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Abstract. In this work, we construct the sequence spaces f(Q(r,s,t,u)),
fo(Q(r, s,t,u)) and fs(Q(r, s, t,u)), where Q(r, s,t,u) is quadruple band ma-
trix which generalizes the matrices A®, B(r,s,t), A%, B(r,s) and A, where
A® B(r,s,t), A%, B(r,s) and A are called third order difference, triple
band, second order difference, double band and difference matrix, respec-
tively. Also, we prove that these spaces are BK-spaces and are linearly
isomorphic to the sequence spaces f, fo and fs, respectively. Moreover, we
give the Schauder basis and (, y-duals of those spaces. Lastly, we charac-
terize some matrix classes related to those spaces.

1. Basic knowledge

By a sequence space, we mean a vector subspace of w, where w is a set of all
real (or complex) valued sequences which becomes a vector space under point-wise
addition and scalar multiplication. For the spaces of all bounded, null, conver-
gent and absolutely p-summable sequences, we use the symbols ¢, cp, c and £,
respectively, where 1 < p < 0.

Let X be a Banach sequence space. If each of the maps p: X — C, pi(x) =z,
is continuous for all k£ € N, X is called a BK-space. The sequence spaces £, Co
and c are all BK-spaces according to ||z||cc = sup, ¢y |2»| and £, is a BK-space
according to

o0 l
el = (o kout) s where p e (1,00] (s 2.
k=0
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For a given infinite matrix A = (anx) with an, € Cforalln, k € Nand z = (x) €
w, the A-transform of x is denoted by y = Ax and is defined by

Yn = (Az)p =Y an;z;

Jj=0

for all n € N and each of these series being assumed convergent (see [30]). In terms
of ease of use, here and in the following, the summation without limits runs from
zero to infinity.

By (X :Y), we denote the class of all matrices A = (an) such that Az € Y
for every x € X, where X and Y are two arbitrary sequence spaces. The matrix
domain X4 of the matrix A = (a,x) in a sequence space X is defined by

Xa={x=(xx): Az € X}. (1.1)

The spaces of all convergent and bounded series are denoted by cs and bs and
are defined by cs = cg and bs = (foo)g Where S = (sy1) is called the summation

matrix defined by
1, 0<k<n,
Snk =
0, k>n

for all n, k € N.

A matrix A = (ang) is called a triangle provided a,;, = 0 for k > n and an, # 0
for all n, k € N. Moreover, a triangle matrix uniquely has an inverse.

As an application of the Hahn-Banach theorem to the sequence space £, the
concept of Banach Limits was first put forward by the Stefan Banach. Banach first
recognized certain non-negative linear functionals on /., which remain invariant

under shift operators and which are extension of [, where l: ¢ — R, () = lim z,
n— oo

is defined and [ is linear functional on ¢. This kind of functionals were later termed
'Banach Limits" [13].

A continuous linear functional L: /oo — R is called a Banach Limit if the
following conditions are satisfied:

(i) L(zp) >0if2, >0,n=0,1,2,...;

(ii) L(Pj(l"n)) = L(xn), Pj(mn) =Tnyj, ] =1,2,3,..;
(iii) L(e) =1, where e = (1,1,...).

Lorentz continued the study of Banach Limits and brought out a new notion
named Almost Convergence. The sequence © = (x,,) € £ is called almost conver-
gent and the number Lim z,, = A is called its F-limdt if L(z,,) = X holds for every
limit L (see [21]).

An approach to the construction of a new sequence space by means of the
domains of the difference matrices was used by, ¢p(A), ¢(A) and £ (A) in [18],
Aco(p), Ac(p) and Al (p) in [, co(u, A,p), c(u, A,p) and Lo (u, A, p) in [2],
co(A?%), ¢(A?) and lo(A?) in [16], co(u, A?), c(u,A?) and lo(u, A?) in [23],
co(u, A2, p), c(u, A% p) and lo(u, A%, p) in [II], co(A™), c(A™) and £ (A™) in
[15], £oo, o, & and £, in [20], co(B), ¢(B), loo(B) and £,(B) in [28], fo and f in
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Bl, fo(B) and f(B) in [29]. For recent developments in this direction, we refer
the reader to the textbooks/monographs [8], [9], [24] and [25], and the references
therein.

