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equations via Hadamard derivative

Abstract. We study the existence of solutions for random system of frac-
tional differential equations with boundary nonlocal initial conditions. Our
approach is based on random fixed point principles of Schaefer and Perov,
combined with a vector approach that uses matrices that converge to zero.
We prove existence and uniqueness results for these systems. Some examples
are presented to illustrate the theory.

1. Introduction

In the previous few decades non-integer order differential and integral equa-
tions were given much attention. Because fractional differential equations rise up
certainly in various fields and have been applied in physics, chemistry, biology and
engineering and has emerged as an important area of investigation in the last few
decades. For some fundamental results in the theory of fractional calculus and
fractional differential equations see [1, 4, 7, 13, 14, 15].

Random differential equations, as natural extensions of deterministic ones,
arise in many applications and have been investigated by many mathematicians.
We refer the reader to the monographs [5, 12, 25]. The initial value problems
for fractional differential equations with random parameters have been studied
by Lupulescu and Ntouyas [16]. The basic tool in the study of the problems for
random fractional differential equations is to treat it as a fractional differential
equation in some appropriate Banach space.
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In [17] authors proved the existence of results for a random fractional equation
under a Carathéodory condition. In this paper, we consider the systems of random
fractional differential equations with boundary conditions in the following form:

Dα(Dβ + λ1)x(t, ω) = f(t, x(t, ω), y(t, ω), ω)

Dγ(Dσ + λ2)y(t, ω) = g(t, x(t, ω), y(t, ω), ω)
m∑
i=1

θiI
µix(ηi, ω) =

n∑
j=1

φjI
γjx(ξj , ω)

p∑
k=1

εkI
ςkx(ψk, ω) =

q∑
l=1

νlI
τlx(ϕl, ω)

m∑
i=1

θiI
µiy(ηi, ω) =

n∑
j=1

φjI
γjy(ξj , ω)

p∑
k=1

εkI
ςky(ψk, ω) =

q∑
l=1

νlI
τly(ϕl, ω)

(1)

where Dρ denotes the Hadamard Caputo-type fractional derivative of order
ρ, ρ ∈ {α, β, γ, σ} with 0 < α, β, γ, σ < 1, 1 < α + β < 2, 1 < γ + σ < 2,
λ1, λ2 are given constants, Ir is the Hadamard fractional integral of order r > 0,
r ∈ {µi, γj , ςk, τl, µi, γj , ςk, τl} the constants ηi, ξj , ψk, ϕl, ηi, ξj , ψk, ϕl ∈ (1, e) and
θi, φj , εk, νl, θi, φj , εk, νl ∈ R for all i = 1, 2, . . . ,m, j = 1, 2, . . . , n, k = 1, 2, . . . , p,
l = 1, 2, . . . , q and f, g : [1, e]×Rm×Rm×Ω→ Rm, (Ω,A) is a measurable space.

In 2008, Precup [22] proved the role of matrix convergence in the study of
semilinear operator systems. Recently, many authors studied the existence of
solutions for systems of differential equations and fractional differential equations
and inclusions by using vector version of fixed point theorems; see [2, 3, 6, 9, 20,
18, 19] and the references therein.

The paper is organized as follows. In Sections 2 and 3, we set up the appropri-
ate framework on random processes and random fixed point theorems and some
fixed point theorems. In Section 4 we give one of our main existence results for
solutions and compactness of solutions sets of the problem (1), with the proofs
based on recent random fixed point theorems.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper.

Let (Ω̃,F) be a measurable space; that is, a set Ω̃ with a σ-algebra of subsets
of Ω̃. A probability measure P is a measure on with P(Ω) = 1. Then (Ω,F ,P) is
called a probability space. In the following, assume that (Ω̃,F ,P) is a complete
probability space. Let X be a metric space, B(X) will be the σ-algebra of all
Borel subsets of X. A measurable function x : Ω̃→ X is called a random element
in X. A random element in X is called a random variable.

Let X,Y be two locally compact, metric spaces and f : Ω̃ × X → Y . By
C(X,Y ) we denote the space of continuous functions from X into Y endowed
with the compact-open topology.
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Definition 2.1 ([10])
For at least n-times differentiable function y : [1,∞)→ R, the Caputo-type Hada-
mard derivative of fractional order α is defined as

Dαy(t) = 1
Γ(n− α)

∫ t

1

(
log t

s

)n−α−1
δny(s) s

ds
, n− 1 < α < n, n = [α] + 1,

where δ = t ddt , [α] denotes the integer part of the real number α and log(·) = loge(·)

Definition 2.2 ([11])
The Hadamard fractional integral of order α for a function y is defined as

Iαy(t) = 1
Γ(α)

∫ t

1

(
log t

s

)α−1 y(s)
s
ds, α > 0,

provided the integral exists.

Lemma 2.3 ([10])
Let u ∈ ACnδ [a, b] or Cnδ [a, b] and α ∈ C, where Xn

δ [a, b] = {f : [a, b] → C :
δ(n−1)f(t) ∈ X[a, b]}. Then, we have

Iα(Dα)u(t) = u(t)−
n−1∑
k=0

ck(log t)k,

where ci ∈ R, i = 1, 2, . . . , n− 1 (n = [α] + 1).

For convenience, we set constants

Ω1 =
m∑
i=1

θi
(log ηi)µi

Γ(µi + 1)−
n∑
j=1

φj
(log ξj)γj

Γ(γj + 1) ,

Ω2 =
m∑
i=1

θi
(log ηi)β+µi

Γ(β + µi + 1)−
n∑
j=1

φj
(log ξj)β+γj

Γ(β + γj + 1) ,

Ω3 =
p∑
k=1

εk
(logψk)ςk

Γ(ςk + 1)−
q∑
l=1

νl
(logϕl)τl

Γ(τl + 1) ,

Ω4 =
p∑
k=1

εk
(logψk)β+ςk

Γ(β + ςk + 1)−
q∑
l=1

νl
(logϕl)β+τl

Γ(β + τl + 1)

and
Ω = Ω1Ω4 − Ω2Ω3.

Similarly, we set

Ω1 =
m∑
i=1

θi
(log ηi)µi

Γ(µi + 1)−
n∑
j=1

φj
(log ξj)γj

Γ(γj + 1) ,
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Ω2 =
m∑
i=1

θi
(log ηi)σ+µi

Γ(σ + µi + 1)−
n∑
j=1

φj
(log ξj)σ+γj

Γ(σ + γj + 1) ,

Ω3 =
p∑
k=1

εk
(logψk)ςk

Γ(ςk + 1)−
q∑
l=1

νl
(logϕl)τl

Γ(τl + 1) ,

Ω4 =
p∑
k=1

εk
(logψk)σ+ςk

Γ(σ + ςk + 1)−
q∑
l=1

νl
(logϕl)σ+τl

Γ(σ + τl + 1)

and
Ω = Ω1Ω4 − Ω2Ω3.

