. Later, similar results have been established in [I] for the harmonic
analysis involving the Dunkl operators on R?. Finally, since the strong-type (p,p)
of an uncentered maximal function is an important tool in harmonic analysis,
we define as application in this paper, a large class of operators such that each
operator of this class satisfies these inequalities, and such that, in particular, the
maximal operator associated respectively with the Weinstein heat semigroup and
the Weinstein-Poisson semigroup belong to this class.

The contents of this paper are as follows. In section [2], we collect some basic
definitions and results about harmonic analysis associated with Weinstein oper-
ator. In section |3} we establish estimates of 7,(xp+(0,s)), = € Ri. Using these
estimates, we prove that the uncentered maximal function M, f is of weak type
(1,1) and we obtain the LP-boundedness of this operator for 1 < p < +o0. In sec-
tion [ as application, we define a large class of operators such that each operator
of this class satisfies these LP-inequalities and we give two important examples.

Along this paper, we denote (.,.) the usual Euclidean inner product in R? as
well as its extension to C? x C?, we write for # € R?, ||z|| = \/{z, x). In the sequel
c represents a suitable positive constant which is not necessarily the same in each
occurrence. Furthermore, we denote by

e D.(R?) the space of C*°-functions which are of compact support, even with
respect to the last variable;

e S, (R%) the space of C*°-functions which are rapidly decreasing together
with their derivatives, even with respect to the last variable.

2. Preliminaries

In this section, we recall some notations and results about harmonic analysis
associated with the Weinstein operator. For every 1 < p < 400, we denote by
Lp (Ri, Vo) the space of measurable functions f on Ri such that

1/p
e = ([, r@Para)) <400, ifp< oo

R+

and

[flloc = esssup|f(z)| < +oo,

zeRE

where v, is a measure defined by

2a+1 2041

dve(z) = dfd dx = di.’f;d dzy ...dzg.
(2m) =z 22T (a4 1) (2m) =z 22T (a + 1)

For a radial function f € L'(R%,v,), the function F' defined on ]0, +oc[ such that
f(z) = F(||z||) for all z € R%, is integrable with respect to the measure r2+4dr.
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More precisely, we have

z)dv, (z) =
[ T@te) =

For all A = (A1, Aa, ..., A\g) € C? the system

0%u .
Lou(z) = —Nju(z),
ou ou
=1, —(0)= —(0) = —i)\; j=1,...,d—1
’LL(O) b 8$d O) I 83@ (0) ? ] ] I I b

has a unique solution on R, denoted by W called the Weinstein kernel and given
by

Uy () = e @A) 5 (za)a).
Here © = (2/,24) € Ri, = (x1,...,24-1), N = (A1,...,Ag—1) and j, is the
normalized Bessel function of the first kind and order «, defined by

Jo(Az) )
Oy if Ax #£0,

1, if \x =0,

2°T (v + 1)

Ja(Az) = (2.2)

where J,, is the Bessel function of the first kind and order « (see [I8]). For all
x € R, we have that the function A — j,(A\x) is even on R.

The Weinstein kernel ¥y (z) has a unique extension to C¢ x C%. Tt has the
following properties:

(1) VA, z € CT Wy (2) = U (A
(ii) YA,z € CL Wy (—2) = U_,(2).
(iii) VA, z € RY

g

[Ua(z)] < 1. (2.3)
There exists an analogue of the classical Fourier transform with respect to the We-
instein kernel called the Weinstein transform and denoted by Fy,. The Weinstein

transform enjoys properties similar to those of the classical Fourier transform and
is defined for f € L'(R%,v,) by

Fw(f)(A) = y T@W)VA(y)dva(y), AeRL.

We list some known properties of this transform.

(i) For all f € L'(R%,v,), we have

IFw (Plloe < 1 ll1,a- (2.4)
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(ii) Let f € LY(RL,va). If Fw(f) € L*(RL,vy), then we have the inversion
formula

f@) = [ U s e WD), ceRL (25)
R+
(iii) The Weinstein transform Fy on S, (R?) extends uniquely to an isometric
isomorphism on L*(R%, v,).
(iv) Plancherel formula: For all f € L?(R%,v,), we have

/ (@) Pdva(z) = / P () (@) 2dva(z).
R4 R4

+ +

(v) Let f € L*(R%,v,) be a radial function, then the function F such that
f(z) = F(||z]) is integrable on ]0, +oo[ with respect to the measure r2*+ddr
and its Weinstein transform is given, for y € Rff_, by

d—1
a+ 75—

Fw(Hly) =Fg = (E)lyl, (2.6)

where F}, is the Fourier-Bessel transform of order v > f%, given by

+oo
FE(E)A) ! )/O F(r)jy(Ar)r2dr, X € (0, +00).

