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New results for almost increasing sequences

Abstract. In the present paper, two theorems of absolute summability have
been proved by using the definition of almost increasing sequence.

1. Introduction

Let > a, be a given infinite series with its partial sums (s,). Let (v,) be
a sequence of positive real numbers. The series )" a, is said to be summable
© = |N,pn; 8|k, k> 1and § > 0, if (see [14])

0o
Ok+k—1 k
Z@n |/yn_lyn71| < 00,

n=1

where (p,,) is a sequence of positive numbers such that

n
Pn:va—>oo as n — oo, (P_i=p_;=0,i>1),
v=0

and the sequence-to-sequence transformation

1 n
Tn = Fn vgopvsv

defines the sequence (7, ) of the Riesz mean of the sequence (s, ), generated by the
sequence of coefficients (p,) (see [7]).
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For ¢, = %, © — |N,pp; 6|, summability reduces to | N, p,;d|; summability
(see [3]). Also, for 6 = 0 and ¢, = %, © — |N, pn; 8|x summability reduces to

IN, p, |, summability (see [2]). Some different applications of absolute summability

can be find in [4, 5} 6, 8, 9, 10, 1T}, 12, 13} 14} 15, 16, 17].

A positive sequence (d,,) is said to be almost increasing if there is a positive
increasing sequence (¢,,) and two positive constants M and N such that

Mc, <dp, < Nc,

(see [1I). In [I0], the following theorems of absolute summability have been proved
by means of this sequence.

THEOREM 1 ([I0])
Let (X,,) be an almost increasing sequence and let there be sequences (8y,) and (A,)
such that

| AN < B, (1)
Bn—0 as n— oo, (2)
> nlABLI X, < o, (3)
n=1
A X =0(1) as n— oo, 4)
where AN, = Ay, — Apg1. If
- ‘3v|k
Z Xn) as m— oo,
v=1
zn: Pv k
—|s|" =0(X,) as n— oo, (5)
v=1""

then the series . apA, is summable |N,py|x, k> 1.

THEOREM 2 ([10])
Let (X,,) be an almost increasing sequence. If conditions 7, of Theorem
[@ and conditions

> PuXu|AB| < o0, (6)

n=1

m k
X -

Xm) as m— oo,

are satisfied, then the series Y an\, is summable [N, py|r, k> 1.
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2. Main Results

In this section, two general theorems will be proved.

THEOREM 3
Let (X,,) be an almost increasing sequence and pn,p, = O(P,). If conditions
. 4) of Theorem. and
ZQO 7|5v|k (Xn) as n— oo, (7)
ng‘”“ Ys,F = 0(X,) as n— oo, (8)
m—+1 1
Zgo‘skl —O(‘”f ) as m — oo, 9)
n=ov+1 n 1 Pv

are satisfied, then the series Y anA, is summable ¢ — |N,p,;dlx, k > 1 and
0<8<1/k.

THEOREM 4

Let (X,,) be an almost increasing sequence and on,p, = O(P,). If conditions
@ . @ ®-E and

ok |sal” _

Zgon 2 =0(X,) as m — oo, (10)

are satisfied, then the series > ap)\, is summable ¢ — |N,pn;6|, k > 1 and
0<d<1/k.

For § =0 and ¢,, = 1%’ Theorem |3| and Theorem {| reduce to Theorem |1} and
Theorem [2] respectively.

LemMmA 1 ([I0])
If (X,,) is an almost increasing sequence, then under conditions f, we have

nXpBn =0(1) as n— oo, (11)
> BuXn < 0. (12)
n=1

LEMMA 2 ([I0])
If (X,,) is an almost increasing sequence, then under conditions and @, we
have

P, Xn5,=0(1) as n— oo, (13)

