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equations via Hadamard derivative

Abstract. We study the existence of solutions for random system of frac-
tional differential equations with boundary nonlocal initial conditions. Our
approach is based on random fixed point principles of Schaefer and Perov,
combined with a vector approach that uses matrices that converge to zero.
We prove existence and uniqueness results for these systems. Some examples
are presented to illustrate the theory.

1. Introduction

In the previous few decades non-integer order differential and integral equa-
tions were given much attention. Because fractional differential equations rise up
certainly in various fields and have been applied in physics, chemistry, biology and
engineering and has emerged as an important area of investigation in the last few
decades. For some fundamental results in the theory of fractional calculus and
fractional differential equations see [11 [ [7, [13] [T4] [15].

Random differential equations, as natural extensions of deterministic ones,
arise in many applications and have been investigated by many mathematicians.
We refer the reader to the monographs [5, 12, 25]. The initial value problems
for fractional differential equations with random parameters have been studied
by Lupulescu and Ntouyas [16]. The basic tool in the study of the problems for
random fractional differential equations is to treat it as a fractional differential
equation in some appropriate Banach space.
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In [I7] authors proved the existence of results for a random fractional equation
under a Carathéodory condition. In this paper, we consider the systems of random
fractional differential equations with boundary conditions in the following form:

DY(DP 4+ \)x(t,w) = f(t,z(t,w),y(t,w),w)
DFY(DU + >‘2)y(t’w) = g(tvx(t’w)’y(t7w)aw)
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where D? denotes the Hadamard Caputo-type fractional derivative of order
pp € {a,B,v,0} with 0 < a,f8,v,0 < 1, 1 < a+8<2, 1 <y+0 <2
A1, A2 are given constants, I" is the Hadamard fractional integral of order r > 0,
7€ { iy Vi Sks T, Fis Vs Sk 71 the constants n;, £, ¥n, @1, iy &5, Yr, @1 € (1,€) and
Oi, b5,k 1, 05, 05,86, 7 € Rforalli =1,2,...,m,j=1,2,...,n, k=1,2,...,p,
1=1,2,...,qand f,g: [1,e] x R™ x R™ x  — R™, (Q,.A) is a measurable space.

In 2008, Precup [22] proved the role of matrix convergence in the study of
semilinear operator systems. Recently, many authors studied the existence of
solutions for systems of differential equations and fractional differential equations
and inclusions by using vector version of fixed point theorems; see [2] 3] 6] [9] 20]
18, 19] and the references therein.

The paper is organized as follows. In Sections 2 and 3, we set up the appropri-
ate framework on random processes and random fixed point theorems and some
fixed point theorems. In Section 4 we give one of our main existence results for
solutions and compactness of solutions sets of the problem , with the proofs
based on recent random fixed point theorems.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. B

Let (2, F) be a measurable space; that is, a set {2 with a o-algebra of subsets
of Q. A probability measure P is a measure on with P(£2) = 1. Then (12, F,P) is
called a probability space. In the following, assume that (ﬁ,]—' ,IP) is a complete
probability space. Let X be a metric space, B(X) will be the o-algebra of all
Borel subsets of X. A measurable function z: Q — X is called a random element
in X. A random element in X is called a random variable.

Let X,Y be two locally compact, metric spaces and f: OQx X =Y. By
C(X,Y) we denote the space of continuous functions from X into ¥ endowed
with the compact-open topology.
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DEFINITION 2.1 ([10])
For at least n-times differentiable function y: [1,00) — R, the Caputo-type Hada-
mard derivative of fractional order « is defined as

1 t tyn—a—1 s
Dy = [ (eg!) ol nt<a<n nmfal it
y(t) F(n—a)/l 0g y(s)ds n <a<mn, n=l[a]+
where § =t [a] denotes the integer part of the real number o and log(-) = log,(-)

DEFINITION 2.2 ([11])
The Hadamard fractional integral of order « for a function y is defined as

I*y(t) = %a) /1t (log é)a_lgdﬁs, a >0,

provided the integral exists.

LEMMA 2.3 ([10])
Let w € AC}la,b] or Cjla,b] and oo € C, where X§[a,b] = {f: [a,b] — C :
s=Df(t) € X[a,b]}. Then, we have

i
L

I*(D%)u(t) = u(t)~ ) cx(logt)",
k=0

where c; €R, i =1,2,....,n—1 (n=[a]+1).