T 2T(y+1

For z,y € R‘i and f a continuous function on R? which is even with respect
to the last variable, the Weinstein translation operator 7, is given by

+oo
() = / @+ o ) Walzasya, )0 dp, (2.7)

where the kernel W, is given by

Wa(xd,ydap)

_ T(a+ D((@a+ya)* = p2) 2 (0* — (va — ya)*)*"* y 0 (2.8)
2201, /7 T(av + %)(xdydp)za Nlza—yal,zatyal\P)-

For all x4, yq > 0, we have
+oo
Wa(xa,ya, p)p°*dp = 1. (2.9)
0

The Weinstein translation operator satisfies the following properties.

(i) For every continuous function f on R? which is even with respect to the
last variable and z,y € R‘i, we have

7 (f)(y) = 7(f)(x) and 7of = f.
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(ii) For every f € S.(R?) and all y € R%, the function x — 7, f(y) belongs to
S, (RY),

(iif) For every f € LP(R%,v,), 1 <p < 400 and all € R%, we have

|72 f

lp.a < [ fllp.a-

For a function f € LP(R%,v,), with p = 1 or p = 2 and z € R%, the Weinstein
translation 7, is also defined by the following relation

Fw (/)N = Oa(=a',2a)Fw (f)(V),  AeRI. (2.10)

By using the Weinstein translation, we define the convolution product f *, g of
functions f,g € L'(RL,v,) as follows:

(f *o g)(m) = / Tx(f)(_yla yd)g(y)dya(y)y x € Ri

d
RY

This convolution is commutative and associative and satisfies the following prop-
erties.

(i) Let 1 < p,q,r < 400 be such that % + % =1+ % (the Young condition). If
fe LP(Ri, Vo) and g € Lq(Ri, Vo), then fx, g € LT(R‘fH V) and we have
1S *a gllra < [ fllp.allgllg.q-

(ii) For every f € L'(R%,v,) and every g € LP(R%,v,) with p =1 or p = 2,
we have

Fw(f *a 9) = Fw(f)Fw(g)- (2.11)

3. Weak-type (1,1) of the uncentered maximal function

In this section, we establish the estimates of 7, (xp+(0,6)) (=¥, ¥a), z,y € RE
and we prove the weak-type (1,1) of the uncentered maximal function M, f and
we obtain that it is bounded on LP for 1 < p < +o00. The following remark plays
a key role.

REMARK 3.1
For any z,y € Ri and € > 0, we get

+oo
To(XB+(0,6)) (=¥, ¥a) =/ X5+0.0)(@ =Y, P)Walza, ya, p)p**dp.  (3.1)
0

Put u = (' —y/, p), we have [|u]|? = 32{_}" (z; — y:)? + p?. Then by [27) and [2.5),

we obtain

SH

-1 d—1

(i = i) + (za — ya)® < [Jull < (@i —vi)* + (€a +ya)*.  (3.2)
1 i=1

K2
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From (3.1)), we have u € BT(0,¢), which according to (3.2) gives

Tz (XB*(O,&))(_y/7 yd) =0,

when ||z —y|| = \/Z?:_f(xz —4i)2 4+ (g —yq)? > €. Then we can assume that
y € RY satisfies |z — y|| < e. Note that ||z — y| < e implies |24 — ya| < e.

LEMMA 3.1
Let A € RY and e €]0, +o0[, then we have

\Fw (XB+(0,6) (V)] < et (3.3)

and
\Fiw (XB+0.0) N < ce@tE|A|~a+e+D), (3.4)

Here c is a constant which depends only on o and d.

