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Abstract. To date, many identities of different quaternions, including the
Fibonacci and Lucas quaternions, have been investigated. In this study, we
present Gelin-Cesaro identities for Fibonacci and Lucas quaternions. The
identities are a worthy addition to the literature. Moreover, we give Catalan’s
identity for the Lucas quaternions.

1. Introduction

Sir W. R. Hamilton introduced quaternions as an expansion of complex num-
bers into higher spatial dimensions. The set of real quaternions is denoted by H
in honour of its discoverer and is defined as

H={¢=q+q¢: ¢§=qi+qj+qgk and q,q,q.q € R},
where i, j and k are basis vectors with the multiplication rule

Note that qq is called the scalar part of ¢, whereas § is its vector part.

Quaternions have been extensively investigated, because they have very im-
portant features. Horadam [I] presented one of the most interesting investigations
and defined the Fibonacci and Lucas quaternions, respectively, by

Qn =F, +Fn+1i+Fn+2j+Fn+3k (2)

and
Kn = Ln —+ Ln+1i —+ Ln+2j + Ln+3k~ (3)
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Here, F,, and L,, are the n-th Fibonacci and Lucas numbers, respectively, in the
following forms

Fo=0, FA=1 and F,1=F,+F, forn >0 (4)

and
Lo=2, Lh1=1 and Lpy1=L,+ L, for n > 0. (5)

Note that equations and satisfy the recurrence relations

Qni1 = Qn+ Qn-1 for n >0

and
Kny1=K,+ K, for n > 0.

In addition, Binet’s formulae of the Fibonacci and Lucas quaternions are respec-
tively [5], )
aa™ — ﬁﬁn

Qu=""0"3
and 3

K, = aa™ + pBp",
where « is the golden ratio, 8 = —a~!, @ = 1 + ai+ o?j + o’k and B=1+ Bi+
B%j + B3k. In [7], Iyer presented some remarkable results regarding the Fibonacci
quaternions.

Inspired by the definition given by Horadam [I], many important general-
izations of the Fibonacci quaternions have been defined by employing different
generalizations of the usual Fibonacci numbers. For example, Ramirez [3] gave
a new generalization of associated with the k-Fibonacci numbers introduced
by Falcén and Plaza [2] as follows

Dk,n = Fk:,n + Fk,n+1i + Fk,n+2j + Fk,n+3ka
where Fj, ,, is n-th term of the k-th Fibonacci sequence defined by
Fk,O =0, Fk,l =1 and Fk,nJrl = ka,n + Fkynfl for n > 0.

Ramirez also anticipated a formula related to Catalan’s identity for the k-Fibonacci
quaternions. However, Polath and Kesim [4] showed that Ramirez’s conjecture was
incorrect, and then the authors proved the following Catalan’s identity

Din—rDiir — Din® = (=) ""Y(2F} . Dy, — Ly, 2 Fy 00k), (6)

where Ly o is the second term of the k-th Lucas sequence, which was defined by
Falcén [§] as follows

Lk,O =2, Lk,l =k and Lk,n+1 = kLk,n + Lk’nfl for n > 0.

For more detailed information on the generalizations of the Fibonacci quaternions,
the references in [I0] [II] can be seen.
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Today, there are many multiplicative identities for the usual Fibonacci num-
bers. Two of their most famous are Catalan’s and Gelin-Cesaro identities. Within
the scope of the theory of quaternions, we update the notation introduced by
Fairgrieve and Gould [9] to the Fibonacci quaternions in the form of

Pn = Pn(aiabiaT) = HQnJrai - HQn+bi>
i=1 i=1

where 7 > 1, a; and b; are any integers. It is called Product Difference Fibonacci
Quaternion Identity (PDFQI) of order r. Depending on the choice of r, a;, b; and
n, PDFQI reduces to some multiplicative formulae investigated by Iyer [6]. Note
that it can be very difficult to calculate multiplicative identities for the Fibonacci
quaternions because the set of quaternions is non-commutative.

Based on the current literature, it is clear that the statements, that is Catalan’s
and Gelin-Cesaro identities, involving the difference of second- and fourth-order
products for the Fibonacci and Lucas quaternions have yet to be studied. To fill
this gap, in this paper, we present two important properties for the Fibonacci and
Lucas quaternions, which are the Gelin-Cesaro identities, followed by Catalan’s
identity for the Lucas quaternions.

2. Main Results

Here, we present the results of our investigation.
LEMMA 1
Let p and q be any quaternions. Then, we obtain
pg=ap+2pxq (7)
and
p* = 2pop — [N (p))%, (8)

where N (p) is the norm of p, and the symbol “x” denotes the cross product over

the set of H.
Proof. The proof is immediate by employing the multiplication rule in .