For convenience, we set constants
log 77 - log &)
=D RS o (R
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Similarly, we set
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and
Q=004 — 005.

LEMMA 2.4 ([21])
f is a Carathéodory function if and only if w — r(w)(-) = f(w,-) is a measurable

function from Q to C(X,Y).

PROPOSITION 2.1
If f:[l,e] x Q — R™ s a Carathéodory function, then the function (t,w) —
I*f(t,w) is also a Carathéodory function.

Proof. Clear that I*: C([1,e],R™) — R™ is a continuous operator, let L: Q —
C([1,€],R™) be defined by L(w)(-) = f(-,w). From Lemma[2.4] L(-) is measurable.
Then the operator w — (I* o L)(w)(-) is measurable. The function ¢ — I*f(t,w)
is a continuous function. Hence (t,w) — I*f(t,w) is a Carathéodory function.

LEMMA 2.5 ([24])

Let Q #0,0<,8<1, 1 <a+B<2, M is a given constant, w;, Y, Sk, 7t > 0,
ni, &5, Ve, o1 € (1,€) and 0;,¢5,ek,v1 € R fori =1,2,....m, j = 1,2,...,n
k=1,2,....,pandl=1,2,...,q. Then the problem

D*(DP + M)a(t,w) = f(t, 2(t,w), y(t, w),w)

S b0 a(nw) =3 0, (g )

J

=1
D q
> el (Yp,w) =) vlma(p,w)

k=1 =1

has a unique solution given by

( S g T84 (g5, 2(E5,0), 9(€5, ), w) — MTPH (€, w)]

j=1

o Z ei[IaJrﬁerf(nivx(niaw)’y(nhw)aw) - )‘1[6+Mix(77ivw)]>
1=1
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q
( Z Ul IO/"rﬁ"rTLf Qpl7x(@law)7y((pl7w)aw) - )‘11,8+Tlx(90law)]

= D I (0, 00 0) ~ T,

k=1
+ Ia+Bf(t,J}(t,W),y(t,OJ),UJ) - Allﬁx(taw)'

Similarly, let Q #00 <v,0<1,1<vy+0 <2 X\ isa given constant,
mvTjaqaﬁ > 07 magjaqpka@ € (176) and eiad)jaaaﬁl e R fOT’i = 1727"'7m7
j=12....n, k=1,2,...,pand 1 =1,2,...,q. Then the problem

has a unique solution given by

w0 4{(m 5

X ( D G g (€, w), y(§w)sw) — AT y(&,w)]

J=1

BT g (75, (7 ), y (75,0, ) — Ao 7y (7, w)])

K3

=1

. (ZZUWM” (@1, 2(1,w), Y@, w), w) = AT 7 Ty (B, w))]

S ST g (i, (B ), y (), 0) — Ao I Ty (i, w)])}

k=1
+ IPH_Ug(tv JI(IJ), LU), y(ta W), w) - AQIgy(t7 w)
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3. Fixed point theorems

DEFINITION 3.1 ~
A random operator T: Q x X — X is said to be continuous at zg € X if

lim ||z, — zo| =0 implies lim |T(w,z,) — T(w,x)|| =0 a.s.
n— oo n—oo

DEFINITION 3.2

A square matrix of real numbers is said to be convergent to zero if and only if its
spectral radius p(M) is strictly less than 1. In other words, all the eigenvalues of
M are in the open unit disc.

THEOREM 3.3 ([26], pages 12, 88)
Let M € M, (Ry). The following assertions are equivalent:

(i) M is convergent towards zero;
(i) M* — 0 as k — oo;
(i) The matriz (I — M) is nonsingular and

(I-—M)tP=T+M+M>+...+ M+ .

(iv) The matriz (I—M) is nonsingular and (I—M )~ has nonnegative elements.

THEOREM 3.4 ([23])
Let (2, F, 1) be a probability space, X be a real separable generalized Banach space

and T: Qx X — X be a continuous random operator. Let M (w) € My xn(Ry) be
a random variable matric such that M(w) converge to 0 a.s. and

d(T(w,x1), T(w, 22)) < M(w)d(z1,z2) for each x1,xy € X,w € Q.
Then there exists a random variable and x : Q0 — X which is the unique random
fixed point of T.
THEOREM 3.5 ([23])
Let (2, F) be a measurable space, X be a real separable generalized Banach space
and T: Q x X — X be a continuous random operator and let M(w) € My wn(Ry)

be a random variable matrix such that for every w € Q the matriz M (w) converge
to 0 a.s.,

d(T(w,x1), T(w, z2)) < M(w)d(z1,z2) for each x1, x5 € X,w € .
Then there exists a random variable and z: 0 — X which is the unique random
fixed point of T.