> P Xnfn < 0. (14)
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Proof of Theorem[3 Let (I,,) be the sequence of (N, p,,) mean of the series > a,\,,
Then, we have

n

72]91)2011“ r = Z(P P’U 1)(11))\1)

v=0 n v=0

For n > 1, we get

Pn
I,—1I, 1= P,_1a,\,.
! PnPn—l ; 1

From Abel’s transformation, we obtain

In—1 nZlA M) 5, 4 Prinn
n nl—PPnlvl vl v Pn

n—1

- P,s,A
. 5 Pn X vasv)\ +P P ; 0 Su ANy

= in,1 + In,2 + In,3~

In order to prove that 3" a,\, is summable ¢ — |N,p,; 6|k, we will show

o0
Z PR TR P <00 forr=1,2,3.

n=1

First, using condition and the fact that (X,,) is an almost increasing sequence,
we obtain [\,|[¥~1 = O(1). Moreover, using the fact that ¢, p, = O(P,), we have

Z(p6k+k 1‘In,1|k Z<p5k 1|>\n‘|5n‘k

By Abel’s transformation,

m
Sk+k—1
D @Ok
n=1

,_.

m— n

F=0() Y A @ s F o IAmIZWC Hsnl®

r=1

il
,‘_.»—l

=0(1) BnXn + O A\n| X =O(1) as m — oo,

n

by virtue of (| . . and (| .

Now, by means of Holder s inequality, using the fact that ¢,p, = O(F,) and
conditions ([4)) and (9)), we get

Il
-

m+1 mtl 1 — §
Z PR o = 0(1) Y @flk_lpTl < va|3v||)\v|)
n=2 n-— v=1

m+1

n—1 n—1 k—1
4 1 1
:O(l) (Pik 172pv‘)‘v|k|5v‘k 72271;
Pn—l v—1 Pn—l v—1

n=2
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m+1

vap\ ||5v|k Z @ék 17

n=v+1 n—l

1) Z@gk_1|/\u||8v\k =0(1) as m — oo,

asin I, 1.

Finally, again using the fact that ¢, p, = O(P,), Holder’s inequality and condition
, we obtain

m—+1 m—+1 1 n—1 1 n—1 k—1
> A = 0 3 2 S Pl (e 3 Pt
n=2 n—l v=1 n=1.,2
Here, yields
m+1 m—+1
Z@ékJrk 1|In,3|k ZP ‘5v| ﬂv Z (pék 1 -
n=v+1 n 1
Now, from @D, we get
sy Sk+k—1 k 5k |3v\
Z P 73] 0(1)2 vy ——
v=1
Then,
m—+1 m—1 v
Z ¢6k+k 1|I Z A vﬁv)Z@ *|sr‘k +0(1 mﬂmZSQ ‘3v|k
n=2 v=1 r=1 v=1
m—1
=0(1) > v|AB|X, +0(1 Z BuXy + O(1)mBpn X
v=1 v=1

=0(1) as m — oo,
by using Abel’s transformation, , , and . Therefore, the proof of
Theorem [3] is completed.

Proof of Theorem[j) For r =1 and r = 2, the proof of Theorem [4 as in the proof
of Theorem [3] Thus, they can be omitted. Now, we will show

Z(pzskJrk 1|In,r|k < 00

n=1

only for r = 3, by using the hypotheses of Theorem [f] Lemma [I] and Lemma [2]
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For r = 3, we get

m+1 m41 -1
Sk+k—1 E_ Sk—1
nz::Q gpn ‘In73| - 0(1) nz:; <)0n P B ZP |S'U| BU( ZPU/B’U>
m—+1
zmm B> I
n=v+1
Here, from @, we get
= Sk+k—1 k - 5k |Sv|k
Z Pn TP Lo 3 :O(l)ZQ% Py By P
n=2 v=1 v
Thus, we have
= Sk+k—1 k =y 6k| r| - 5k\5v|k
Z (2% |I 3| Z A Uﬂv Z (I)Pm/@mvzzl<PU ?’U
m—1 m—1
(1) D PofABIXy +0(1) D puBuXy + O(1) P B Xom
v=1 v=1

=0(1) as m — oo,

by using Abel’s transformation, , @, and . Hence, the proof of
Theorem [4] is completed.
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