Lemma 2.4 ([21])
f is a Carathéodory function if and only if ω → r(ω)(·) = f(ω, ·) is a measurable
function from Ω̃ to C(X,Y ).

Proposition 2.1
If f : [1, e] × Ω̃ → Rm is a Carathéodory function, then the function (t, ω) 7→
Iαf(t, ω) is also a Carathéodory function.

Proof. Clear that Iα : C([1, e],Rm) → Rm is a continuous operator, let L : Ω →
C([1, e],Rm) be defined by L(ω)(·) = f(·, ω). From Lemma 2.4, L(·) is measurable.
Then the operator ω → (Iα ◦ L)(ω)(·) is measurable. The function t 7→ Iαf(t, ω)
is a continuous function. Hence (t, ω) 7→ Iαf(t, ω) is a Carathéodory function.

Lemma 2.5 ([24])
Let Ω̃ 6= 0, 0 < α, β ≤ 1, 1 < α + β ≤ 2, λ1 is a given constant, µi, γj , ςk, τl > 0,
ηi, ξj , ψk, ϕl ∈ (1, e) and θi, φj , εk, νl ∈ R for i = 1, 2, . . . ,m, j = 1, 2, . . . , n,
k = 1, 2, . . . , p and l = 1, 2, . . . , q. Then the problem

Dα(Dβ + λ1)x(t, ω) = f(t, x(t, ω), y(t, ω), ω)
m∑
i=1

θiI
µix(ηi, ω) =

n∑
j=1

φjI
γjx(ξj , ω)

p∑
k=1

εkI
ςkx(ψk, ω) =

q∑
l=1

νlI
τlx(ϕl, ω)

has a unique solution given by

x(t) = 1
Ω

[(
Ω4 −

(log t)β

Γ (β + 1)Ω3

)

×
( n∑
j=1

φj [Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω), ω)− λ1I
β+γjx(ξj , ω)]

−
m∑
i=1

θi[Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω), ω)− λ1I
β+µix(ηi, ω)]

)
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+
(

(log t)β

Γ (β + 1)Ω1 − Ω2

)

×
( q∑

l=1
υl[Iα+β+τlf(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ1I

β+τlx(ϕl, ω)]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, x(ψk, ω), y(ψk, ω), ω)− λ1I
β+ςkx(ψk, ω)]

)]
+ Iα+βf(t, x(t, ω), y(t, ω), ω)− λ1I

βx(t, ω).

Similarly, let Ω 6= 0,0 < γ, σ ≤ 1, 1 < γ + σ ≤ 2, λ2 is a given constant,
µi, γj , ςk, τl > 0, ηi, ξj , ψk, ϕl ∈ (1, e) and θi, φj , εk, νl ∈ R for i = 1, 2, . . . ,m,
j = 1, 2, . . . , n, k = 1, 2, . . . , p and l = 1, 2, . . . , q. Then the problem



Dγ(Dσ + λ2)y(t, ω) = g(t, x(t, ω), y(t, ω), ω)
m∑
i=1

θiI
µiy(ηi, ω) =

n∑
j=1

φjI
γjy(ξj , ω)

p∑
k=1

εkI
ςky(ψk, ω) =

q∑
l=1

νlI
τly(ϕl, ω)

has a unique solution given by

y(t) = 1
Ω

[(
Ω4 −

(log t)σ

Γ (σ + 1)Ω3

)

×
( n∑
j=1

φj [Iγ+σ+γjg(ξj , x(ξj , ω), y(ξj , ω), ω)− λ2I
σ+γjy(ξj , ω)]

−
m∑
i=1

θi[Iγ+σ+µig(ηi, x(ηi, ω), y(ηi, ω), ω)− λ2I
σ+µiy(ηi, ω)]

)

+
(

(log t)σ

Γ (σ + 1)Ω1 − Ω2

)

×
( q∑

l=1
υl[Iγ+σ+τlg(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ2I

σ+τly(ϕl, ω)]

−
p∑
k=1

εk[Iγ+σ+ςkg(ψk, x(ψk, ω), y(ψk, ω), ω)− λ2I
σ+ςky(ψk, ω)]

)]
+ Iγ+σg(t, x(t, ω), y(t, ω), ω)− λ2I

σy(t, ω)
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3. Fixed point theorems

Definition 3.1
A random operator T : Ω̃×X → X is said to be continuous at x0 ∈ X if

lim
n→∞

‖xn − x0‖ = 0 implies lim
n→∞

‖T (ω, xn)− T (ω, x)‖ = 0 a.s.

Definition 3.2
A square matrix of real numbers is said to be convergent to zero if and only if its
spectral radius ρ(M) is strictly less than 1. In other words, all the eigenvalues of
M are in the open unit disc.
Theorem 3.3 ([26], pages 12, 88)
Let M ∈Mn×n(R+). The following assertions are equivalent:

(i) M is convergent towards zero;
(ii) Mk → 0 as k →∞;
(iii) The matrix (I −M) is nonsingular and

(I −M)−1 = I +M +M2 + . . .+Mk + . . . ;

(iv) The matrix (I−M) is nonsingular and (I−M)−1 has nonnegative elements.
Theorem 3.4 ([23])
Let (Ω̃,F , µ) be a probability space, X be a real separable generalized Banach space
and T : Ω̃×X → X be a continuous random operator. Let M(ω) ∈Mn×n(R+) be
a random variable matric such that M(ω) converge to 0 a.s. and

d(T (ω, x1), T (ω, x2)) ≤M(ω)d(x1, x2) for each x1, x2 ∈ X,ω ∈ Ω̃.

Then there exists a random variable and x : Ω̃ → X which is the unique random
fixed point of T .
Theorem 3.5 ([23])
Let (Ω̃,F) be a measurable space, X be a real separable generalized Banach space
and T : Ω̃×X → X be a continuous random operator and let M(ω) ∈Mn×n(R+)
be a random variable matrix such that for every ω ∈ Ω̃ the matrix M(ω) converge
to 0 a.s.,

d(T (ω, x1), T (ω, x2)) ≤M(ω)d(x1, x2) for each x1, x2 ∈ X,ω ∈ Ω̃.