2. Almost convergence quadruple band matrix

In this section, we mention some old works and construct the sequence spaces
fo(Q(r, s, t,u)), f(Q(r,s,t,u)) and fs(Q(r,s,t,u)). Moreover, we prove that these
spaces are BK-spaces and are linearly isomorphic to the sequence spaces fo, f
and fs, respectively.

Lorentz characterized the almost convergent sequences by giving the next the-
orem.

THEOREM 1 (see [21])
In order that F-limit, Lim x,, = X exists for the sequence x = (z,,), it is necessary
and sufficient that

lim xn+xn+l+"'+xn+k:>\
holds uniformly in n.

By connecting the notion of almost convergence and Theorem [I} the spaces
f, fo and fs of all almost convergent sequences, almost null sequences and almost
convergent series are defined by

= — . : i Lotk . .
f= {x(mk) cw: IAeC ihl?o];)z'+1 )\umformlymn},

_ _ . . : Tntk o . .
fo= {x = (zp) Ew: ZILI?O];) i1 0 uniformly in n}

and

t+1

i n+k
o o . . Ty . .
fs= {x—(xk) cw: INeC ili)r&kz_o;) = A uniformly in n},

respectively. By using the relation (1.1)), the sequence space fs can be redefined
as follows

fs=fs.

THEOREM 2 (see [12])
The inclusions ¢ C f C loo strictly hold.

THEOREM 3 (see [12])
The sequence spaces f and fo are BK-spaces with the norm

i
Tntk
Zill

k=0

]|y = sup

i,meEN

and fs is a BK-space with the norm ||z|| s = || S| ;.
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In order to define sequence spaces, the difference matrix was first used by
Kizmaz in [I8]. He constructed the difference sequence spaces c¢o(A), ¢(A) and

loo(A), as follows

co(A) = {:13 =(zg) €w: lim (xf —zpq1) = 0},

k—o0
C(A) = {x = (ij) cw: kli)ﬁolo(xk — $k+1) exists}

and

loo(A) = {:c = (ap) €Ew: 21€1g|xk — Ty < oo}

and the difference matrix A = (e,y) is defined by

1, k=mn,
enk =4 —1, k=n+1,
0, otherwise

for all n, k € N.
Afterward, Bagar and Kiris¢i used the generalized difference matrix in [3] for
defining the generalized difference sequence spaces fy and f which are defined by

fo= {x = (zg) €Ew: %E)nwz m"”ﬂjjxlnﬂfl = 0 uniformly in n}

=0
and

A

Y ) R L o e
f{x(azk)ew reC W}EDOOZ)
=

m—+1

= A uniformly in n}

Moreover, Sénmez used the triple band matrix in [29] for defining almost conver-
gent sequence spaces derived by the domain of triple band matrix. These spaces
are defined by

fo(B(r,s,t)

m
_ _ o TTptj + STpyj—1 +1Tnpj—2 . .
_{J;—(xk)Ew. n}l_r}éo EO o = 0 uniformly in n
=

and

f(B(r,s,t)) :{x = (ap) €Ew:

m
TTpai + STyt i_ tTyai_
TMeC lim Y Twts TS T Ry

= A uniformly in n}
7=0
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Recently, Biggin has defined the sequence spaces ¢y(Q), ¢(Q), £ (Q) and ¢, (Q)
as follows

co(Q) = {J: = (ap) Ew: (rek + sTp—1 + tog—2 + usK_3) = 0},

lim
k—oo

c(Q) = {17: (z) €Ew:

lim (rag + sep—1 + tog—o + uxg_3) exists},
k—o00

loo(Q) = {:17 = (zr) €Ew: sup|reg + srp_1 + txp—o + urK_3| < oo}
keN

and

,(Q) = {x = (ap) Ew: Z |rey + sxp—1 + tog—o + uxp_3|° < oo},
k

where 1 < p < oo and the quadruple band matrix Q = Q(r, s, t,u) = (gnr(r, s,t,u))
is defined by

r, k=mn,

s, k=n-1,
gnr(rys,t,u) =< t, k=n—2,

u, k=n-—3,

0, otherwise

for all n,k € N, r,s,t,u € R\ {0}. Here, we would like to bring attention that
Q(1,-3,3,-1) = A3, Q(r,s,t,0) = B(r,s,t), Q(1,-2,1,0) = A% Q(r,s,0,0) =
B(r,s) and Q(1,—1) = A, where A3, B(r,s,t), A%, B(r,s) and A are called third
order difference, triple band, second order difference, double band (generalized
difference) and difference matrices, respectively. Therefore, our results derived
from the matrix domain of the quadruple band matrix are more general and more
comprehensive than the results on the matrix domain of the others mentioned
above.

Now, we define the spaces fo(Q(r,s,t,u)), f(Q(r,s,t,u)) and fs(Q(r,s,t,u))
by

Fo(Qr 5., 1)) = {x (o) € w:

= 0 uniformly in n},

)
lim Z TTn4j + STp4j—-1 + t{I?nJrj,Q + UTp45-3
71— 00 =0 Z —+ 1

f(Q(T’S’tau)) = {JZ = (xk) cw:

%
A e C lim Z Tty T 5Tntj-1 + lTpyj—2 + UTnyj—3
. =0 i+ 1

= A uniformly in n}

71— 00
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and

(@) = {2 = (o) € w

s rT, + ST +tx + ux
JreC leglo ZO z% ° v_li n 1U_2 v=3 — X uniformly in n},
Jj=0v=

respectively. By taking into account the notation (1.1), the sequence spaces
fo(Q(ry s, t,u)), f(Q(r,s,t,u)) and fs(Q(r,s,t,u)) can be redefined by means of
the domain of the quadruple band matrix Q = Q(r, s, ¢, u) as follows

fo(@Q) =)o, f(Q) =fo and [fs(Q) = fsq. (2.1)
Also, for given an arbitrary sequence © = (z3) € w, the Q(r, s,t, u)-transform of
x = (x) is defined by
ye = (Q(r, s, t,u)x)p = ro) + STp—1 + tTk—2 + UTk—_3
for all k € N.

THEOREM 4

The sequence spaces fo(Q(r, s, t,u)), f(Q(r,s,t,u)) and fs(Q(r,s,t,u)) equipped
with the norms

121l £ (Qers.tiu)) = 1T fo(@(r.s,tu)) = Qs 85t u)z| ¢
and

1/l fs(@(r,s,tu)) = QT 8,8, w) x| 55

respectively, are BK -spaces.

Proof. Notice that f, fy and fs are known to be BK-spaces. Moreover, quadruple
band matrix is a triangle matrix and the condition holds. If we connect these
results with Theorem 4.3.12 of Wilansky [30], we conclude that f(Q(r,s,t,u)),
fo(Q(r, s, t,u)) and fs(Q(r, s,t,u)) are BK-spaces. This completes the proof of
theorem.