THEOREM 3.6 ([8] 23])
Let X be a real separable generalized Banach space and T: Q x X — X be a com-
pletely continuous random operator. Then, either of the following holds

(i) The random equation T(w,z) = = has a random solution, i.e. there is

a measurable function z: Q — X such that T(w, z(w)) = z(w) for allw € Q,

(ii) The set M = {z : Q — X is measurable \(w)T(w,z) = z} is unbounded
for some measurable A: @ — X with 0 < A(w) <1 on Q.
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4. Existence and Uniqueness

Let us set the constants

1 Q
As(o) = (1l + (53+|1>)
o (log&)utP (log n )+ >
x(;%' I'(u +ﬁ+v +1) Zlﬁl I(u+f+pi+1)
|2
+ (r(5+ 0T 921)
q p
(log ) tPtm (log g, ) +F+e )]
) (1:21Ul'F(U+B+Tl+1)+;|EkF(u+6+§k+1)
1
I'(u+p+1)
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_ 1 e |€2]
A2(U) = ﬁ [(|Q4 + m)

" (o) I (g
> 145l +3 14l —
I'u+o+7+1) P I'u+o+m;+1)

(X
+ (ﬂﬂaz\)
(

I'c+1)
q
_ (1Og<,01 u+a+n . logwk U+U+§k
x> [l +ZI Hr
—~ Tluto+7+1) I'u4+o0+35+1)
n 1
I'u+o+1)

Our main first result is the existence and uniqueness of random solution of the
problem .

THEOREM 4.1 _
Let f,g: [1,e] X R™ X R™ x Q@ — R™ are two Carathéodory functions. Assume that

the following condition holds:

(H) There exist p1,p2,ps,pa Q- Ry are random variable such that
V.’E, yvi'vg eR™ ”f(tv‘rava) _f(ta‘%a Q,W)H < pl(w)”‘r_j” +p2(o‘))|‘y—g”
and

Vo,y, &9 € R™ gt z,y,w) —g(t, 2,9, w)|| < ps(w)l|lz—Z[|+pa(w)lly = |
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If for every w € Q,M(w) converge to 0, where

V(w) = <A1(a)p1(w) + | A1]A1(0) Ay (a)pa(w) )
Az (7)ps(w) As(7)pa(w) + [A2]A2(0)

then problem has unique random solution.

Proof. Consider the operator N: C([1,e],R™)xC([1,e], R™)xQ — C([1,¢e], R™) x
C([1,€e],R™) given by

(‘T('aw)ay('vw)vw) = (Nl(tvx(tvw)vy(tvw)aw)a NQ(tvx(tvw)vy(ta w)aw))a
where

Nl(ﬁﬁ(t,(JJ),y(t,W),UJ)
1 (logt)8
T Q [(Q‘* TR+ 1)93)

X ( Z ¢j [Ia+ﬁ+7jf(§j7x(gﬁw)vy(gﬁw)vw) - )‘IIB+’Y‘7-T(§]"W)]
j=1

S BT (g (), ) ) — Alfwia:(m,w)])

i=1

oo )8
+ (F(l(ﬂg )1) 92)

q
(30l S ). ) — M a0
=1

3 I (), (W), 0) — M TP, o))

k=1

+ IaJrBf(ta .’E(t, (.d), y(tv w)v w) - Allﬁx(tv w)
and

No(z(t, w), y(t,w), w)
il

(Z T g€, 2(E,w) y(E w)w) — A" TY(E )

3 B, 207, ), 4 7 ), ) — ATy (7 )

i=1
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: (Zzwm (@1 271 ), y(@7.w), ) — Aol Ty (7, w)]

p
Z 7k I’Y+U+% wk, (%a w)a y(%a UJ), w) - AZIUJrqy(%a w)]>:|
+ I’Y‘Hfg(t’ l‘(t, w)a y(ta LU), w) - )‘2lay<t7 W).

First we show that N is a random operator on C([1,¢e],R™) x C([1,e],R™).
Since f and g are Carathéodory functions, then w — f(t,z,y,w) and w
g(t, z,y,w) are measurable maps in view of Proposition we concluded that,
the maps w — Ny (z(t,w),y(t,w),w), w +— Na(z(t,w),y(t,w),w) are measurable.
As a result, N is a random operator on C([1,e],R™) x C([1,€],R™) x Q into
C([1,e],R™) x C([1,e],R™).

