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Fractional Hermite-Hadamard type integral
inequalities for functions whose modulus of the
mixed derivatives are co-ordinated s-preinvex in the
second sense

Abstract. In this paper we establish some fractional Hermite-Hadamard type
integral inequalities for functions whose modulus of the mixed derivatives are
co-ordinated s-preinvex in the second sense.

1. Introduction

Let f: I € R— R be a convex function defined on the interval I of real
numbers and let a,b € I with a < b. Then

157 < g [ sear < LT 0

The above inequality is known in the literature as the integral inequality of Hermite-
Hadamard (see [14]). It can be considered as a necessary and sufficient condition
for a function to be convex. Due to this very close relationship between the
theory of inequality and the notion of convexity, researchers have not ceased to
explore inequality via different kinds of convexity. Various generalizations, im-
provements, extensions and variants of these have appeared in the literature, see
[, 13, 16 7, [8l @) 10} [TT), 16}, [17] and references therein.

Also the classical convexity have been generalized by different way. One of the
significant one is that introduced by Hanson (see [4]), called invexity or preinvex-
ity, many authors have studied their properties and applications in mathematical
programming and optimizations, see for instance [2, 12} 13} [15, 18], 19].
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In [3], Dragomir established the bidimensional analogue of given by

f(a;b7c—2kd>

(i [ 5 e g (5 ) )
< i(bia(Lbf(x,c)dx+[lbf(x7d)dx)
([ swnass [ r0.a))

_ (0,0 + flad) + Fb,¢) + F(b,d)
< ! .

In 2014 in [I6], Sarikaya gave the following fractional Hermite-Hadamard for
co-ordinated convex functions.

THEOREM 1

Let f: A — R be a partial differentiable mapping on A = [a,b] x [c,d] C R%. If
2

|%| is a convex function on the co-ordinates on A, then one has the inequalities

‘f(a,c) + fla,d)+ f(b,c) + f(b,d) N Ta+1DI(B+1)
4 (b—a)*(d—c)?

X (S f(0,d) + TS f(be) + T, (a,d)+J§;7d,f(a,c)—A)‘

(b—a)(d—c) 321’
§4(04+1)(5+1)(’856t(’ ‘+’638t “ ‘+’858t ‘+’858tbd)),
where
A= ax((czﬁj?(ﬁf( d) + J2 f(b.d) + Ji f(a,c) + Ji_ f(b,c))
Dla+1) @)

TG (J& f(bye) + T f(byd) + T fla,c) + T f(a,d)).

THEOREM 2
Let f: A — R be a partial differentiable mapping on A = [a,b] x [c,d] C R%. If
’asat{q’ q > 1 is a convex function on the co-ordinates on A, then one has the
inequalities

’f(a,c)+f(a,d)+f(b,c)+f(b,d) 4 Dla+ DI+ 1)
4 (b— a)“(d —c)f

X (2 (b, d) + TS0y () + T fayd) + 30, flae) = 4)|
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(b—a)(d—c) (3)%
B <<ap+1><5p+1>>% 4

2
x (’gsgt (a,c

L (b, d)

7

)

where A is defined by and % + % =1.

Motivated by the above results, in this paper we establish some new fractional
Hermite-Hadamard type inequalities for functions whose modulus of the mixed
derivatives are co-ordinated s-preinvex in the second sense.

2. Preliminaries

In this section we recall some definitions and lemmas that’s well known in the
literature. We assume that A := [a,b] x [¢,d] is a bidimensional interval in R?
with a < band ¢ < d.

DEFINITION 1 ([6])
A function f: A — R is said to be co-ordinated convexr on A, if the following
inequality

flz+ 1 —tu, Ay + (1 = X)v) < tAf(z,y) + (1 — N f(z,v)
+ (1= OAf(u,y) + (1= 1)(1 = A) f(u,v)

holds for all ¢, A € [0,1] and (x,y), (x,v), (u,y), (u,v) € A.

DEFINITION 2 ([1])
A nonnegative function f: A C [0,00)? — R is said to be s-convez in the second
sense on the co-ordinates on A for some fized s € (0, 1], if the following inequality

fOz+ (1 =Nz, ty+ (1 —t)w) < XN f(z,y) + A°(1 = t)° f(z,w)
+ (A =N f(z9) + (1= N1 =1)°f(z,w),

holds for all (z,y), (z,w), (z,w), (z,y) € A and A\, ¢t € [0, 1].