Now, let us pay attention to the equation
rz3+522+tz+u=0,

where r,s,t,u € R\ {0}. We know that this equation has three roots such that
2 =gla—b—s], 20 = —&[(1 —iv3)a— (1 +iv3)b+2s] and 23 = —&[(1 +
iv3)a — (1 —iv/3)b + 2s], where

i/\/(—27r2u + 9rst — 253)2 + 4(3rt — s2)3 — 27r2u + 9rst — 253
a =
2

and

b ;/\/(—27r2u + 9rst — 253)2 + 4(3rt — s2)3 + 27r2u — 9rst + 253
= 5 :
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We henceforth prefer that w1, us and ps are random three roots of the equation
rz3 4+ 522 +tz +u = 0. Also, by using a simple calculation, we have

s t
M1+ po + ps = T Hik2 + pipg + pops3 = - and  puypops = ——

s t U
f+Spi 4 -+ — =0, (2.2)
T T T
9 5 8 t
Py (ot p2) e+ = =0, (2.3)
S t
P 1 g s+ piapis + =t o+ ) + =0, (2.4)
S
M1 +M2+M3+;=0. (2.5)

THEOREM 5
The sequence spaces fo(Q(r,s,t,u)), f(Q(r,s,t,u)) and fs(Q(r, s, t,u)) are linearly
isomorphic to the sequence spaces fo, [ and fs, respectively.

Proof. Because of the equivalence fo(Q(r,s,t,u)) = fo and fs(Q(r,s,t,u)) = fs
can be proved by using similar operations, the proof is given for only the sequence
space f(Q(r,s,t,u)). For this purpose, the presence of a linear bijection between
the sequence spaces f(Q(r,s,t,u)) and f should be shown.

In that case, let us define a transformation L: f(Q(r,s,t,u)) — f so that
L(z) = Q(r, s, t,u)zx. It is clear that L(x) = Q(r, s, t,u)x € f whenever z = (z) €
f(Q(r,s,t,u)). Also, it is obviously provided that L is a linear transformation and
x =0 in case of L(x) = 0. Thus, L is injective.

Now, through the medium of y = (yx) € f, let us define a sequence © = (xy)
such that

d k—j—i—v v 3
> 18 iy
for all k € N. Then, by considering (2.2)—(2.5)), we obtain

(Qx)p = rap + sTR—1 + tTh—2 + UTE_3

= . Z Z M]f_j_i szMSyg

J
S k—j—i—v—1 v i
+ - E Hq HoH3Y;
j=0 i=0  v=0
g ko2 2 ki
k—j—i—v—2 v ¢
+ - § E My Ko 3y
j=0 i=0  v=0
k—3k—j—3k—j—i—3
u k—j—i—v—3 v i
+ - Hq Ho 3y
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k—3 ~k—j—3 rk—j—i—3 5 . "
i k—j—i—v—3
= { { s T (4 S+ )
j= =0 v=0

i k—j—i—2 s l
ppy (u? + p3 + ~ (i1 + p2) + oo + ;)

+
ke—j—
+ s’ 2(/@ + 5 4 15+ pape + s+ pops

+ —(m +M2+N3)+i):|:|yj

— I |®»

+ (Y2 (u? + 5+ 5+ pape + s + popis

t
+ (M1+M2+M3)+;)

S l®»

S
+ yk_1(u1 + po + p3 + ;) + yk}
for all £ € N, which yields that

Yn

; _:i = F —limy,.

. TTpai + STpai1 +1tTpaii_o + UTHLi_ .

im Z n+j n—+j . n+j n+j—3 — lim Z

i—00 4 1+ 1 i—00 £
j=0 Jj=0

Namely, © = (x) € f(Q(r, s,t,u)) and L(x) = y. Hence, L is surjective. Also, for
all z = (zy) € f(Q(r,s,t,u)), we have

IL(@)]|; = 1Q(r, s, 8, w2l s = 2l fcars .-

That’s why, L is norm preserving. As a consequences of these, L is a linear
bijection. Therefore, we obtain f(Q(r,s,t,u)) = f as desired. This completes the
proof of theorem.

3. The Schauder basis and 3, ~-duals
In this section, we mention the Schauder basis and determine - and ~y-duals
of the spaces f(Q(r,s,t,u)) and fs(Q(r,s,t,u)).

If a normed space X contains a sequence b = (by) with the property that, for
all z = (z1) € X, there is a unique sequence of scalars (c,) such that

n
Tr — E Oékbk
k=0

as n — 0o, then b = (by) is called a Schauder basis for X.