We show that N satisfies all the conditions of Theorem [3.4/on C([1, e], R™) x
C([1,e],R™). Let (z,y), (Z,9) € C([1,¢],R™) x C([1,e], R™), then

||N1(x(t,w), y(tvw)7w) - Nl(j(tﬂw)a g(tvw)vw)‘l

ogt)? i
- H;z {(9“ B zgl(ﬁgfn%) ( > AT (g, (€, w), (& w))
T £, 7(65,0), 565, 0)) — MUV (E, ) — PR, )]

m

- Z 9i[la+6+“if(77i,$(77iaw)7 y(ni’w)) - Ia+ﬁ+mf(77iaff(77ivw)727(77i>w))

M w) — TP, wm)

8 q
+ (r(l((;g& )(;W [IHPH7 f (o1, 2 (01, w), y (o1, w)

— I f (o, #(pn, w), G(pr,w)) = M [P (r,w) = 178 (1, w)]]
kz (1% £ (g, (), 4 s )

IS (g, (), ()

R )|

+ Ia+ﬁf(t7 x(t,w), y(t’ w)) - IOH_ﬁf(t’ j(t’ w)’ g(tvw))
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— M [IPx(t,w) — Iﬁ;z(t,w)]H
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i=1

+ AL TP, w) — i(mw)lI])

Losh g, _Qzl(Zq)vz[Ia+ﬁ+ﬂ||f<w 2(p1,0), (1))
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— Flo, @(pr,w), (o, W)l + M I |z (o1, w) — & (1, w) ]
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then
[N1(t, 2y, w) = Ni(t, Z, 5 w) lloo
< (pr(w)Ar(@) + [A1]AL(0) [z = Flloe + p2(w)Ar()]|y — Flloo-
Similarly, we obtain
[Na2(t, 2, y,w) = Na(t, &, 7, w)|loo
< p3(w)A2(V)[lz = lloo + (Pa(w)A2(7) + [A2[A2(0)) ]|y — Flloo-

Hence
d(N(x('7w)7y('7w)aw)vN(‘%("w)’g("w)vw))
< M(w)d((x(,w), y("w))a (i‘('vw)’ ﬂ(-,w))),
where
(e w) =y w)lleo
) = <x(~,w> - y(-,wnw)
and

M (w) = ( Ai(a)p1(w) + [A1|A1(0) A (a)pa(w) )
Ao (7)p3(w) As(7)pa(w) + [A2|A2(0) )

Since for every w € Q, M(w) € My xn(Ry) converge to zero, then from Theorem
there exists a unique random solution of problem . This completes the
proof.

Now, we present an existence result without Lipschitz conditions. We consider
the following hypotheses:

(H;y) For every w € Q, the functions f(-,,-,w) and g(-, -, -,w) are continuous and
we f(, e w), w e g(s, -, -, w) are measurable.

(H2) There exist measurable and bounded functions v1,7y2: @ — R, such that
1t 2y, W)l < v (@)l + [yl + 1), gt 2, y, w) | < yaw)((l] + Iyl +1)
forallt € [l,e], w e Q and z,y € R™.

We use the Leray-Schauder random fixed point type theorem in a generalized
Banach space to prove our existence result.

THEOREM 4.2

Assume that the hypotheses and condition
A, @) + A ()2@) + Ml A 0) + el A©0) < 1, (2)

hold. Then the problem has a random solution defined on [1,e]. Moreover, the
solution set S = {(z,y): Q@ = C([1,¢,R™) x C([1,¢e],R™) : (z(-,w),y(-,w)), w €
Q, is a solution of } is compact.
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Proof. Let N: C([1,€], R™) x C([1,¢],R™) x Q@ — C([1,€], R™) x C([1,¢],R™) be
a random operator defined in Theorem [£.1] In order to apply theorem [3.6] we first
show that N is completely continuous. The proof will be given in several steps.