LEMMA 2
Let n and r be any integers. Then, we have

L2n+r = 5FnFn+T + (—].)nLr
Proof. By Binet’s formulae of the Fibonacci and Lucas numbers, we can write

an _ ﬁn a7l+7' _ ﬁn-{-r anan—i-r _ anﬁn—i—r _ 6nan+r + 5nﬂn+r
FnFn+r - -

a—pf a—pf 5
a4 BT g B (o + BT
B 5
_ Lonyr — (-1)"L,
5

Thus, we complete the proof.
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We present the fundamental results of this study below.

THEOREM 3
Let Q,, be any Fibonacci quaternion. For any positive integer n, we have

QTL—QQTL—lQn-’rlQTL-‘rQ - Qn4 =1 + 4[(_1)n_1Fn—1(Fn+3Al - 3Fn+4)\2) + A?:];
where
M =i—5j—4k, Xy =1i+2j—3k A3=3—14i— 195+ 12k. (9)

Proof. Substituting & = 1 into @, we obtain Catalan’s identity for the usual
Fibonacci quaternions as follows

Qn—rQn—H’ - Qn2 = (*1)nir+1(2FrQr - 3F2rk)

Hence, for r = 1 and r = 2, respectively, we obtain (see Halici [5]),
Qu-1Qn41 = Qn” + (=1)"(2Q1 - 3k) (10)
and
Qn—2Qn+2 = Qn2 + (_1)n_1(2Q2 - 9k)
Therefore,
Qn—lQn+1Qn—2Qn+2
= [Qn” + (=1)"(2Q1 = 3K)][Qn” + (=1)" ' (2Q2 — 9K)].

Now we consider both sides of equation separately. Using we obtain

(11)

Qn-1Qn11Qn—2Qnt2 = Qn-2Qn-1Qn+1Qnt2 + 2(Qx X Qn_2)Qn+2,
where Q. = Qn—1Qn+1. With the aid of and we get
Qu = 2F,Qn — N(Qn)* + (—1)"(2Q1 — 3K).
Hence, we obtain

anlQnJrlanQQnJ&
= Qn72Qn71Qn+lQn+2 (12)
+2(2F,0n X Qp_o + (=1)"(2i + 4j + 3K) X Qn—2)Qno-

Considering the definition of the cross product, we can write

Qn X Qno=(-1)"(i+j—k)

and
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Substituting the last statements into and making some mathematical arrange-
ments, we obtain

Qn-1Qn+1Qn—2Qn+2
= Qn—2Qn—1 Qn-i—lQn-i—Q (13)
+2(=1)"((3F 41+ Fro1)i+ From1j —4F, 1K) Qppa.

Now we consider the right-hand side of . We get
[@n® + (—=1)"(2Q1 = 3K)][Qn° + (=1)" " (2Q2 — 9K)]
= Qn" + (=1)"(2Q1 = 3K)Qn” + Qn*(—1)" 1 (2Q2 — 9k)
+(=1)"(2Q1 — 3K)(-1)" " (2Q2 — 9k) (14)
= Q"+ (—1)"[(2Q1 = 3K)Qx” — Q2 (2Q2 — 9K)]
—(2Q1 — 3k)(2Q2 — 9k).
From and , we can write

Qn—?Qn—lQn+1Qn+2 - Qn4
= (71)77,[72((31_7”4_1 + Fn—l)i + Fn—lj - 4Fn—1k)Qn+2
+(2Q1 — 3K)Q,% — Q,2(2Q2 — 9Kk)] + 31 + 2i — 30j — 4k.

We let A denote the term in brackets. After the use of and very extensive
mathematical operations, we obtain

A= —2[9(F, 1Fp1 — F.?) + (15F, 1> + 5F, 1 F, — 29F,%)i
— (33F,_1%> 4+ 67F,_1F, 4 23F,?)j (15)
+ 2(6F, 12 + 20F, 1 F, + 13F,*)k].
Recall that Cassini’s identity for the usual Fibonacci number is
Fy 1 Fpy — F,% = (-1)". (16)
Considering equations and 7 we can rearrange in the following form

A= —2F, 1[(156F,_1 + 5F, — 29F,41)i — (33F,_1 + 67F, + 23F,11)j
+2(6F,_1 + 20F, + 13F,,1)k] + 2(—1)"(9 + 29i + 23j — 26k).

Applying the recurrence relation in to the last equation, we complete the
proof.

The next theorem presents Catalan’s identity of Lucas quaternions.