Then there exists a random variable and x : Ω̃ → X which is the unique random
fixed point of T .
Theorem 3.6 ([8, 23])
Let X be a real separable generalized Banach space and T : Ω̃×X → X be a com-
pletely continuous random operator. Then, either of the following holds

(i) The random equation T (ω, x) = x has a random solution, i.e. there is
a measurable function x : Ω̃→ X such that T (ω, x(ω)) = x(ω) for all ω ∈ Ω̃,

(ii) The set M = {x : Ω̃ → X is measurable λ(ω)T (ω, x) = x} is unbounded
for some measurable λ : Ω̃→ X with 0 < λ(ω) < 1 on Ω̃.
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4. Existence and Uniqueness

Let us set the constants

Λ1(u) = 1
|Ω|

[(
|Ω4|+

|Ω3|
Γ (β + 1)

)
×
( n∑
j=1
|φj |

(log ξj)u+β+γj

Γ (u+ β + γj + 1)+
m∑
i=1
|θi|

(log ηi)u+β+µi

Γ (u+ β + µi + 1)

)

+
( |Ω1|
Γ (β + 1) + |Ω2|

)
×
( q∑

l=1
|υl|

(logϕl)u+β+τl

Γ (u+ β + τl + 1)+
p∑
k=1
|εk|

(logψk)u+β+ςk

Γ (u+ β + ςk + 1)

)]

+ 1
Γ (u+ β + 1)

and

Λ2(u) = 1
|Ω|

[(
|Ω4|+

|Ω3|
Γ (σ + 1)

)
×
( n∑
j=1
|φj |

(log ξj)u+σ+γj

Γ (u+ σ + γj + 1)+
m∑
i=1
|θi|

(log ηi)u+σ+µi

Γ (u+ σ + µi + 1)

)

+
( |Ω1|
Γ (σ + 1) + |Ω2|

)
×
( q∑

l=1
|υl|

(logϕl)u+σ+τl

Γ (u+ σ + τl + 1)+
p∑
k=1
|εk|

(logψk)u+σ+ςk

Γ (u+ σ + ςk + 1)

)]

+ 1
Γ (u+ σ + 1) .

Our main first result is the existence and uniqueness of random solution of the
problem (1).

Theorem 4.1
Let f, g : [1, e]×Rm×Rm× Ω̃→ Rm are two Carathéodory functions. Assume that
the following condition holds:

(H) There exist p1, p2, p3, p4 : Ω̃→ R+ are random variable such that

∀x, y, x̃, ỹ ∈ Rm ‖f(t, x, y, ω)−f(t, x̃, ỹ, ω)‖ ≤ p1(ω)‖x− x̃‖+p2(ω)‖y− ỹ‖

and

∀x, y, x̃, ỹ ∈ Rm ‖g(t, x, y, ω)−g(t, x̃, ỹ, ω)‖ ≤ p3(ω)‖x− x̃‖+p4(ω)‖y− ỹ‖.
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If for every ω ∈ Ω̃, M̃(ω) converge to 0, where

M̃(ω) =
(

Λ1(α)p1(ω) + |λ1|Λ1(0) Λ1(α)p2(ω)
Λ2(γ)p3(ω) Λ2(γ)p4(ω) + |λ2|Λ2(0)

)
,

then problem (1) has unique random solution.

Proof. Consider the operatorN : C([1, e],Rm)×C([1, e],Rm)×Ω→ C([1, e],Rm)×
C([1, e],Rm) given by

(x(., ω), y(., ω), ω) 7→ (N1(t, x(t, ω), y(t, ω), ω), N2(t, x(t, ω), y(t, ω), ω)),

where

N1(x(t, ω), y(t, ω), ω)

= 1
Ω

[(
Ω4 −

(log t)β

Γ (β + 1)Ω3

)
×
( n∑
j=1

φj [Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω), ω)− λ1I
β+γjx(ξj , ω)]

−
m∑
i=1

θi[Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω), ω)− λ1I
β+µix(ηi, ω)]

)

+
( (log t)β

Γ (β + 1)Ω1 − Ω2

)
×
( q∑

l=1
υl[Iα+β+τlf(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ1I

β+τlx(ϕl, ω)]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, x(ψk, ω), y(ψk, ω), ω)− λ1I
β+ςkx(ψk, ω)]

)]
+ Iα+βf(t, x(t, ω), y(t, ω), ω)− λ1I

βx(t, ω)

and

N2(x(t, ω), y(t, ω), ω)

= 1
Ω

[(
Ω4 −

(log t)σ

Γ (σ + 1)Ω3

)
×
( n∑
j=1

φj [Iγ+σ+γjg(ξj , x(ξj , ω), y(ξj , ω), ω)− λ2I
σ+γjy(ξj , ω)]

−
m∑
i=1

θi[Iγ+σ+µig(ηi, x(ηi, ω), y(ηi, ω), ω)− λ2I
σ+µiy(ηi, ω)]

)
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+
( (log t)σ

Γ (σ + 1)Ω1 − Ω2

)
×
( q∑

l=1
υl[Iγ+σ+τlg(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ2I

σ+τly(ϕl, ω)]

−
p∑
k=1

εk[Iγ+σ+ςkg(ψk, x(ψk, ω), y(ψk, ω), ω)− λ2I
σ+ςky(ψk, ω)]

)]
+ Iγ+σg(t, x(t, ω), y(t, ω), ω)− λ2I

σy(t, ω).

First we show that N is a random operator on C([1, e],Rm) × C([1, e],Rm).
Since f and g are Carathéodory functions, then ω 7→ f(t, x, y, ω) and ω 7→
g(t, x, y, ω) are measurable maps in view of Proposition 2.1 we concluded that,
the maps ω 7→ N1(x(t, ω), y(t, ω), ω), ω 7→ N2(x(t, ω), y(t, ω), ω) are measurable.
As a result, N is a random operator on C([1, e],Rm) × C([1, e],Rm) × Ω into
C([1, e],Rm)× C([1, e],Rm).

We show that N satisfies all the conditions of Theorem 3.4 on C([1, e],Rm)×
C([1, e],Rm). Let (x, y), (x̃, ỹ) ∈ C([1, e],Rm)× C([1, e],Rm), then

‖N1(x(t, ω), y(t, ω), ω)−N1(x̃(t, ω), ỹ(t, ω), ω)‖

=
∥∥∥∥ 1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)Ω3

)( n∑
j=1

φj [Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω))

− Iα+β+γjf(ξj , x̃(ξj , ω), ỹ(ξj , ω))− λ1[Iβ+γjx(ξj , ω)− Iβ+γj x̃(ξj , ω)]]

−
m∑
i=1

θi[Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω))− Iα+β+µif(ηi, x̃(ηi, ω), ỹ(ηi, ω))

− λ1[Iβ+µix(ηi, ω)− Iβ+µi x̃(ηi, ω)]]
)

+
( (log t)β

Γ (β + 1)Ω1 − Ω2

)( q∑
l=1

υl[Iα+β+τlf(ϕl, x(ϕl, ω), y(ϕl, ω))

− Iα+β+τlf(ϕl, x̃(ϕl, ω), ỹ(ϕl, ω))− λ1[Iβ+τlx(ϕl, ω)− Iβ+τl x̃(ϕl, ω)]]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, x(ψk, ω), y(ψk, ω))