STeEP 1. N(-,-,w) = (Ni(-,-,w), Na(+,-,w)) is continuous. Let (x,,y,) be
a sequence such that (z,,y,) = (z,y) € C([1,¢],R™) x C([1,€], R™) as n — 0.
Since f is a continuous function, then

SIS (€5, 2 (E, @), Y (65, 0), @)

j=1

_ ]a+/3+%'f(§j,x(fj,w),y(fj,w),w)ﬂoo —0 as n — oo,
Z |9i|||-[a+ﬁ+mf(77i,l'n(nivw)vyn(nivw))
i=1

*Ia+ﬁ+uif(77iax(77ivw)vy(niaw))”m —0 a8 n — 00,

q
D [l f oy, (01, W), yn (01, @)
1=1

7Ia+6+’yjf(90lvm(90l,w)ay(wlaw))”m%0 as n — 0.

and
[ZFPF (s n (), ya(t ), w) = (2t w), y(t w), @)oo
+ (M| 7P (2 (t,w) — 2(t,w) ][ 0c — O as n — 0o
Thus
N1 (2 (s w), Yn (- w), w) — Ny (z(w), y( w)y w)]|oo — 0 as n — oo.
Similarly

[ N2 (2 (-, w), yn (-, w),w) = Na(z(-,w),y(,w),w)|loc = 0 as n — o00.

Therefore N is continuous.

STEP 2. We show that N maps bounded sets into bounded sets in C([1, ], R™)
xC([1,e],R™). Indeed, it is enough to show that for any ¢ > 0 there exists
a positive constant ! such that for each (z,y) € B, = {(z,y) € C([1,¢],R) x

C([1,el,R) : ([1zllco; ylloc) < (g,9)}, we have [|N(z,y,w)[lsc <1 = (l1,l2). Then
for each ¢t € [1, e] we get

[N (), y(t), )l
oo )8
il

. ( Z ¢j [Ia_‘_ﬁ"_'y-jf(fj,x(@,w%y(é},w)) - Al]ﬁ—‘rwx(gjvw)}

j=1
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m

- Z O[T f (i, 2(ni,w), y(mi,w)) — /\11“”"'%(771»@})
(logt)?
*(rw n -9)

q
X (Z ullI T f (o, (o1, w), y (o1 w) = AT (o1, w)]
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S I e w0, () — a0
k=1
+ 1P Lt 2t w), y(t,w)) — MIPa(tw)

5]l + 22 j0))
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- (Z L £(& (& @), y(& )+ A7 (€5, w))

Z 61458 | £ (o, >y<m,w>>+|A1|Iﬁ+ﬂf|x<ni,w>1)

p
#2 llE  na(n), p(n)] + P ol |
k=1

+ 1PN £t 2t @)yt w) |+ M (tw)|

: |1 [(Q )

o lI1+ 1 @) (e (€5 )| + (€5 ) DM (g, )]

Q|
+ Z |63l (15 (@) (Nl (75, ) |+ [y (i, w)I]) + I/\lf“‘“lx(m,w)l})

(logt)”
+(r(ﬁ+1)

mﬂ+mﬂ
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X (Z ol [Ty (@) (lz(or, w) |+ Iy (e o)) + A TP [l (o, w) ]

=1

+Z|€k|1“+ﬁ+gk 1(@) 2 (@r, I + ly (¢, W)

k=1

+ P () |

+ 1y (W) (ot w) |+ ly(E @) ) + Al 7|t w) |
< (@) Ar(@)(llz] + [lyl)) + [A1]gA1(0)
< n(w)Ai(a)(29) + [ArlgAi(0).

Then
[N1(2(,w), y(-, w), w)[loe < 71 (w)A1(a)(2q) + [AlgA1(0) :=11.

Similarly, we have

[[N2 (2 w), 4 (- w), @) [[oo < 72(w)A2(7)(29) + [AlgA2(0) := L.

STEP 3. Next, we will show that N maps bounded sets into equicontinuous sets
of C([1,e],R™) x C([1,e],R™). Let B, = {(z,y) € C([L,¢],R™) x C([1, €], R™) :
lz]| <7, |lyll <r} be a bounded set in C([1,e],R™) x C([1,¢e],R™) as

in Step 2. Let t1,t2 € [1, €] with ¢; < t2 and (z,y) € B,. Then we have

[IN7 (z(t2, w), y(ta,w),w) — Ny (z(t1,w), y(t1,w),w)||

|11 [/ (ogtz)? — (logt1)?