Proof. By (2.6) we can write for A € R% and ¢ €]0, 400,

Fw (XB+(0,6))(N)
1 e . 20+d
- e | xe 0o ®iasg s (R ar - @5)
52a+d+1
- 5 o222 (1A

20+ (o 4 43)
Since |ja+%+%(||)\||€)| <1, we get
[Fw (XB+(0,0)) (M) < ce?@ oL

Now, from ([2.2)), (3.5)) and the fact that the function z — /2J,(z) is bounded on
10, +00[, we can see that

€2a+d+1
]:W XB+(o0, A)| = 1 ja a1 ([[Ale
i (x00) 1 = i g s 4 (M)
1 gty
- VTE W g3 (7))

20 F T (a + 452) [0t e+

IN

d iy — (o &
cete |\ ~latetD),
Hence the lemma is proved.

LEMMA 3.2
For a > g — 1, there exists a ¢ > 0 such that for any x € ]le_ with zq > 0 and
e >0, we have

2a+1
c ) , a.e. yeRL. (3.6)

0< Tx(XB*’(Oﬁ))(*y/a Ya) < C(i
Zd

Here ¢ is a constant which depends only on « and d.
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Proof. Let x € R4 and € > 0. Using (2.7) and (2.9) we have

0< Tw(XB+(O,€))(_y/7 yd) <1 a.e. yc& R-dq— (37)

If 0 < x4 < 2¢, we obtain that

2a+1
1< (ﬁ) :
zq

hence, by (3.7) we deduce (3.6). Therefore we can assume in the following argu-
ment that x4 > 2, and in view of Remark that Yy € Ri satisfies |xq4 — yq4| < e.
Take 1 € D.(R?) satisfying 0 < ¢(z) < 1, suppy C BT(0,1) and [|[¢|1,o = 1.
Put

1 x
wt(@zmﬂ)(?), t>0, z€RY,

the dilation of 1. We have ¢, € D.(R?) which gives Fy(¢;) € Si«(R?), then
we can assert that both of 7,(xp+(0,c) *a ¥t) and Fw (7 (XB+(0,c) *a ¥t)) are in

Ll(R‘i, Ve ). Using (2.5)), (2.10) and (2.11)), we obtain for y € Ri,
TI(XB+(O,E) *a /wt)(y)

:/]R U (=", 20) U=y, ya) Fw (XB+(0,6)) (N Fw () (A)dvg (A) (3.8)

d
+

=/ @ AHW AN 5 (N gz a) jo Aaya) Fw (X 5+ 0.0)) N Fir (V) (V) dva (V).
R

a
Clearly we have ||¢¢||1,o = 1. According to (2.4), we have
Fw ()N < 1Fw(@e)lloe < [Wtlia =1,  ae AeRY. (3.9)
Put
A(N) = ei[<z/7x>+<y/’)\/>]ja()\dl'd)joz()\dyd)]:W(XBJr(O,s))()‘)FW(wt)()‘)'

Let us decompose (3.8]) as a sum of three terms

m(aro fa ) = [ AN+ [ ARN)dva()
INI<=, o, <[[Al[<e™?
+ / AN dva(N) (3.10)
e 1<l
=0 +1;+ Is.

From 7 , and , we obtain

|I1| g C€2a+d+1/

5 ) 2a+d+1
1
A<z,

dva(A) < c(—
T4
(3.11)
e\ 2a+1
< c(—) for x4 > 2e.
Zd
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To estimate I, we observe that for x4 > 2¢ and |zq — yq| < &, we have

1 3
ixd<xd—6<yd<xd+5<§zd,

so we deduce ) )
0< y;(aJrE) < cx;(aJrE). (3.12)

By (2.2) and the fact that the function z — /zJ,(z) is bounded on ]0, +oo[, we
can write
lJa(2)| < c 270t (3.13)

then from , , , and , we get

—(a+1) —(a+1 —(2a
o] < ettty TRy b [ A7 C T Dy ()
z, <[IA|<et

1 1
< 652a+d+1x;2a—1 (Tl _ 7) < 652a+1$;2a—1 (3.14)
€ x4

e\ 2a+1
<c (—) for x4 > 2e.
zq

For I3, we use (2.1, (3.4)), (3.9), (3.12) and (3.13) and we find that

4 —(at3) —(a+3) —(at+441)y—(2a+1
[Is| < ceot iy 0Tyt NI~ AT E T g (1)
e~ 1<l
d > d
< cg("+5x;20‘*1/ rote =24,
< -
Since o > % — 1, we obtain

2a+1
|I3] < cgaJF%x;(QO‘H)ea*%H <c <i> for g > 2e. (3.15)
Td

Thus we get by (3.10), (3.11), (3.14) and (3.15)),

5 2a+1
) for x4 > 2e.