—0

X

COROLLARY 1 (see [3])
Almost convergent sequence space f has no Schauder basis.

REMARK 1
For an arbitrary sequence space X and a triangle matrix A = (any), it is known
that X 4 has a basis if and only if X has a basis, [17].
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Remark [[] and Corollary [I] give us the next corollary.

COROLLARY 2
The sequence spaces f(Q(r, s, t,u)) and fs(Q(r,s,t,u)) have no Schauder basis.

Let X and Y be two arbitrary sequence spaces. Define the multiplier space
M(X,Y) by

M(X,Y)={a=(a) €Ew: za= (zrar) €Y forall z = (z;) € X}.
Then, the §- and ~y-duals of a sequence space X are defined by
XP =M(X,cs) and XY= M(X,bs),
respectively.

For a given infinite matrix A = (a,x) of complex numbers, we write the fol-
lowings

supz |ank| < oo, (3.1)
neN k
lim ap, =&, for each fixed k € N, (3.2)
n—oo
nh_}n;o ;ank =&, (3.3)
nlggo zk: |A(ank - Ek)‘ =0, (34)
sup Z |Aan| < o0, (3.5)
neN L
klim ank =0 for each fixed n € N, (3.6)
—00
. 2 _
lim Ekj A2, = a, (3.7)

where Aa,k = ank — ap g1 and A2a,, = A(Aany). Then, we can give the next
lemma.

LEMMA 1

Let A = (ank) be an infinite matriz of complex numbers. Then, the followings
hold:

(i) A= (ank) € (f leo) & holds (see [27]);

(i) A= (ank) € (f:0) = B, B:2), and hold (see [27]);
(i) A= (ank) € (fs: lx) & and hold (see [3]);
(iv) A= (ank) € (fs:c) < (3:2), (B-5), and hold (see [20]).
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THEOREM 6
Given the sets t1, ta, ts3, t4, t5, tg and ty as follows

n n j—kj—k—i
b — _ 1 j—k—i—v v 4
1=1<a=(ay) €Ew: sup - 1y s psag| < 00 ¢,
nEN 01" =k i=0 v=0
n j—kj—k—i

1
— . 3 _ j—k—i—v v i .
a=(ay) Ew: nh_{n . E g I3 s psa; exists for each k € N},

n k k—jk—j—i
— T 1 k—j—i—v v ;
a=(ag) €Ew: nlgr;o E L E ‘ E e ,uzug} ay exzsts},

o},

j—k—i—v v i
1

1 G-k j—k—i
- Nz,u:saj]

<oo},

a=(ag) Ew: lim - T s ke = 0 for eachneN},

1 n j—kj—k—i
t4 = {a, = (ak) cw: lim Z ‘A|:/r M'{ koizv IQ)ILL%CLJ gk:|
& ; ;

. 1 a ‘ j—k—i—v
a=(ax) Ew: lim Z ‘A2 L’ Z w /,[/2//4301.7:|
k i £

e:m'sts} ,

n j—kj—k—i

nlggo;zz > T T s phay = &

j=k i=0 v=0

for all k € N. Then the following statements hold:

(i) {F(Q(r,s,t,u))} =t1 Nta Ntz Niy;
(i) {f(Q(r,s,t,u))}? = ty;
(iii) {fs(Q(r,s,t,u))}’ =ty Nts Nitg Nty;
(iv) {fs(Q(r,s,t,u))}Y = t5Nte.