THEOREM 4
Let n and r be any integers. Then, we have

Kp +Knir — K,2 =5(-1)"""F,[2Q, — 3L,.K).
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Proof. By Binet’s formula of the Lucas quaternions, we can write
Kpr K yr = K = (@0"™" + B8"77)(Ga™*" + 55"
— (aa™ + BB")(Ga"™ + BB")
=" "B TABRY + Bac® — o BT (af + Ba)).
In addition, the following equations can be proved
aB=2B8+3V5k and Ba=2a— 3V5k.
Hence, we can write
Kp v Kpyr — K2
= (=1)""[(28 + 3V/5k) 5% + (2a — 3v/5k)a?
— (—=1)"(26 + 3v/5k + 2& — 3v/5k)]
= (~1)"""[2(a0® + §B%) = 3V5(a” — 57 )k — 2(=1)" (5 + )]
= (—=1)"""[2K2, — 15Fp,.k — 2(—1)"Ky).
By Lemma 2]
Ko = Loy + Lopt1i + Lort2j + Lor13k
= 5F.(F + Frqi+ Fryoj + Frqsk) + (=1)"(Lo + Lii + L2j + Lsk)
=5FQr + (—1)"Ko.
As a result, we get
Kn rKpir — 1)" " [2K5, — 15F5,k — 2(—1)" K]
)" "[10F,Q, +2(—1)" Ky — 15F5k — 2(~1)" Ko
(—1)""[2F,Qp — 3F, LK
F(=1)"""[2Q, — 3L, X],

= (=
(=
5
5

and the result follows.

Note that for » = 1 in Theorem [4 we obtain the following result, which is
Cassini’s identity of the Lucas quaternions.

COROLLARY 5
Let n be any integer. Then we have

K 1K1 — K2 =5(-1)""12Q; — 3k]. (17)
Now we present the Gelin-Cesaro identity of the Lucas quaternions.

THEOREM 6
Let n be any positive integer. Then, the following equation is satisfied

Kp oKp 1Kny1Knyo — Kp* =25+ 20[(=1)" Ly 1(Lnish — 3Lnya)2) + 53],
where \1, Ay and A3 were defined in @
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Proof. To prove Theorem [6 we proceed like in Theorem [3] First, we substitute
r = 2 in Theorem [ to obtain
Kn oKnio — K2 =5(—1)"[2Q2 — 9K]. (18)
Considering and , we can write
Ky 1 Knp1 Ky 2Kyyo
= [K,? +5(=1)""'[2Q1 — 3K]J[K,” + 5(~1)"[2Q2 — 9K]].
We will compute both sides of separately and start with the left-hand side.
Using @, and , we obtain
Ky 1 Kni1Kp—oKni2 = Ko Kn 1 Kni1 K40

+2(2L, Ky X Kp_g +5(—1)"" (20 4 4j + 3k) x Kp,_2) K.

(19)

(20)

Applying the definition of the cross product to , we have

Kpx Kp_o=5(-1)""Yi+j—k)
and

(244§ +3k) x Ko = (L +4Ly_1)i — 2Ly — Ly_1)j + (2L, — 4L, k.
As a result, we obtain
Ky 1 Knp1 Ky 2Knyo =Ky oK 1K1K, 12
+10(=1)""Y(38Lpy1 + Ly1)i+ Lyp_1j — 4L, 1K) K, 1o.
Expanding the right-hand side of yields

(21)

[K,24+5(—1)"""[2Q1 — 3K]|[K,2 + 5(—1)"[2Q2 — 9K]]
=K,  +5(-1)"(K,*(2+4i+ 6] + k) — (2+2i +4j + 3k)K,,%)  (22)
+ 25(31 + 2i — 30j — 4k).
If we combine and and use , we obtain
Kp oKy 1 Kpi1 Ko — K,* = 5(—1)"V + 25(31 + 2i — 30j — 4k),
where
V =2[9(Ly_1Lny1 — Ln?) + (150, 12 + 5L, 1L, — 29L,,%)i
—(33L,1* +67L,, 1L, +23L,%)j + 2(6L,,_1* + 20L,,_1 L,, + 13L,,*)k].
Using the Cassini’s identity of Lucas numbers given by
Ln? = Ly 1Ly =5(-1)",
we can write
V =2L,,_1[(15Ly—1 + 5Ly, — 29Lp,41)i — (33Ly—1 + 67L,, + 23L,,41)j (23)
+2(6Ly;—1 4 20L,, + 13L,41)k] + 10(—1)"(9 + 29i + 23j — 26k).

Applying into with some algebraic arrangements, we complete the proof.
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