0 < 7u(XB+(0.0) *a Yi)(—Y ' ya) < ¢ (m—d
Now using (2.7) and Fatou’s Lemma, we can assert that
tl_i)%l+ Tx(XB+(o,s) *a ¢t)(—y'7yd) = Tx(XB‘*'(O,a))(_y/vyd)v a.e. y &€ Ri

Hence, we deduce that

€\ 2041
0 <7 00) (0 wa) < e )

for xq > 2¢, a.e. y € R% with |24 — yq| < €, therefore (3.6) is established.
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Before the next result we introduce some notation. For x € Ri and € > 0, we
put
CT(z,e) = By_1(2',e)x] max{0,z4 — e}, 24 + €|,
with # = (2/,24) and By_1(2',¢) is the closed ball on R?~! with radius e centered
at z’.
LEMMA 3.3
For o > % — 1, there exists a ¢ > 0 such that for any x € Ri and € > 0, we have

/ va(B7(0,¢)) d
0< Tz(XB+(0,e))(*y yya) < c m a.e. ye& R+~ (3.16)

Here ¢ is a constant which depends only on o and d.
Proof. Let x € ]Ri and € > 0. Using (2.1)), we have

E20¢—i—d—i—1

vo(B1(0,¢)) = 2 (24 d 1 Dl + B (3.17)
On the one hand, we get for x4 < ¢,
CT(x,e) = Bg_1(2,¢) x [0, 24 + €[,
then, we obtain
N B 1 wate o
O ) = /| s | vt

< cg2loth) / dyy ...dyq_1
Bd,l(z’,s)

< CE2a+d+1 .

Using (3.17)), we deduce
Vo (CT(z,€)) < cva(BT(0,¢)),

then by (3.7]), we obtain (3.16) for x4 < €.

On the other hand, we have for z4 > ¢,
CH(z,e) = Bg_1(2',€) x [xg — €,74 + €],

then
1 £d+6

Va(CF (2,6)) = — / dyr ... dya / Y29 Ly
( ( )) (27‘()(127120{‘(&4»1) Ba_1(z',¢e) Tq—€ ¢

<ceHrg+e) i xe
2a+1
2ol

< celz

Using (3.17)), we get
200+1
V(O (2,€)) < crve(BT(0,¢)) (%) ,

thus by (3.6]), we obtain (3.16]) for x4 > €, which proves the result.
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According to ([I3], Lemma 1.6), we have the following Vitali covering lemma.

LEmMA 3.4
Let E be a measurable subset of Ri (with respect to v, ) which is covered by the
union of a family {B;‘} where BJ'-" = BT (xj,r;). Then from this family we can
select a subfamily, Bf, By, ... (which may be finite) such that B N B;f =0 for
1# 7 and
> va(Bf) = cva(E).
h

We recall that for z € R%,

1
My f(x) = sup 7’
( ) e>0, 2z€ Bt (z,¢) Va(B+(075)) R%

b

FW)T(xB+0.)(=Y s ya)dva(y)

so, we can write also

My f(z) = sup mv *o XB+(0,5)(Z)’~

e>0,z€B*(z,¢e) Vo

THEOREM 3.1
The uncentered mazimal function M, f is of weak type (1,1).

Proof. Let £ > 0, z € RY, z € BT (z,¢) and f € L'(R%,v,). Using Remark
we have

|f*a XB+(075)(Z)| < /B+( )|f(y)|7-z(XB+(0,s))(_y/ayd)dVa(y)'

By (3.16)), we obtain

va(BT(0,¢))
L o e N LX)

Since Bt (z,e) C CT(z,¢) we get

va(B¥(0,¢) )

‘f *a XB+(O,€)(Z)‘ <c

Hence we deduce that

My f(z) < e Maf(z), (3.18)
where M, f is defined by
Mo f @) o [ )
of(2) = sup T Y)ladva(y)-
e>0,z€B*(z,e) Va(BJr(ZaE)) Bt (z,e)

For A > 0, put
Ey={z eR%: M,f(z)> \}.
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Then, for each = € E there exist € > 0 and z € BT (z,¢) such that
[ 1@ldnas) > Ava(B* ). (319)
B+ (z,6)