− Iα+β+ςkf(ψk, x̃(ψk, ω), ỹ(ψk, ω))

− λ1[Iβ+ςkx(ψk, ω)− Iβ+ςk x̃(ψk, ω)]]
)]

+ Iα+βf(t, x(t, ω), y(t, ω))− Iα+βf(t, x̃(t, ω), ỹ(t, ω))
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− λ1[Iβx(t, ω)− Iβ x̃(t, ω)]
∥∥∥∥

≤ 1
Ω

[∣∣∣Ω4 −
(log t)β

Γ (β + 1)Ω3

∣∣∣( n∑
j=1

φj [Iα+β+γj‖f(ξj , x(ξj , ω), y(ξj , ω))

− f(ξj , x̃(ξj , ω), ỹ(ξj , ω))‖+ λ1I
β+γj‖x(ξj , ω)− x̃(ξj , ω)‖]

+
m∑
i=1

θi[Iα+β+µi‖f(ηi, x(ηi, ω), y(ηi, ω))− f(ηi, x̃(ηi, ω), ỹ(ηi, ω))‖

+ λ1I
β+µi‖x(ηi, ω)− x̃(ηi, ω)‖]

)

+
∣∣∣ (log t)β

Γ (β + 1)Ω1 − Ω2

∣∣∣( q∑
l=1

υl[Iα+β+τl‖f(ϕl, x(ϕl, ω), y(ϕl, ω))

− f(ϕl, x̃(ϕl, ω), ỹ(ϕl, ω))‖+ λ1I
β+τl‖x(ϕl, ω)− x̃(ϕl, ω)‖]

+
p∑
k=1

εk[Iα+β+ςk‖f(ψk, x(ψk, ω), y(ψk, ω))− f(ψk, x̃(ψk, ω), ỹ(ψk, ω))‖

+ λ1I
β+ςk‖x(ψk, ω)− x̃(ψk, ω)‖]

)]
+ Iα+β‖f(t, x(t, ω), y(t, ω))− f(t, x̃(t, ω), ỹ(t, ω))‖

+ λ1I
β‖x(t, ω)− x̃(t, ω)‖

≤ p1(ω)
{

1
|Ω|

[(
|Ω4|+

|Ω3|
Γ (β + 1)

)
×
( n∑
j=1
|φj |

(log ξj)α+β+γj

Γ(α+ β + γj + 1)+
m∑
i=1
|θi|

(log η)α+β+µi

Γ(α+ β + µi + 1)

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑
l=1
|υl|

(logϕl)α+β+τl

Γ(α+ β + τl + 1)+
p∑
k=1
|εk|

(logψk)α+β+ςk

Γ(α+ β + ςk + 1)

)]

+ 1
Γ(α+ β + 1)

}
‖x(., ω)− x̃(., ω)‖

+ |λ1|
{

1
|Ω|

[(
|Ω4|+

|Ω3|
Γ (β + 1)

)
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×
( n∑
j=1
|φj |

(log ξj)β+γj

Γ(β + γj + 1)+
m∑
i=1
|θi|

(log η)β+µi

Γ(β + µi + 1)

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑
l=1
|υl|

(logϕl)β+τl

Γ(β + τl + 1)+
p∑
k=1
|εk|

(logψk)β+ςk

Γ(β + ςk + 1)

)]

+ 1
Γ(β + 1)

}
‖x(·, ω)− x̃(·, ω)‖

+ p2(ω)
{

1
|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |

(log ξj)α+β+γj

Γ(α+ β + γj + 1)

m∑
i=1
|θi|

(log η)α+β+µi

Γ(α+ β + µi + 1)

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑

l=1
|υl|

(logϕl)α+β+τl

Γ(α+ β + τl + 1)+
p∑
k=1
|εk|

(logψk)α+β+ςk

Γ(α+ β + ςk + 1)

)]

+ 1
Γ(α+ β + 1)

}
‖y(·, ω)− ỹ(·, ω)‖

+ |λ1|
{

1
|Ω|

[(
|Ω4|+

|Ω3|
Γ (β + 1)

)
×
( n∑
j=1
|φj |

(log ξj)β+γj

Γ(β + γj + 1)+
m∑
i=1
|θi|

(log η)β+µi

Γ(β + µi + 1)

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑

l=1
|υl|

(logϕl)β+τl

Γ(β + τl + 1)+
p∑
k=1
|εk|

(logψk)β+ςk

Γ(β + ςk + 1)

)]

+ 1
Γ(β + 1)

}
‖y(·, ω)− ỹ(·, ω)‖

≤ (p1(ω)Λ1(α) + |λ1|Λ1(0))‖x(·, ω)− x̃(·, ω)‖∞

+ p2(ω)Λ(α)‖y(·, ω)− ỹ(·, ω)‖∞,
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then

‖N1(t, x, y, ω)−N1(t, x̃, ỹ, ω)‖∞

≤ (p1(ω)Λ1(α) + |λ1|Λ1(0))‖x− x̃‖∞ + p2(ω)Λ1(α)‖y − ỹ‖∞.

Similarly, we obtain

‖N2(t, x, y, ω)−N2(t, x̃, ỹ, ω)‖∞

≤ p3(ω)Λ2(γ)‖x− x̃‖∞ + (p4(ω)Λ2(γ) + |λ2|Λ2(0))‖y − ỹ‖∞.

Hence

d(N(x(·, ω), y(·, ω), ω), N(x̃(·, ω), ỹ(·, ω), ω))

≤ M̃(ω)d((x(·, ω), y(·, ω)), (x̃(·, ω), ỹ(·, ω))),

where

d(x, y) =
(
‖x(·, ω) − y(·, ω)‖∞
‖x(·, ω) − y(·, ω)‖∞

)
and

M̃(ω) =
(

Λ1(α)p1(ω) + |λ1|Λ1(0) Λ1(α)p2(ω)
Λ2(γ)p3(ω) Λ2(γ)p4(ω) + |λ2|Λ2(0)

)
.

Since for every ω ∈ Ω, M̃(ω) ∈ Mn×n(R+) converge to zero, then from Theorem
3.5 there exists a unique random solution of problem (1). This completes the
proof.

Now, we present an existence result without Lipschitz conditions. We consider
the following hypotheses:

(H1) For every ω ∈ Ω, the functions f(·, ·, ·, ω) and g(·, ·, ·, ω) are continuous and
ω 7→ f(·, ·, ·, ω), ω 7→ g(·, ·, ·, ω) are measurable.

(H2) There exist measurable and bounded functions γ1, γ2 : Ω→ R+ such that

‖f(t, x, y, ω)‖ ≤ γ1(ω)(‖x‖+‖y‖+ 1), ‖g(t, x, y, ω)‖ ≤ γ2(ω)(‖x‖+‖y‖+ 1)

for all t ∈ [1, e], ω ∈ Ω and x, y ∈ Rm.