‘HQ[( RCES )

x (Z BT £(65, 2(E5, )06 0), ) — M TPV (€, )]
j=1

o Z ai[la+ﬁ+uif(ni7x(ni>w)>y(niaw)’w) - Al[ﬁ_ﬂbidj(nivw)])

i=1

(logts)? — (logty)?
( 2F(5+1) 1 Ql)

q
X Dl f (2, w), y (e w), w) — M (o, w)]

=1

N

=3 RIS 2 ), (wk,m,w)—Alfﬂ+<m<wk,w>]ﬂ
k=1

+ IOH_ﬁf(tax(t27w)7y(t27w)7w) - A1[ﬁ$(t2,W)
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I b w), y(t, ), ) + mﬁxm,w)H

1 (logty)? — (logty)?
< | (1)

< (3 T m @)l )] + gl + 1)
+ T (g, )l
3 10 ) e, )]+ )]+ 1)

=1

T ||x<m,w>|1)

(log t2)? — (logty)”
+( ICESY 1)

(ZW 14y () (e (pr, @) |+ ly(en )l +1)

+ M (o, w) ]

+Z\€ [0 5%y () (2 (or, @) |+ [y (W, ) )

k=1
e ||x<wk,w>mﬂ
. Dl

15| Gomta)? — (loz11)” + 20105 2)?

I(6 +
logtg logtl)
[ rG+1) \Q3|)

(2r +1)(log &)Yy (w)  [A\i|r(log&;)P+
(z_: { Fa+p+7v+1) * I'(B+~;+1) ]

(2T + 1)(10g 771)“+/@+“ ’71( ) |)\1|’r(]0g ni)B-HM
+;|92|{ Dla+B+pi+1) + T3+ +1) D

(logts)? — (logty)?
()

i (2r + 1) (log ) * P+ (w) [ A1|r(log ¢r)P ™
X(;'“M T(oa+B+m+1) P +mn+1) }
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(2r+1) logi/ik)aJrﬁJrgk’Y (w) |/\‘7’(10g¢k)ﬁ+gk
—|—Z‘k|{ Tt Btot 1) T TErat) ]ﬂ

|)\1 I’I“
L(B+1)

t
+ |(1og t2)? — (logt1)? + 2(log f)ﬁ‘

Hence
HNI( t27 >7y(t27w>7w> - Nl(x(tl,W),y(tl,W),W)H

< Iﬁll [((logtizﬁﬁ +(110)gt1) |Q3|)
il

(
y (Z (2r+1 J(log &))" (w) |A1\r(logfj>ﬁ+w}
j=1

Dla+ B+ +1) LB+ +1)
(2r + 1) (log n; )+ F+Hiy, (w 1 |r(logn;)B+H
+Z 16; |[ ) 1(w) | Arlr( ) }

Fla+ B+ p +1) L'(B+ p +1)

(logts)? — (logty)?
( ;(BJrl) : |Ql|>

a+ﬂ+n+D rg+mn+1)

=1

+ zp: ‘Ekl [(27“ + 1)(10g wk)a+[3+<k’71(w) n |/\|r(log1/)k)ﬂ+<k]>:|

Pt Dla+ B+ +1) N6+ +1)

71(w)(2r +1)

MNa+p+1)
|)\1|7‘

L(B+1)

|10 1)+ — (log 11)*7|

+

t
[(log £2)” — (10 11)” + 2(10g 27|
1
and
HNZ(x(t27w)7y(t27w)7w) - NQ(x(thw)ay(tlaw)vw)”

o

. (2r +1)(log &)t q7(w) | Ao|r(log &) 7
(Z { Throtm,+10) F(o+77+1)}

N Z [ G DT ") | Palrlog )7
’Y-‘rO’-‘rMZ—l—l) I(o+m+1)
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(logtz)” — (logt1)” -
I'(o+1) ‘Ql‘)

~ 12q(log @) A (w) | [Aalr(log )T T
(szl[ Thtotmtl) | Totm+l) }
) L L
_ 7 @r+1)(log )T TR (w) | |Ag|r(log )7 ﬂ
+ el Th+ot+a+1) Totag+l) ]

k=1

7( )(2r +1)
i

log t ’H—o_l t Y+o
VJFUJFI)‘(O% 2) (logt1)

[Aa|r ’ 2
1720 1 7 _ (logt;)° + 2(log -2)°
+F(J+1)(0gtz) (logt1)7 + (ogtl)

As to — t; — 0, the right-hand side of the above inequality tends to zero inde-
pendently of w € By. Therefore by the Arzela-Ascoli theorem the operator N is
completely continuous.