DEFINITION 3 ([9])

Let K7, K3 be nonempty subsets of R, (u,v) € K; x Ko. We say K1 x Ky is invex
at (u,v) with respect to 1 and n9, if for each (z,y) € K1 x K5 and ¢, s € [0, 1], we
have

(u + tnl(%u)ﬂ} + 5772(y7U>) € Kl X KQ'

Let us recall that the set K7 x K5 is said to be an invex set with respect to n1 and
72, if K7 X K» is invex at each (u,v) € Ky x Ko.

In what follows we assume that K; X K5 be an invex set with respect to
m: Kl XK1 — R and n2: KQ XKQ—)R.
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DEFINITION 4 ([8])
A function f: K; x Ko — R is said to be preinver on the co-ordinates, if the
following inequality

flutAm (@, w), v +tna(y, v)) < (L= X1 =) f (u,0) + (1 = Nt f(u, y)
+ (1= )Af(z,v) + Atf(z,y)
holds for all ¢, A € [0,1] and (z,v), (z,v), (u,y), (u,v) € K1 x Ks.

DEFINITION 5 ([I0])
A nonnegative function f: Kj x Ky C [0,400) x [0,400) — R is said to be
s-preinvex in the second sense on co-ordinates for some fized s € (0,1], if the
following inequality
flu+ Az, u),v+tna(y,v) < (1= A)°(1—1)°f(u,v) + (1 = A)%° f(u,y)
+ (1 =t)°Nf(z,v) + Nt f(2,y)
holds for all ¢, A € [0,1] and (z,y), (z,v), (u,y), (u,v) € K1 X Ka.

DEFINITION 6 ([5])
Let f € Lla,b]. The Riemann-Liouville integrals J2, f and Ji* f of order o > 0
with a > 0 are defined by

1 x
« _ _ pa—1
J&f(x) = o) /a (x —t)*7" f(t) dt, x> a,
b
IN())
respectively, where I'(ar) = [ e~t*~!dt, is the Gamma function and JO, f(z) =
Jy-f(x) = f(z).

DEFINITION 7 ([7])

b
e f(a) = /(t—x)a’lf(t)dt, b,

Let f € L([a,b] X [¢,d]). The Riemann-Liouville integrals J; + o J;ffd_, Jf_’i+
and Jb ’ﬂd, of order o, 8 > 0 with a,c > 0, a < b and ¢ < d are defined by
T §0) = s | / — ) (d — )P f (2, y) dyde,
Tely f(b.0) // —2)* My — o) f(a,y) dyde,
Kt = s [ a0 ) v
in?d, (a,c) // (y — )’V f(x,y) dydz,

where I' is the Gamma function and

Tl o f(0,d) = T2y f(be) = )0 fla,d) = 7,2 - fla,0) = f(x,y).
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DEFINITION 8 ([16])

Let f € L([a,b] x [c,d]). The Riemann-Liouville integrals Ji* f(a,c), J& f(b,c),
Jg_f(a,c) and J& f(a,d) of order o, f > 0 with a,c > 0, a < b, and ¢ < d are
defined by

b
Jie fla,c) = ! ] / (x —a)*  f(z,c)de,

()

b

T ) = g [ (b=) fwc)
d

Ti-fae) = g5 | =" e,

d
J% f(a,d) = ﬁ / (d— ) f(ay) dy,

where I' is the Gamma function.

LemMa 1 ([I1])

2
Let f: K — R be a partially differentiable function on K, if % € L(K), then
the following equality holds

f(CL,C) + f(aac+ 772(d7 C)) + f(a + nl(bv a)7c) + f(a + 771(5» a)’c+ 772(d’ C))
4

Fla+1)T(B+1) .
T B @) ()7 o~ (erma-1 (00

+ J:f(chm(d,c))— fla+mi(b,a),c) + J((Z’fm(b,a))—’ﬁ fla,c+m2(d,c))

+ J:;J;,CJrf(a + 771(177 a)a c+ 772(d7 C)))

:771(Z’W‘”)4772(d’c)/0 /O(ta_u—t)a)()\ﬁ—(l—)\)ﬁ)