We use the Leray-Schauder random fixed point type theorem in a generalized
Banach space to prove our existence result.

Theorem 4.2
Assume that the hypotheses (H1), (H2) and condition∧

1
(α)γ1(ω) +

∧
2
(γ)γ2(ω) + |λ1|

∧
1
(0) + |λ2|

∧
2
(0) < 1, (2)

hold. Then the problem (1) has a random solution defined on [1, e]. Moreover, the
solution set S = {(x, y) : Ω→ C([1, e],Rm)× C([1, e],Rm) : (x(·, ω), y(·, ω)), ω ∈
Ω, is a solution of (1)} is compact.
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Proof. Let N : C([1, e],Rm)×C([1, e],Rm)×Ω→ C([1, e],Rm)×C([1, e],Rm) be
a random operator defined in Theorem 4.1. In order to apply theorem 3.6, we first
show that N is completely continuous. The proof will be given in several steps.

Step 1. N(·, ·, ω) = (N1(·, ·, ω), N2(·, ·, ω)) is continuous. Let (xn, yn) be
a sequence such that (xn, yn) → (x, y) ∈ C([1, e],Rm) × C([1, e],Rm) as n → ∞.
Since f is a continuous function, then

n∑
j=1
|φj |‖Iα+β+γjf(ξj , xn(ξj , ω), yn(ξj , ω), ω)

− Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω), ω)‖∞ → 0 as n→∞,
m∑
i=1
|θi|‖Iα+β+µif(ηi, xn(ηi, ω), yn(ηi, ω))

− Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω))‖∞ → 0 as n→∞,
q∑
l=1
|vl|‖Iα+β+τlf(ϕl, xn(ϕl, ω), yn(ϕl, ω))

− Iα+β+γjf(ϕl, x(ϕl, ω), y(ϕl, ω))‖∞ → 0 as n→∞.

and

‖Iα+β(f(t, xn(t, ω), yn(t, ω), ω)− f(t, x(t, ω), y(t, ω), ω)‖∞

+ |λ1|‖Iβ(xn(t, ω)− x(t, ω)‖∞ → 0 as n→∞

Thus

‖N1(xn(·, ω), yn(·, ω), ω)−N1(x(·, ω), y(·, ω), ω)‖∞ → 0 as n→∞.

Similarly

‖N2(xn(·, ω), yn(·, ω), ω)−N2(x(·, ω), y(., ω), ω)‖∞ → 0 as n→∞.

Therefore N is continuous.
Step 2. We show that N maps bounded sets into bounded sets in C([1, e],Rm)

×C([1, e],Rm). Indeed, it is enough to show that for any q > 0 there exists
a positive constant l such that for each (x, y) ∈ Bq = {(x, y) ∈ C([1, e],R) ×
C([1, e],R) : (‖x‖∞, ‖y‖∞) ≤ (q, q)}, we have ‖N(x, y, ω)‖∞ ≤ l = (l1, l2). Then
for each t ∈ [1, e] we get

‖N1(x(t), y(t), ω)‖

=
∥∥∥∥ 1

Ω

[(
Ω4 −

(log t)β

Γ (β + 1)Ω3

)
×
( n∑
j=1

φj [Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω))− λ1I
β+γjx(ξj , ω)]
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−
m∑
i=1

θi[Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω))− λ1I
β+µix(ηi, ω)]

)

+
( (log t)β

Γ (β + 1)Ω1 − Ω2

)
×
( q∑

l=1
υl[Iα+β+τlf(ϕl, x(ϕl, ω), y(ϕl, ω))− λ1I

β+τlx(ϕl, ω)]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, x(ψk, ω), y(ψk, ω))− λ1I
β+ςkx(ψk, ω)]

)]

+ Iα+βf(t, x(t, ω), y(t, ω))− λ1I
βx(t, ω)

∥∥∥∥
≤ 1
|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |[Iα+β+γj‖f(ξj , x(ξj , ω), y(ξj , ω))‖+ |λ1|Iβ+γj‖x(ξj , ω)‖]

+
m∑
i=1
|θi|[Iα+β+µi‖f(ηi, x(ηi, ω), y(ηi, ω))‖+ |λ1|Iβ+µi‖x(ηi, ω)‖]

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑
l=1
|υl|[Iα+β+τl‖f(ϕl, x(ϕl, ω), y(ϕl, ω))‖+ |λ1|Iβ+τl‖x(ϕl, ω)‖]

+
p∑
k=1
|εk|[Iα+β+ςk‖f(ψk, x(ψk, ω), y(ψk, ω))‖+ |λ1|Iβ+ςk‖x(ψk, ω)‖]

)]
+ Iα+β‖f(t, x(t, ω), y(t, ω))‖+ |λ1|Iβ‖x(t, ω)‖

≤ 1
|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |[Iα+β+γjγ1(ω)(‖x(ξj , ω)‖+ ‖y(ξj , ω)‖)|λ1|Iβ+γj‖x(ξj , ω)‖]

+
m∑
i=1
|θi|[Iα+β+µiγ1(ω)(‖x(ηi, ω)‖+ ‖y(ηi, ω)‖) + |λ1|Iβ+µi‖x(ηi, ω)‖]

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)
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×
( q∑

l=1
|υl|[Iα+β+τlγ1(ω)(‖x(ϕl, ω)‖+ ‖y(ϕl, ω)‖) + |λ1|Iβ+τl‖x(ϕl, ω)‖]

+
p∑
k=1
|εk|[Iα+β+ςkγ1(ω)(‖x(ψk, ω)‖+ ‖y(ψk, ω)‖)

+ |λ1|Iβ+ςk‖x(ψk, ω)‖]
)]

+ Iα+βγ1(ω)(‖x(t, ω)‖+ ‖y(t, ω)‖) + |λ1|Iβ‖x(t, ω)‖

≤ γ1(ω)Λ1(α)(‖x‖+ ‖y‖) + |λ1|qΛ1(0)

≤ γ1(ω)Λ1(α)(2q) + |λ1|qΛ1(0).

Then
‖N1(x(·, ω), y(·, ω), ω)‖∞ ≤ γ1(ω)Λ1(α)(2q) + |λ|qΛ1(0) := l1.

Similarly, we have

‖N2(x(·, ω), y(·, ω), ω)‖∞ ≤ γ2(ω)Λ2(γ)(2q) + |λ|qΛ2(0) := l2.