STEP 4. It remains to show that A(w) is bounded, where

A(w) = {(x('vw)7y('7w)) € O([lve]’Rm) X C([laeLRm) :
(x(-,w),y(-,w)) = )\(w)N(m(~,w),y(~,w),w), )\(Ld) € (07 1)}

Let (z,y) € A(w). Then z = AMw)Ni(x,y) and y = AMw)Na(z,y) for some 0 <
A < 1. Thus, for t € [1,e], we have

et < 1oy [(|Q4|+ (log )" )|Q3|>
(Z G| [T £ (&, 2(&5,w), y(&, )| + A TP |2(&, w) ]

T N7 Sarian el oo Ny ) [ PRSP >||])

i=1

Y
+ (%Qllﬂﬂﬂ)

q
: < S Ul (o (o1, w), yn, )+ A 747 2 (o1, @) ]
=1

+ ) el | f (o (s w), y (9, )|

+ P el |

H IO f(t a(tw), y(t W)+ Al 7|t w) |
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<l

X < D oI @) (2 (€5, w) | + (€5, w))

J=1

+ AT (g, w) ]

+ D G () (i w) |+ Ny (i ) )

i=1

n |Alfﬂ+m||w<m,w>||1)

(logt)”
+( TGl )\91|+|Qzl)

(Z ol [Ty (w) (e (pr, @) |+ ly(en )
+ M (pr, )]

+ D lenllI ey (@) (e @)l + ly(Wn, w)1)

k=1

P Lol |

+ 1P W) (|t )|+ ly(E w) ) + A [ 1Pt w) |

Then
z(t, W) <71 (w)(llz(- w)lleo + [y(- w)[oo + 1)/\1(00
+ |>\1|/\ ([lz( w)lloe + Iy (-, w)l0)

‘We have also
ly(t, W)l < e (w)(lz(, @)oo + [ly(- w)llo + 1)/\2(7)
+ I/\2|/\ (lz(, w)lloe + ly(+ w)loo)

Therefore

[zt @)l + ly(t W) < C+ K([J2(; w)lloo + [[y (- @)ll0),

[35]
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where

C=mw) +7Ww), K= /\ /\ +\)\1|/\ +|/\2|/\2(0)

Hence, from , we get

Hx('vw)Hoo + IIy(,w)HOO < w = K,.

Consequently, ||z|| < K. and |y|| < K.. This shows that A(w) is bounded.
As a consequence of Theorem [3.6] we deduce that N has a random fixed point
w — (z(-,w),y(-,w)) which is a solution to the problem ().

STEP 5. Compactness of the solution set. Let {(z,,yn)}neny C S be a se-
quence. For every n € N and for fixe w € 2, we get

i) = 5| (2 - 2 0)

(Z D14 F(63, 0 (5100), Y (€51 0), ) — M TP, (65, 0)]

=1

<.

o Z 91[1a+5+uif(niaxn(ni7w)a yn(ni;w)aw) - AlfﬁJr#ixn(niaw)])

i=1

(logt)”
(mﬁl — Q)

q
( > w01, w01, w), Y (01, W), w) — M TPy (01, w)]
=1

p
=3 I f (4, (0, ), 4 (0, ), )
k=1

_ )\1]B+<k$n(1/)k,w)])]
+ I“+Bf(t, ZTn(t,w), yn(t,w),w) — Alfﬁxn(t,w)

and

1

6 logt )Qg>

x (Z BT (G 0061 0), 4 (6010), ) — AT Ty (E,0)]

Jj=1

ZEIV+U+M (s 2 (7, W), Y (M5, W), w) AzI”’“yn(Th,w)])

=1
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n ( (logt)”

le 972)

q
X ( Z Ul IW+U+TZ (@1, 2n (1, w), Yn (@1, w),w) — )‘QIU-H—lyn(@aw)}
=1

P

Z SR g (B, 20 (D ), Y (B, ), @)

=1

)|

+ I g(t 2 (t,w), Yn (t, W), w) — Ao Ty, (E, w).