Proof. To avoid the repetition of the similar statements, we give the proof for only
part Let us take a = (ar) € w and consider a sequence x = (xy,) such that

k—jk—j—1i
k—j—i—v, v 3
E Hy Hah3Y

for all kK € N.
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Then, we have

n n 1 k k—jk—j—1
k—j—i—v v i
TR DIED 99 BID DTt 1 [0
k=0 k=0 7=0 =0 v=0
n 1 n j—kj—k—i
e
=X [r py “uéuéaj}yk = (Dy)n
k=0 j=k i=0 v=0

for all n € N, where D = (d,x) is defined by

1 n Jkikri j—k—i—v o i 0 < k <

T2 2 M pspsag, 0 <k<n,
g = " j=ki=0 v=0

07 k >n

for all k,n € N. Therefore, ax = (arzy) € cs in case of x = (xx) € f(Q(r, s,t,u))
if and only if Dy € c in case of y = (yx) € f, namely a = (ay) € {f(Q(r,s,t,u))}?
if and only if D € (f : ¢). If we combine this fact with of Lemma Wwe can see
that a = (ax) € {f(Q(r,s,t,u))}? if and only if

Supz |dni| < o0,
neN "/

lim d,; =& for each fixed k € N,

n—oo
lim Y dpy =€
n—oo k

and
lim Ekjm(dnk — &) =0.

This result gives us that {f(Q(r, s,t,u))}’ =t; Nty Nt3 Nty This completes the
proof of theorem.

4., Matrix Classes

In this section, we characterize some matrix classes related to the sequence
spaces f(Q(r,s,t,u)) and fs(Q(r,s,t,u)). Here and after, we use the matrices
G = (gnk) and V = (vy,y) defined by

o j—kij—k—i

g =T33 > W (a.1)

j=k i=0 v=0

Unk = TOnk + SGn—1k + tan_2 % + UGp_3 (4.2)

for all n, k € N, respectively.
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THEOREM 7
Let X be an arbitrary sequence space and A = (ani) be an infinite matriz whose

entires provide the relations (4.1) and (4.2]). Then, the followings hold:

(i) A€ (f(Q(rs,t,uw):X) & Ge(f:X) and {an} ey € {F(Q(r,s,t,u))}’
for alln e N;

(i) Ae (X : f(Q(rstu)) e VeX:f

Proof. Assume that A € (f(Q(r,s,t,u)) : X). Let us take an arbitrary
sequence y = (yx) € f and counsider f(Q(r,s,t,u)) = f, where y = Q(r,s,t,u)x.
Then, GQ(r, s,t,u) exists and {anx}reny € {f(Q(r,s,t,u))}? for all n € N, which
yields that {gnx }ren € ¢1 for all n € N. Therefore, Gy exists and

Z InkYr = Z AnkTk
k k

for all n € N, that is Gy = Az. Thus, G € (f : X).

For the converse, assume that G' € (f : X) and {ani }ren € {f(Q(r,s,t,u))}?
for all n € N. Now, we take an arbitrary sequence = = (zx) € f(Q(r,s,t,u)).
Then, it is obvious that Az exists. Moreover, we get

o o k k—jk—j—i o ‘
Zankxk = Z [i Z Z Z /i]fjlv/fz)ﬂéyj} Ank

k=0 k=0 7j=01i=0 v=0
o o j—kj—k—1t
1 j—k—i—v v i
= - 251 Ko 30nj | Yk
k=0 j=k i=0 v=0

for all n € N. If we pass to limit as ¢ — 0o, we obtain that Ax = Gy. This gives
us that A € (f(Q(r,s,t,u)) : X).
For any « = (x) € X, let us consider the next equality

{Q(Ax)}, = r(Ax), + s(Ax)p—1 + t(AZ)p—2 + u(Ax),—3

= E (rang + san_1% +tan_ok + Uan_3.%)Tk
%

=(Va),

for all n € N. By passing to the generalized limit, we get that Az € f(Q(r,s,t,u))
if and only if Va € f. This completes the proof of theorem.