Step 3. Next, we will show thatN maps bounded sets into equicontinuous sets
of C([1, e],Rm) × C([1, e],Rm). Let Br = {(x, y) ∈ C([1, e],Rm) × C([1, e],Rm) :
‖x‖ ≤ r, ‖y‖ ≤ r} be a bounded set in C([1, e],Rm)× C([1, e],Rm) as
in Step 2. Let t1, t2 ∈ [1, e] with t1 < t2 and (x, y) ∈ Br. Then we have

‖N1(x(t2, ω), y(t2, ω), ω)−N1(x(t1, ω), y(t1, ω), ω)‖

=
∥∥∥∥ 1

Ω

[( (log t2)β − (log t1)β

Γ (β + 1) Ω3

)
×
( n∑
j=1

φj [Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω), ω)− λ1I
β+γjx(ξj , ω)]

−
m∑
i=1

θi[Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω), ω)− λ1I
β+µix(ηi, ω)]

)

+
( (log t2)β − (log t1)β

Γ (β + 1) Ω1

)
×
( q∑

l=1
υl[Iα+β+τlf(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ1I

β+τlx(ϕl, ω)]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, x(ψk, ω), y(ψk, ω), ω)− λ1I
β+ςkx(ψk, ω)]

)]
+ Iα+βf(t, x(t2, ω), y(t2, ω), ω)− λ1I

βx(t2, ω)
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− Iα+βf(t, x(t1, ω), y(t1, ω), ω) + λ1I
βx(t1, ω)

∥∥∥∥
≤ 1
|Ω|

[( (log t2)β − (log t1)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |[Iα+β+γjγ1(ω)(‖x(ξj , ω)‖+ ‖y(ξj , ω)‖+ 1)

+ |λ1|Iβ+γj‖x(ξj , ω)‖]

+
m∑
i=1
|θi|[Iα+β+µiγ1(ω)(‖x(ηi, ω)‖+ ‖y(ηi, ω)‖+ 1)

+ |λ1|Iβ+µi‖x(ηi, ω)‖]
)

+
( (log t2)β − (log t1)β

Γ (β + 1) |Ω1|
)

×
( q∑

l=1
|υl|[Iα+β+τlγ1(ω)(‖x(ϕl, ω)‖+ ‖y(ϕl, ω)‖+ 1)

+ |λ1|Iβ+τl‖x(ϕl, ω)‖]

+
p∑
k=1
|εk|[Iα+β+ςkγ1(ω)(‖x(ψk, ω)‖+ ‖y(ψk, ω)‖)

+ |λ1|Iβ+ςk‖x(ψk, ω)‖]
)]

+ |λ1|‖x‖
Γ(β + 1)

∣∣∣(log t2)β − (log t1)β + 2(log t2
t1

)β
∣∣∣

≤ 1
|Ω|

[( (log t2)β − (log t1)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |
[ (2r + 1)(log ξj)α+β+γjγ1(ω)

Γ(α+ β + γj + 1) + |λ1|r(log ξj)β+γj

Γ(β + γj + 1)

]

+
m∑
i=1
|θi|
[ (2r + 1)(log ηi)α+β+µiγ1(ω)

Γ(α+ β + µi + 1) + |λ1|r(log ηi)β+µi

Γ(β + µi + 1)

])

+
( (log t2)β − (log t1)β

Γ (β + 1) |Ω1|
)

×
( q∑

l=1
|υl|
[ (2r + 1)(logϕl)α+β+τlγ1(ω)

Γ(α+ β + τl + 1) + |λ1|r(logϕl)β+τl

Γ(β + τl + 1)

]
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+
p∑
k=1
|εk|
[ (2r + 1)(logψk)α+β+ςkγ1(ω)

Γ(α+ β + ςk + 1) + |λ|r(logψk)β+ςk

Γ(β + ςk + 1)

])]

+ γ1(ω)(2r + 1)
Γ(α+ β + 1)

∣∣(log t2)α+β − (log t1)α+β∣∣
+ |λ1|r

Γ(β + 1)
∣∣(log t2)β − (log t1)β + 2(log t2

t1
)β
∣∣.

Hence

‖N1(x(t2, ω), y(t2, ω), ω)−N1(x(t1, ω), y(t1, ω), ω)‖

≤ 1
|Ω|

[( (log t2)β − (log t1)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |
[ (2r + 1)(log ξj)α+β+γjγ1(ω)

Γ(α+ β + γj + 1) + |λ1|r(log ξj)β+γj

Γ(β + γj + 1)

]

+
m∑
i=1
|θi|
[ (2r + 1)(log ηi)α+β+µiγ1(ω)

Γ(α+ β + µi + 1) + |λ1|r(log ηi)β+µi

Γ(β + µi + 1)

])

+
( (log t2)β − (log t1)β

Γ (β + 1) |Ω1|
)

×
( q∑

l=1
|υl|
[ (2r + 1)(logϕl)α+β+τlγ1(ω)

Γ(α+ β + τl + 1) + |λ1|r(logϕl)β+τl

Γ(β + τl + 1)

]

+
p∑
k=1
|εk|
[ (2r + 1)(logψk)α+β+ςkγ1(ω)

Γ(α+ β + ςk + 1) + |λ|r(logψk)β+ςk

Γ(β + ςk + 1)

])]

+ γ1(ω)(2r + 1)
Γ(α+ β + 1)

∣∣∣(log t2)α+β − (log t1)α+β
∣∣∣

+ |λ1|r
Γ(β + 1)

∣∣∣(log t2)β − (log t1)β + 2(log t2
t1

)β
∣∣∣

and

‖N2(x(t2, ω), y(t2, ω), ω)−N2(x(t1, ω), y(t1, ω), ω)‖

≤ 1
|Ω|

[( (log t2)σ − (log t1)σ

Γ (σ + 1) |Ω3|
)

×
( n∑
j=1
|φj |
[ (2r + 1)(log ξj)γ+σ+γjγ1(ω)

Γ(γ + σ + γj + 1) + |λ2|r(log ξj)σ+γj

Γ(σ + γj + 1)

]

+
m∑
i=1
|θi|
[ (2r + 1)(log ηi)γ+σ+µiγ1(ω)

Γ(γ + σ + µi + 1) + |λ2|r(log ηi)σ+µi

Γ(σ + µi + 1)

])
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+
( (log t2)σ − (log t1)σ

Γ (σ + 1) |Ω1|
)

×
( q∑
l=1
|υl|
[2q(logϕl)γ+σ+τlγ1(ω)

Γ(γ + σ + τl + 1) + |λ2|r(logϕl)σ+τl

Γ(σ + τl + 1)

]

+
p∑
k=1
|εk|
[ (2r + 1)(logψk)γ+σ+ςkγ1(ω)

Γ(γ + σ + ςk + 1) + |λ2|r(logψk)σ+ςk

Γ(σ + ςk + 1)

])]

+ γ(ω)(2r + 1)
Γ(γ + σ + 1)

∣∣∣(log t2)γ+σ − (log t1)γ+σ
∣∣∣

+ |λ2|r
Γ(σ + 1)

∣∣∣(log t2)σ − (log t1)σ + 2(log t2
t1

)σ
∣∣∣.