As in Steps 3, 4, we can prove that subsequence {(Znk, Ynk)}ren Of {(Zn, Yn) tnen
converge to some (z(-,w),y(-,w)) € C([1,e],R™) x C([1,¢e],R™), such that

w—=z(tw), w—y(,w)

are measurable functions. Since f(,-,-,w) and g(-, -, -,w) are continuous functions
then

x(t,w) = % [(94 - %Qg)

(Z a1 Ia+ﬁ+% [, x(&5,w), y(&j,w),w) — AlIBJij(gjaw)}

j=1

- Z Gi[Ia+/8+Mf("7i7x(nivw)vy(nivw)aw) - Al]ﬂ_ﬂh%(ni?w)])

X
7 N
M

<

~

Q

J’_

=

+

u}

kh
—
5
=
—
S
<
—
5
>
]
~
=

+

2
—
S
E

k=1

= D I (0, 00 0) ~ T,

+ Ia+ﬂf<t7 x(t,W), y(t,LU),UJ) - )‘llﬂx(ta w)

and

y(tw) = Q[(ﬂ - et
« ( Y

Z aj[l'y—i_g—‘rwg(?ﬁ 33(57 w)7 y(gv w)7 w) - )‘QIU—VTJ‘:U(?]" w)}

Jj=1
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m —_— —_— —
- Z Hi [I’Y+U+#i9(ma x(m7w)7 y(mv W),OJ) - AQIJJr#iy(mv w)})

=1

+ (F(I(Ogi)l)ﬂl %)

) ( > I g (@, 2 (@, w), y (@1, w) w) — AT Ty (@, w)]
=1

= Y S T ), B0 0) — Ml Ty ()|
k=1

+ DT g(t, z(t,w), y(t,w),w) — A I7y(t, w).

So S is compact.

5. Examples

In this section we consider two examples for illustrate our main results.

EXAMPLE 5.1
Consider the following system of fractional differential equation:

D3 (D5 + \))z(t,w

(
D3(D3 + \o)y(t,w) = g(t, x(t,w), y(t,w),w)
I

A3 2(%,w) + I3 a(L,w) = 218 a(2,w) 5
3
2rha(g,w) = Ie(2,w) + 3 Ta(%, w)
2 1 3 2
Fay(e2w) + 317y(9F w) + §12y(F w) = 415y(F,w)
1 3e 3 e
%I2y(%,w) = %142/(4?,0\})

wherea =4, 8=2,v=2%20=2 ) = m, Ay = m, B(R) denotes the
Borel o-algebra, f,g: [1,€] X R x R x R x B(R) — R defined by

logt
|:1c+y|+ og Lo,

f(tax»va) = 6A2(fy) t

+O‘}t’ g(t’ 1’7 y7 UJ) =

where
Ar(a) = 101,544, A;(0) = 175,398
and
As(vy) = 6,598, A(0) = 15,945.

We can easily show that

1

|f(t,$,y,LU)—f(t7l‘,y,(JJ)‘ < (|I—5ﬁ‘+|y—g|) for all I,J_Z,y,g € R; te [1,6]
6A1(OZ)
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and

|g(t,x,y,w)—g(t,x,y,w)\ < (|$—J_3|+|y—g|) for all x7i‘7yvg S Rv te [176]'

6A2(OZ)

1
M) = (3 —(x_1t 1
M(w) = (é ) det(M = A1) = (A= 3) (A= 5).
We observe that |p(M(w))| = 3 < 1, then M(w) converge to 0. Therefore, all

the conditions of theorem are satisfied. Hence the problem has a unique
random solution.

Hence

Wl o=

EXAMPLE 5.2
Consider the following system of fractional differential equation:

Dz (D3 4+ \)x(t,w) = f(t, z(t,w), y(t,w),w)
DE(DE + \)y(t,w) = g(t, z(t,w), y(t,w),w)
4I§x(2e w)+ I8z et w) = 213~a:(eJr2 w)

—

3
4
25a(5,w) :I%x(%,w)mﬁx(‘g,w) @
BIAy(2w) + 31y (552 w) + 3 y(SF w) = 4TEy(%,w)
13 3 e
(¥ w) = 21Ty (5,w)
1l g_2 2 __2 _ 1 _ 1
where a = 3, 8= 35,7=3,0=3%, M = g, 22 = sa,00)- Here
tw?az?
t =
and -
tw*y
g9(t,m,y,w) =

21+ w?)(1+ 22 +y?)

Clearly, the map (¢,w) — f(¢,x,y,w) is jointly continuous for all 2,y € R. Thus
the functions f and g are Carathéodory on [1,e] x R x R x F. Firstly, we show
that f and g are Lipschitz functions. Then

2

w
1 U ———— f()] all S R
| ( :Cy’ >| 6/\( )(I+(72) x’y
and
t 37 T ————— f()I 311 U R
.

Therefore, all the conditions of Theorem hold. Then the problem has at

least one random solution.
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