0% f
OtoOA

— A+

X (a+tni(b,a),c+ Ina(d, c)) dAdt,

where

= P(a+1) ( o

(a7 Tlarmway-F(a e 120 0)) + Tapy, .y~ 0 €)
+ J§+f(a + 771(5» a’)v c+ 772(d7 C)) + J3+f(a + 771(b7 CL), C))
s+ 1)
4(n2(d, c))?
+ J3+f(a + nl(ba a)v c+ ’r]2(d’ C)) + ‘]coirf(a? c+ 772(d7 C)))

(3)
B B
(Tictnsaen-F (@t m:a),€) + Tie 4.0~ Flar0)
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3. Main results

In what follows we assume that K = [a,a + m1(b,a)] X [¢,c + n2(d, ¢)] be an
invex subset of [0, 4+00) x [0, +0c) with respect to 11,72 where 1;,72: R? — R are
two bifunctions such that ny(b,a) > 0 and 72(d,c) > 0, and K° is the interior of
K.

THEOREM 3 )

Let f: K — R be a partially differentiable function on K°. If |%| s a co-
ordinated s-preinvex function on K with respect to n1 and ns, then the following
fractional inequality holds

fla,¢) + fla,c+n2(d, ) + f(a+ni(b,a),c) + fla+n(b,a),c+n(d,c))
4

Tla+DT(B+1) | o
Ton . @) )\ R AP )

— A+

J;f(chnz(d e))- fla+mi(b,a),c) + J(O;fm(b,a))—’ﬁ fla,c+m2(d,c))
+ I3 St mba) e+ m(d; )|

m (b’ a)772 (da C)
- 4

( L +B(a+1,s+1)>(

B 1 1
a+s+1 (B+1,s+ )>

1
—+
ﬂ+ +1

)

O]+ [5n | + 5

2
X(‘atafA( ’+‘8t8>\ atox

where A is defined as in .

8t6)\

Proof. From Lemma [I] and properties of modulus we have

fla,e) + fla, e+ ma(d; ) + fla+ m(b,a), ¢) + fla+m(b a), c+na(d, )
4

Tla+ DB +1) 4
0 () )P rmvan- (ermaan- (@)

+J+ (c+n2(dc))— fla+m(ba),c)+ J(a’fm(ba))— C+f(a,c+772(d,c))

+ Jg_ﬂ,c_;_f(a + nl(bv (L), ¢+ 772(d7 C)))’

mbana(d ) (111 (e g el 01— 08
; /O/O(|t (L= x|\ = (1= N7

(a+tm(b,a),c+ Ana(d, c)) D d\dt

— A+

“ | Dtox

mba)mde) [ a0 neyof 4 (1 )
el Y B (GEAEDRECERIEPYY

X ’ﬁ(a—i—t (b, a), c+ na(d c))D dAdt
ILON m\o, ) mn\a, .

IN
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2
Using s-preinvexity on the co-ordinates of |%|, we get

f(av C) + f(aa ¢+ 772(da C)) + f(a + 771(57, a)v C) + f(a + nl(b’ a)v c+ n2(d7 C))
4

Plae+DIB+1) o

4(11 (b, a))* (n2(d, c))P 5 ( (afm(b,a))—7(c+n2(d,c))—f(a’ ©)

+ J5 at (C+772(d o)) fla+mni(b,a),c)+ J(C:;fm(b7a))—7c+ fla,c+mn2(d,c))

— A+

+J c+f(a—i—m(b a),c+ na(d, C)))'

m (b, a)n2(d, c) // o 3
< ataA )| (@ + -

(L=XN) (1 =)%(1 - \)*) dAdt

+ %M ’// 194 (1 — 1)) (A% 4+ (1= N)P)(L — £)°\° dAdt
+ ataA ‘/A (1% + (1 — )N + (1 — NP1 — \)* dAdt
+ &m // (1= N+ (1= )ts)\sd)\dt>
2
- 1(b’a)4n2(d76)(‘aiaj;< ‘+‘8t8)\ ’—1—‘8158)\ )+‘8t8)\ )
« (/l(t"‘(l—t)s+(1—t)“+5)dt) (/ ()\5(1—)\)5+(1—/\)5+S)d)\>
0 0
a L 2 2
- b )47’2(d )O(‘“)at(?f)\( ‘Hamx ’+‘8t8>\ ’J";ta]; )
><(a+i+1+B(a+1,5+1))(m+3(6+1,3+1)),

where we have used the fact that
/Ol/ol(ta + (1= N+ (1= N1 —1)*(1 — \)* dAdt
:/1/1 t 4+ (1 =) N+ (1= N)P)(1 —t)*\* d\dt
// (t+ (1 =))W+ (1= N)t5(1 — N dXdt

// (Y + (1 —1)*) (N + (1 = NN dAdt
1

m+3(ﬂ+1,5+1)>.