As t2 − t1 → 0, the right-hand side of the above inequality tends to zero inde-
pendently of u ∈ Bq. Therefore by the Arzela-Ascoli theorem the operator N is
completely continuous.

Step 4. It remains to show that A(ω) is bounded, where

A(ω) = {(x(·, ω), y(·, ω)) ∈ C([1, e],Rm)× C([1, e],Rm) :

(x(·, ω), y(·, ω)) = λ(ω)N(x(·, ω), y(·, ω), ω), λ(ω) ∈ (0, 1)}.

Let (x, y) ∈ A(ω). Then x = λ(ω)N1(x, y) and y = λ(ω)N2(x, y) for some 0 <
λ < 1. Thus, for t ∈ [1, e], we have

‖x(t, ω)‖ ≤ 1
|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |[Iα+β+γj‖f(ξj , x(ξj , ω), y(ξj , ω))‖+ |λ1|Iβ+γj‖x(ξj , ω)‖]

+
m∑
i=1
|θi|[Iα+β+µi‖f(ηi, x(ηi, ω), y(ηi, ω))‖+ |λ1|Iβ+µi‖x(ηi, ω)‖]

)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑

l=1
|υl|[Iα+β+τl‖f(ϕl, x(ϕl, ω), y(ϕl, ω))‖+ |λ1|Iβ+τl‖x(ϕl, ω)‖]

+
p∑
k=1
|εk|[Iα+β+ςk‖f(ψk, x(ψk, ω), y(ψk, ω))‖

+ |λ1|Iβ+ςk‖x(ψk, ω)‖]
)]

+ Iα+β‖f(t, x(t, ω), y(t, ω))‖+ |λ1|Iβ‖x(t, ω)‖
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≤ 1
|Ω|

[(
|Ω4|+

(log t)β

Γ (β + 1) |Ω3|
)

×
( n∑
j=1
|φj |[Iα+β+γjγ1(ω)(‖x(ξj , ω)‖+ ‖y(ξj , ω)‖)

+ |λ1|Iβ+γj‖x(ξj , ω)‖]

+
m∑
i=1
|θi|[Iα+β+µiγ1(ω)(‖x(ηi, ω)‖+ ‖y(ηi, ω)‖)

+ |λ1|Iβ+µi‖x(ηi, ω)‖]
)

+
( (log t)β

Γ (β + 1) |Ω1|+ |Ω2|
)

×
( q∑
l=1
|υl|[Iα+β+τlγ1(ω)(‖x(ϕl, ω)‖+ ‖y(ϕl, ω)‖)

+ |λ1|Iβ+τl‖x(ϕl, ω)‖]

+
p∑
k=1
|εk|[Iα+β+ςkγ1(ω)(‖x(ψk, ω)‖+ ‖y(ψk, ω)‖)

+ |λ1|Iβ+ςk‖x(ψk, ω)‖]
)]

+ Iα+βγ1(ω)(‖x(t, ω)‖+ ‖y(t, ω)‖) + |λ1|Iβ‖x(t, ω)‖

Then

‖x(t, ω)‖ ≤ γ1(ω)(‖x(·, ω)‖∞ + ‖y(·, ω)‖∞ + 1)
∧

1
(α)

+ |λ1|
∧
1

(0)(‖x(·, ω)‖∞ + ‖y(·, ω)‖∞)

We have also

‖y(t, ω)‖ ≤ γ2(ω)(‖x(·, ω)‖∞ + ‖y(·, ω)‖∞ + 1)
∧

2
(γ)

+ |λ2|
∧
2

(0)(‖x(·, ω)‖∞ + ‖y(·, ω)‖∞)

Therefore

‖x(t, ω)‖+ ‖y(t, ω)‖ ≤ C +K(‖x(·, ω)‖∞ + ‖y(·, ω)‖∞),
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where

C = γ1(ω) + γ2(ω), K =
∧

1
(α)γ1(ω) +

∧
2
(γ)γ2(ω) + |λ1|

∧
1
(0) + |λ2|

∧
2
(0).

Hence, from (2), we get

‖x(·, ω)‖∞ + ‖y(·, ω)‖∞ ≤
γ1(ω) + γ(ω)2

1−K := K∗.

Consequently, ‖x‖ ≤ K∗ and ‖y‖ ≤ K∗. This shows that A(ω) is bounded.
As a consequence of Theorem 3.6 we deduce that N has a random fixed point
ω → (x(·, ω), y(·, ω)) which is a solution to the problem (1).

Step 5. Compactness of the solution set. Let {(xn, yn)}n∈N ⊂ S be a se-
quence. For every n ∈ N and for fixe ω ∈ Ω, we get

xn(t, ω) = 1
Ω

[(
Ω4 −

(log t)β

Γ (β + 1)Ω3

)
×
( n∑
j=1

φj [Iα+β+γjf(ξj , xn(ξj , ω), yn(ξj , ω), ω)− λ1I
β+γjxn(ξj , ω)]

−
m∑
i=1

θi[Iα+β+µif(ηi, xn(ηi, ω), yn(ηi, ω), ω)− λ1I
β+µixn(ηi, ω)]

)

+ ( (log t)β

Γ (β + 1)Ω1 − Ω2)

×
( q∑

l=1
υl[Iα+β+τlf(ϕl, xn(ϕl, ω), yn(ϕl, ω), ω)− λ1I

β+τlxn(ϕl, ω)]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, xn(ψk, ω), yn(ψk, ω), ω)

− λ1I
β+ςkxn(ψk, ω)]

)]
+ Iα+βf(t, xn(t, ω), yn(t, ω), ω)− λ1I

βxn(t, ω)

and

yn(t, ω) = 1
Ω

[(
Ω4 −

(log t)σ

Γ (σ + 1)Ω3

)
×
( n∑
j=1

φj [Iγ+σ+γjg(ξj , xn(ξj , ω), yn(ξj , ω), ω)− λ2I
σ+γjyn(ξj , ω)]

−
m∑
i=1

θi[Iγ+σ+µig(ηi, xn(ηi, ω), yn(ηi, ω), ω)− λ2I
σ+µiyn(ηi, ω)]

)
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+
( (log t)σ

Γ (σ + 1)Ω1 − Ω2

)
×
( q∑

l=1
υl[Iγ+σ+τlg(ϕl, xn(ϕl, ω), yn(ϕl, ω), ω)− λ2I

σ+τlyn(ϕl, ω)]

−
p∑
k=1

εk[Iγ+σ+ςkg(ψk, xn(ψk, ω), yn(ψk, ω), ω)

− λ2I
σ+ςkyn(ψk, ω)]

)]
+ Iγ+σg(t, xn(t, ω), yn(t, ω), ω)− λ2I

σyn(t, ω).