Now, for the next lemma, let us write the followings by considering an infinite
matrix A = (ank)-

F— lim an,, =&, forall fixed k € N, (4.3)
n— oo

F — lim g g = &, (4.4)
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n
F— nlggozajk =&, for all fixed k € N,

7=0
n
(Zajk) ‘ < o0
neN =0
n
supz Zajk < 00
neN k| j=0

> ank =& for all fixed k € N,
Z Z Ank = 5,
n k
A[Zajk - fk]
j=0

n— o0

=0 uniformly in n,

v
0%002'194-1 Zoan+j’ kG

9
1911_)11;02‘ [ Z ntijk — } =0 uniformly in n,

7=0

o) S

=0

=0 uniformly in n,

0%00219

9 n+1
. 1 2 . .
ﬁhﬁ\nolo Z 11 Z A [Zajk - fk} =0 uniformly in n.
k i=0 7=0
LEMMA 2
For a given infinite matrix A = (ank), the followings hold:

(i) A= (ank) € (c: f) & , and [#4) hold (see [19));
(ii) A= (ank) € loo : ) & , ) and ( - ) hold (see [14)]);
(iif) A= (ank) € (f: f) & , , and (412) hold (see [1}));
(iv) A= (ank) € (f:cs) = ([@7), @3 , and (£.10) hold (see [5]);
(v) A=(ank) €(cs: f) e and hold (see [4l]);
(vi) A= (ank) € (cs: fs) & and hold (see [§)]);
(vii) A= (an) € (bs: f) < (B.F), (.6). and hold (see [0]);
(vili) A = (ank) € (bs: fs) < (3.6), ([4.5), and hold (see [6]);

(4.12)

(4.13)

(4.14)
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(ix) A= (ank) € (fs: f)< (3.6), (43). and hold (see [1]);
(x) A= (ank) € (fs: fs) < ([@5), (£6), and hold (see [7]).

If we combine Lemma (1| relations (4.1), , Theorem El and Lemma [2] we
can give two more results.

COROLLARY 3
Let us take the entmes of the matma: G gnk) instead of the entries of the matrix

A= (ank) in and ( . Then the following statements hold:
(i) A= (ank) € (f(Q(T,SJ,U)) ¢) & {anitren € {f(Q(r,s,t,u))}’ for all
n € N and , , and . hold;
(il) A = (ank) € (f(Q(r, s,t7u)) Moo) € {ank nen € {f(Q(r,s,t,u))}? for all

COROLLARY 4
Let us take the entmes of the matm’x V = (vnk) instead of the entries of the matriz

A= (ank) and ( —. Then the following statements hold:

(i) A= (ank) € (c: f(Q(r,s,t,u) ., and (4.4) hold;
(if) A= (ank) € (lo : f(Q(r,s,t, u) , and - hold;
(i) A= (ank) € (f: f(Q(r,s,t,u))) & , , and [{12)) hold;
(iv) A= (ank) € (cs: f(Q(r,s,t,u))) < | and . ) hold;
(v) A= (ank) € (bs: f(Q (rstu))@, [3-6), (43) and (413) hold;
(vi) A= (ank) € (fs: f(Q(r,s,t,u)) < B.6), (£3), (£12) and [@13) hold;
(vii) A= (ank) € (cs: fs(Q(r,s,t,u))) < . ) and ( . ) hold;
(vili) A = (ank) € (bs: fs(Q(r,s,t,u))) < (3.6), @.F), [1.6) and [@.13) hold;
(ix) A= (ank) € (f5: 5(Qr,5,t,u))) & ., ., and ([14) hold.

5. Conclusion

By remembering the definition of Quadruple band matrix, one can easily see
that Q(1,-3,3,—1) = A%, Q(r, 5,t,0) = B(r,s,t), Q(1,-2,1,0) = A2, Q(r,s,0,0)
= B(r,s) and Q(1,—1) = A, where A3, B(r,s,t), A%, B(r,s) and A are called
third order difference, triple band, second order difference, double band (general-
ized difference) and difference matrices, in turn. Also, Quadruple band matrix is
not a special case of m-th order generalized difference matrix B™ defined in [10]
and is not a special case of the weighed mean matrices. Therefore, this work fills
up a gap in the known literature.
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