= (a+8+1+3(a+1 s+1)>(

The proof is completed.



[74] Badreddine Meftah and Abdourazek Souahi

COROLLARY 1
In Theorem [3if we put s = 1, we obtain the following fractional inequality

‘f(a'7c) + f(aac+ 772(da C)) + f(a + 771(57 a)7c) + f(a + nl(b’ a)vc_'_ nZ(d’ C))

4
Tla+1)I(B+1) o8
_A ;
T 4(m1.(b, ) (12 (d, C))ﬂ( (atm (b,0))~ (et (e~ (@ €)

+ T ey~ F @+ mba), ) + TG0 o fla e+ ma(d;c))
+Je e f @t m(ba) e+ ma(d,€))|

m (b7 a)772 (d7 C) 82f
S Ao+ DB +1) (a5 e

’+|8t6>\ ‘*’am ‘+’6t6)\ (b d)D'

COROLLARY 2
In Theorem [3 if we choose n1(b,a) = na2(b,a) = b — a, we obtain the following
fractional inequality

’f(a,c)+f(a,d)+f(b,c)+f(b,d) EYERACE Y ACES)
4 4(b—a)*(d —c)P

X (50 flan ) + T2 F(b) + T fasd) + T3, [ (b, d)|

<(b—a)(d—c)( ! +B(a+1,s+1)><#+B(ﬂ+1,s+1))

- 4 a+s+1 B+s+1
2
X(’;taf)\( ‘+’8t8)\ ’+‘8t6/\ ‘+‘8t8/\ )D

Moreover if we take s =1, we get Theorem 5 from [16)].

THEOREM 4
Let f K —> R be a partially differentiable function on K°. If \ Bt9% |q , where g > 1
with * —|— = =1 1s a co-ordinated s-preinvex function on K with respect to n1 and

iy then the following fractional inequality holds

f(a’v C) + f(avc + 772(d7 C)) + f(a + 771(177 a’)a C) + f(a + nl(bv a)v c+ 772(d’ C))
4

Fla+1)T(B+1) a

(771 (b, a))a(772(d, C))ﬁ (J(afnl(b,a))*,(c+n2(d,c))*f(a/, c)

+J+ (c+n2(dc))—f(a+771(b,a)a o)+ J(a’fm(ba)),vﬁf(a,c—i—ng(d,C))

— A+

+ Jg_f_,ﬁ_f(a + nl(bv a)a c+ 772(d7 C)))’

< n1(b, a)nz(d, c)
“ (ap+1)r(Bp+1)r(s+ 1)
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2 1
X(‘%(“‘ +‘6t8)\ 2 +‘6t6'/\ |q+’8t8)\ ')’
where A is defined as in ,

Proof. From Lemma [I| properties of modulus, and Holder inequality, we have

‘f(a" C) + f(a,c—|— 772(d7 C)) + f(a + 771(1)7 a),c) + f(a + nl(baa)vc+ nQ(d’ C))

4
Tla+DDB+1) oo
~ At N (m(d )7 Tl m ) (ermataen-T(0:€)

(
+J% + (ctn2(dyc))— fla+m(ba),c)+ J(();’fm(b,a))—,ﬁ fla,c+n2(d,c))

+ J C+f(a+771(b a),c+na(d, C)))’

) w <(/01/01 e dAth " (/01/01 £ (1 — \)PP dAdty
(// pa,\pﬂdAdt) ’ + (/01/01(1 —t)P(1 /\)pﬁd)\dt>é>
) (/0 /0 '(‘ia& (@t (b, a), e+ Ans(d, c))’q d/\dt>é

b,a d,c)
_ (a;’:f £)§(5;+1 . <A/0 ‘mm a + tn1 (b, a), ¢ + Mpa(d, c))‘ d)\dt>

2
Since |%\q is co-ordinated s-preinvex, we deduce

f(a7c) +f(a7c+772(d’c)) +f(a+771( ) )+f( +771(b7a)ac+772(da0))
4

Fa+1I'(B+1) .
T ()P e v e taan= ()
flat

m(b,a),c) + ']((anl(b)a))—’c+ fla,c+mn2(d,c))