As in Steps 3, 4, we can prove that subsequence {(xnk, ynk)}k∈N of {(xn, yn)}n∈N
converge to some (x(·, ω), y(·, ω)) ∈ C([1, e],Rm)× C([1, e],Rm), such that

ω → x(t, ω), ω → y(·, ω)

are measurable functions. Since f(·, ·, ·, ω) and g(·, ·, ·, ω) are continuous functions,
then

x(t, ω) = 1
Ω

[(
Ω4 −

(log t)β

Γ (β + 1)Ω3

)
×
( n∑
j=1

φj [Iα+β+γjf(ξj , x(ξj , ω), y(ξj , ω), ω)− λ1I
β+γjx(ξj , ω)]

−
m∑
i=1

θi[Iα+β+µif(ηi, x(ηi, ω), y(ηi, ω), ω)− λ1I
β+µix(ηi, ω)]

)

+
( (log t)β

Γ (β + 1)Ω1 − Ω2

)
×
( q∑

l=1
υl[Iα+β+τlf(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ1I

β+τlx(ϕl, ω)]

−
p∑
k=1

εk[Iα+β+ςkf(ψk, x(ψk, ω), y(ψk, ω), ω)− λ1I
β+ςkx(ψk, ω)]

)]
+ Iα+βf(t, x(t, ω), y(t, ω), ω)− λ1I

βx(t, ω)

and

y(t, ω) = 1
Ω

[(
Ω4 −

(log t)σ

Γ (σ + 1)Ω3

)
×
( n∑
j=1

φj [Iγ+σ+γjg(ξj , x(ξj , ω), y(ξj , ω), ω)− λ2I
σ+γjy(ξj , ω)]
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−
m∑
i=1

θi[Iγ+σ+µig(ηi, x(ηi, ω), y(ηi, ω), ω)− λ2I
σ+µiy(ηi, ω)]

)

+
( (log t)σ

Γ (σ + 1)Ω1 − Ω2

)
×
( q∑

l=1
υl[Iγ+σ+τlg(ϕl, x(ϕl, ω), y(ϕl, ω), ω)− λ2I

σ+τly(ϕl, ω)]

−
p∑
k=1

εk[Iγ+σ+ςkg(ψk, x(ψk, ω), y(ψk, ω), ω)− λ2I
σ+ςky(ψk, ω)]

)]
+ Iγ+σg(t, x(t, ω), y(t, ω), ω)− λ2I

σy(t, ω).

So S is compact.

5. Examples

In this section we consider two examples for illustrate our main results.

Example 5.1
Consider the following system of fractional differential equation:

D
1
2 (D 2

3 + λ1)x(t, ω) = f(t, x(t, ω), y(t, ω), ω)

D
2
3 (D 2

5 + λ2)y(t, ω) = g(t, x(t, ω), y(t, ω), ω)

4I 2
3x( 2e

3 , ω) + I
3
5x( e+1

3 , ω) = 2
5I

2
3x( e+2

3 , ω)
2
3I

1
5x( e2 , ω) = I

2
5x( 2e

5 , ω) + 3I 1
4x( 4e

5 , ω)
2
5I

2
3 y( e+2

4 , ω) + 1
2I

1
2 y( e+3

4 , ω) + 4
5I

3
2 y( e+4

4 , ω) = 4I 2
3 y( 3e

4 , ω)
5
7I

1
2 y( 3e

5 , ω) = 1
5I

3
4 y( 4e

5 , ω)

(3)

where α = 1
2 , β = 2

3 , γ = 2
3 , σ = 2

5 , λ1 = 1
6Λ1(0) , λ2 = 1

6Λ2(0) , B(R) denotes the
Borel σ-algebra, f, g : [1, e]× R× R× R× B(R)→ R defined by

f(t, x, y, ω) = cos(x+ y)
6Λ1(α) + ωt, g(t, x, y, ω) = |x+ y|

6Λ2(γ) + log t
t

+ ω2,

where
Λ1(α) ≈ 101, 544, Λ1(0) ≈ 175, 398

and
Λ2(γ) ≈ 6, 598, Λ2(0) ≈ 15, 945.

We can easily show that

|f(t, x, y, ω)−f(t, x, y, ω)| ≤ 1
6Λ1(α) (|x−x̄|+|y−ȳ|) for all x, x̄, y, ȳ ∈ R, t ∈ [1, e]
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and

|g(t, x, y, ω)−g(t, x, y, ω)| ≤ 1
6Λ2(α) (|x−x̄|+|y−ȳ|) for all x, x̄, y, ȳ ∈ R, t ∈ [1, e].

Hence

M̃(ω) =
(

1
3

1
6

1
6

1
3

)
, det(M − λI) =

(
λ− 1

2

)(
λ− 1

6

)
.

We observe that |ρ(M(ω))| = 1
2 < 1, then M(ω) converge to 0. Therefore, all

the conditions of theorem 4.1 are satisfied. Hence the problem (3) has a unique
random solution.
Example 5.2
Consider the following system of fractional differential equation:

D
1
2 (D 2

3 + λ1)x(t, ω) = f(t, x(t, ω), y(t, ω), ω)

D
2
3 (D 2

5 + λ2)y(t, ω) = g(t, x(t, ω), y(t, ω), ω)

4I 2
3x( 2e

3 , ω) + I
3
5x( e+1

3 , ω) = 2
5I

2
3x( e+2

3 , ω)
2
3I

1
5x( e2 , ω) = I

2
5x( 2e

5 , ω) + 3I 1
4x( 4e

5 , ω)
2
5I

2
3 y( e+2

4 , ω) + 1
2I

1
2 y( e+3

4 , ω) + 4
5I

3
2 y( e+4

4 , ω) = 4I 2
3 y( 3e

4 , ω)
5
7I

1
2 y( 3e

5 , ω) = 1
5I

3
4 y( 4e

5 , ω)

(4)

where α = 1
2 , β = 2

3 , γ = 2
3 , σ = 2

5 , λ1 = 1
6Λ1(0) , λ2 = 1

6Λ2(0) . Here

f(t, x, y, ω) = tω2x2

2(1 + ω2)(1 + x2 + y2)
and

g(t, x, y, ω) = tω2y2

2(1 + ω2)(1 + x2 + y2) .

Clearly, the map (t, ω) 7→ f(t, x, y, ω) is jointly continuous for all x, y ∈ R. Thus
the functions f and g are Carathéodory on [1, e] × R × R × F . Firstly, we show
that f and g are Lipschitz functions. Then

|f(t, x, y, ω)| ≤ ω2

6
∧

1(α)(1 + ω2) for all x, y ∈ R

and
|g(t, x, y, ω)| ≤ ω2

6
∧

2(γ)(1 + ω2) for all x, y ∈ R.

Therefore, all the conditions of Theorem 4.2 hold. Then the problem (4) has at
least one random solution.
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