Furthermore, note that z € B¥(z,¢), then if z runs through the set E\, the union
of the corresponding B (z,¢) covers E,. Thus using Lemma we can select
a disjoint subfamily B (z1,e1), BT (22,€2),... (which may be finite) such that

> va(BT(zn,€n)) = cva(Ey). (3.20)
h

‘We have

Lo Ut 0@ = ([ rwlave)

applying (3.19) and (3.20) to each of the mutually disjoint subfamily, we get

/ oy N0 > A D (B o) 2 D).
ye 2, € -

But since the first member of this inequality is majorized by || f|1,o, we obtain

[l
Mo

Vg (E)\) S B\

which gives that M, f is of weak type (1,1) and hence from ([3.18)) the same is true
for M, f.

As consequence of Theorem [3.1} we obtain the following corollary.

COROLLARY 3.1
Ifl<p<+4ocoand f € LP(Ri,Va), then we have

Mof € IP(RY,va) and |Maflpa < c|flpa-

Proof. Using Theorem 3.1} ([I1I], Corollary 21.72) and proceeding in the same
manner as in the proof on Euclidean spaces (see for example Theorem 1 in [I3],
section 1.3) completes the proof.

4. Application

Since the weak type (1,1) and the strong type (p,p) for p > 1 of the uncen-
tered maximal function are an important tool in harmonic analysis, we define as
application in this paper, a large class of operators such that each operator of
this class satisfies these LP-inequalities, and such that, in particular, the maxi-
mal operator associated respectively with the Weinstein heat semigroup and the
Weinstein-Poisson semigroup belong to this class.
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Let ¢ € L*(R%,v,) be a radial function, that is ¢(z) = ¢o(/|z]]), for every
T € Ri. Then we denote by H,, the following operator, defined for each function
fe Ll(Ri,l/a) and x € R‘i by

/Haf(m) = sup |f *a (pt(.%')|7
t>0

where ¢, is the dilation of ¢ given by ¢ (x) = W%gp(%)

PROPOSITION 4.1
Let ¢ € LY (R4, v,) be a radial function, that is p(z) = @o(||z]) for every z € RY,
such that @q is differentiable and satisfies

+oo d
lim ¢o(r) =0, / r2“+d+1‘5@0(r))dr < 400,
0

r—-+00
then we have for f € L'(R%,v,),
Hof(x) <eMyf(x).
Proof. For f € L*(R%,v,) and g a radial function in L'(R%,v,,), that is g(z) =
go(||z]|). We can write for every z € R%
Frag@) = [ w0 waw)dv ()
¥
= [ na aat)dva) (11)
¢

— /()*OO (90(7”) /si—l Trz(f)(—x’,xd)dya(z))rzaﬂdr’

where Sjl__l is the unit sphere on Rf_. Using (4.1) and according to the proof of
Theorem 7.5 in [16], we have for such a function ¢ and for z € RY,

1 oo d
< 2a+d+1| 4 d
£ 50 9(0)] < e 3p s o X @] [ ()i

e 2a+d+1 d
<cM,f(x) r ’d—cpo(r)|dr.
0 T

Then we can write

+o00 7“2a+d+1 d r
|f *a pr(2)| < CMaf(l‘)/O m’a@o(;)‘dr-

By a change of variables, we obtain
+oo 4 d
o @)] < eMaf(@) [ P Lgo(r)ar
0

from which we deduce that

Hof(x) < eMyf(x).
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We give below two important examples that satisfy the conditions of Proposi-

tion 11

ExXAMPLE 4.1 )
Put p(z) =€~ = , T € Ri, then we get for ¢ > 0,

1 =2

Y () = ——————e A .
\/ﬁ( ) (2t)a+%

In this case, ¢, 5; = ¢ is the Weinstein heat kernel and H,, is the maximal operator
associated with the Weinstein heat semigroup.

EXAMPLE 4.2

d+1
d _ Ca,d : _ 2ot d

For z € RS, take ¢(z) = REEEE ST with ca.q = == I'(a+ § +1), then we
get for ¢t > 0,

(x) :

T)=c .

P e e Y )t

In this case, ¢y = P; is the Weinstein-Poisson kernel and H, is the maximal

operator associated with the Weinstein-Poisson semigroup.
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