— A+

+ I et

+J% C+f(a+771(b a),c+mna(d, C)))’
nl(bﬂ a)772(d7 C) a, C _ _
(Oszr1)111(Bp+1)*1’<5”aA ‘ // e

q
— A (b,d £5X° dAdt
8ta/\ad‘//1 tAd)\dt+‘aa/\,)’/O/()

°(1 - d/\dt>

IN

8t8>\
n (b, a)nz(d, C)
(ap+1)7(Bp+1)7

=
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X(aata{\ac| +|8t8A d)|* +|8t3>\bc| +|ataxbc)| );
(s +1)2 ’

which is the desired result.

COROLLARY 3
In Theorem[]) if we put s = 1, we obtain the following fractional inequality

‘f(a’ C) + f(avc+ 772(d> C)) + f(a + 771(177 a)ac) + f(a + nl(bv a)’c+ 772(d7 C))
4

Dla+DIB+1) , og
At TN tm(d o)F Jm )= (ernta-1(0:©)

+ T2 ity - T @+ mba), )+ I50 o flase+m2(d, )

+ J:i’c+f(a + m (b7 a’)a c+ 772(d7 C)))‘

~ __ m(ba)(dc)
~ di(ap+1)7(Bp+ 1)5

< (el

(b.c)

q)%

COROLLARY 4
In Theorem |4| if we choose n1(b,a) = n2(b,a) = b — a, we obtain the following
fractional inequality

‘f(a,c) + f(a,d) + f(b,c) + f(b,d) . Fla+1DI(B+1)

4 4(b—a)*(d —c)B
X (5 flase) + T2 () + T Fa,d) + T8, [ (b, d)|
< (b —a)(d—c¢)
T (s+D)i(ap+1)r <5p+1>%
0% f N
% (‘(%8)\(& ¢ (b, <) ) :

Moreover if we take s =1, we get Theorem 6 from [16].

THEOREM 5
Under the assumptions of Theorem[f), we have the following fractional inequality

fla,c) + fla,c+n2(d,c)) + fla+m(b,a),c) + fla+ni(b,a),c+n2(d, c))
4

A+

Pla+1)I'(B+1) a
T B @) ()7 o~ (esmae-1 (00

J;yiﬂ(cﬂz(d o) fla+mi(ba),c)+ J((Z’fm(b a))—,ct fla,c+mn2(d, )
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+ T3 fla+m(bia), e+ m2(d. )| 4
< o T (B L 0+ )’
2
X(‘iaﬁ(“c‘ +‘8t8/\ of +‘8t8/\ @0 +‘8t8/\ )

Proof. From Lemma [T} properties of modulus, and Holder inequality, we have

‘fac + fla,c+ma(d ¢) + fla+m(b,a),¢) + fla+m(b,a),c+na(d, ¢))
4

Pla+ DB+ a,
4(m (b, a))*(n2(d, c))ﬁ( o) (ermata.e - (@©)

— A+ (
+ 5 + (ct+na(d,c))— fla+m(ba),c)+ J(a+771(b a)-, c+f(a,c+ n2(d, c))

+ o C+f(a+771(b a),c+na(d, C)))’

< <b><d><( /1 /1 era) + ([[a-omwa)) o
([ forva-arld l

q q
BTN (a+tn(b,a),c+ Ina(d, c))‘ d)\dt)
< mba)me(dc)

2(ap + 1) »

1

1,1 ) q .
N (/0/0 (N 4+ (1= N)P) ;af)\(a—i-tm(b,a),c—l—/\ng(d,c))‘ dAdt)

Using the following algebraic inequality (a + b)? < 2P~1(a? + bP) for a,b > 0 and
p>1, becomes

‘f(a,C) + fla,c+ma(d ¢) + fla+m(b,a),¢) + fla+m(b,a),c+ na(d, c))
4

Cla+DIB+1) | o
4(n1(b, a))*(n2(d, )P ( (afm(b’a))’7(C+n2(d’6))’ fla.c)

— A+

+ J + (cna(d, C)),f(a + 7)1(b,a), ) J(D:lfTh(b a))~, C+f(avc+ TIQ(da C))
+ Js_f_ c+f(a+771(b, a)vc+n2(da C)))‘

771(b a)nz(d, C)
21 a(ap+ 1)

X (/0/0 (A2 4 (1 — \)P9)

1

O*f q a
(a+tn(b,a),c+ Ina(d, c))‘ d)\dt>
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Now, using the s-preinvexity on the co-ordinates of | ETTIN 8)\ , gives

fla,c) + fla,c+n2(d,c)) + fla+m(b,a),c) + fla+ni(b,a),c+n2(d, c))
4

Do+ D0B+1) | o
T O o) Patmoan- (erman- (@0

— A+

+ J:+ (ct+n2(d,c) (a + 771( ) ) J(O;er(b a)—, C+f(a,c+ 772(d7 C))
+J +C+f(a+m(b a),c+m(d;c))|
771(b a)nz(d, c)

1

25(ozp—|—1)%

X ( A (@:¢) /\5‘? 1—N)® 4+ (1= NP1 —t)* ddt
Ba(1 _ Bq+sy\4s
+ (’)ta)\ /\ (1 +(1=X) )t° dAdt
+ / (NPa+s L X3(1 — NP9 (1 — t)* dAdt
Bta)\
Bq+s s B\ \Sys
+ 6t6'/\ // A + A1 = N)PNNt d)\dt)
m (b, a)n2(d, c) 1 s
= I i | BBg+1,s+1)+ ———
2q(ap—|—1)p(1+5)q< ( ) ﬁq+s+1)
0% f q
x(’atax(“ ) )

The proof is completed.

COROLLARY 5
In Theorem [3 if we put s = 1, we obtain the following fractional inequality

‘ f(aa C) + f(a7c + "72(d’ C)) + f(a + 771(57 a)a C) + f(a + nl(b7a)v c+ 772(da C))
4
Fla+1)T(B+1) B
T0n 000 (. ) P aem b~ (e =1 (4:6)
I

a+mni(b,a),c)+ J(O;’fm(b,a)),vﬁf(a,c—i—772(d, C))

— A+

+ JaJr (e+m2(d,c))—

+ Jg_f_,c+f(a + nl(bv a)a ¢+ 772(d7 C)))’

(b, a)na2(d, c)
" 20(ap+1)7(Bg + 1)

X(‘%(“‘ +‘6t8)\ ‘ +‘6t6'/\ C‘ +‘6t8)\ bd)‘q)'
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COROLLARY 6
In Theorem @ if we choose n1(b,a) = n2(b,a) = b — a, we obtain the following
fractional inequality
‘f(a,C) +fla,d)+ f(bo)+ f(bd) , Tla+DI(BE+1)
4 4(b—a)*(d —c)P

X (5 flase) + T2 () + T fasd) + T8, [ (b, d)|

(b—a)(d—c) 1 %
< B 1 )+ ————
‘2é(ap+1)é(1+s)é( Pt )+Bq+s+1)

2
(ol + o

N
x| + ‘é)ta)\ o + ‘8758)\ )"
Moreover if we take s =1, we get Theorem 6 from [16].

THEOREM 6

Under the assumptions of Theorem [f), we have the following fractional inequality

fla,e) + fla,c+n2(d,c)) + fla+m(b,a),c) + fla+n(b,a),c+n2(d,c))
4

Dla+DIB+1) |,
At G ) . c))a( e (v~ (et~ T (@:0)

+Ja (ct+na(d,e))— fla+m(ba),c)+ J((Zer(ba))— C+f(a’ac+772(dac))

I f ot m (b, a), ¢+ mald, )|

25 (b, a)n2(d, c) 1yap+1y 3 1y Bp+1y £
: (ap+1)m(5p+n12) (s+1)4 <1_(2) ) (1_(2) )

°f *f a
*(gran @] +‘ataxa D+ I5x | +’8t8)\ )
Proof. From Lemma [I] properties of modulus, and Holder inequality, we have

‘f(aa C) + f(a7c+772(d7 C)) + f(a +771(b7 CL),C) + f(a + nl(b7a)vc+ 772(da C))
4

(a4 1)I(8+1) 7
—AY 4(ny(b, a))*(n2(d, )P (T o)~ emata.en - (@)

+ J:i[?(c+n2(d7c))—f(a +m(b,a),c) + J(a+n1(b a))77c+f(a7 c+mn2(d, c))

+ J;.f_,c+f(a + 771(b7 a)a c+ 772(da C)))’

m (b, @)z (d, ) /1 /1 o2 f g :
< =27y
> 4 0 Jo ‘8ta>\(a+t771(b,a),c+)\n2(d’c))‘ d\dt

X (/Ol(t“+(1—t)“)pdt>p(/01()\5—#(1—)\)’3)’%)\);
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2(d, ) . A\
<// ‘81&6/\ a+tq (b, a), ¢ + Ana(d, C))‘ dAdt>

x( ; +(1-1)” )Pdt+/é( (lt)a)pdt)p

x ( 0 A)B)pd)\+[1()\5+(1—A)ﬂ)pd/\)p

2

1
dAdt) !

nl(bva)nz (d,c (// lata)\ (a+tni(b,a),c+ Ana2(d, c))

1 1

2 1 P E
><4</ (1—t)a”dt+/ ta”dt> (/ (1—A)5PdA+/ AﬁpdA)
0 3 0 1

%1,a2,c ap+ly 5 Bpt+1y
Srr e GIOMBUCIONS

g :
(/ / ’(‘%6)\ a+tm (b, a), c+An2<d,c))\ dAdt)

Using the s-preinvexity on the co-ordinates of | SiO% |q . 5) gives
‘f(a,c) + f(a7c+ 772(d7c>) + f(a' +771(b7a)7c) + f(a + ’71(5761)704‘ 772(617 C))
4
Lla+DI(B+1) ( a,B

B =

-
-

r
~A TG @) O, o e ()
J:+B(c+772(d c) fla+m(b,a),c) + J(O;}fm(b,a))* vc+f((l, ¢ +12(d, c))

+ I3 @t m(b,a) e+ ma(ds0)))|

—éﬁﬂiﬁ?iﬁl<b”“roef“wp

// (1—4)°(1— \)* dAdt

)SA® dAdt + ]

x ( 0N
1
15X dAdt

(’)t@)\ (’)t@)\

+‘6t8/\ ‘//tsl— d)\dt>

25 1(b,a)n2(d, ¢) 1y op+1y % 1\ Bp+1y %
_(ap+1>g(5p+n1)%<s+ 1) (1_<5) ) <1_(§> )

2
x (’gsafx(a °)

The proof is completed.
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COROLLARY 7

In Theorem [0 if we put s = 1, we obtain the following fractional inequality

‘f(a’ C) + f(a7c+772(d’ C)) + f(a Jr771(Z7v a)’c) + f(a + nl(b7a)vc+ 772(da C))
4

Tla+ DB +1) o
~ At TGN o)F (oo (b)) F(:©)

+ J% + (ctna(d,e))— f(a +m (bv a)7 C) + J(O;’fm(b’a)),vﬁf(a, c+ 772(da C))
+ J;i,&f(a + nl(bv a)a c+ 772(d7 C)))

= FF s i T <$>”“>5<1 0"

(gl )
COROLLARY 8

In Theorem [§] if we choose n1(b,a) = n2(b,a) = b — a, we obtain the following
fractional inequality

‘f(a,c)+f(a,d)+f(b,c)+f(b,d) 4 Bla+ DI +1)
4 4(b—a)*(d —c)P
X (5 flase) + T2 () + T Fasd) + T8, [ (b, d)|

(b—a)(d—c) 1\ept+ly 5 1\ Bp+1y &

= (ap+1)%(ﬂp+1)é(cs+1)% (1_<§> ) (1_(5) )
2f q %
< (|gmxt@ | +‘8t6/\ of +‘8t6/\ 0.0 +‘8t6/\ )"

Moreover if we take s = 1, we get

‘f(a,c) + f(a,d) + f(b,c) + f(b,d) . Fa+1)I(B+1)

fool +

atox " 8t8)\ )

4 4(b—a)*(d —c)B
X (5 flane) + T2 () + T Flasd) + T8 f(b,d)|

< (ap +(f)_(aﬂ)]§+ 1)223_2 (1 _ (%)O‘P-I-l);(l B (%)Bp—&-l);
2 5 l
“(gmr@ ol + s o] + ‘atm ol +‘8t6/\ o)’
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