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Global existence and blow-up of generalized
self-similar solutions for a space-fractional diffusion
equation with mixed conditions

Abstract. This paper investigates the problem of the existence and unique-
ness of solutions under the generalized self-similar forms to the space-fractional
diffusion equation. Therefore, through applying the properties of Schauder’s
and Banach’s fixed point theorems; we establish several results on the global
existence and blow-up of generalized self-similar solutions to this equation.

1. Introduction

The partial differential equations (PDEs) of fractional order appear as a nat-
ural description of observed evolution phenomena in various scientific areas. The
fractional derivative operators are non-local and this property is important in ap-
plication because it allows modelling the dynamics of many problems in physics,
chemistry, engineering, medicine, economics, control theory, etc. For further read-
ing on the subject, readers can refer to the following books (Samko et al. 1993
[16], Podlubny 1999 [15], Kilbas et al. 2006 [9], Diethelm 2010 [7]).

In this work, we shall give an example of a class of well-known fractional-
order’s partial differential equations (PDEs), which allow to describe the diffusion
phenomena; it is a space-fractional diffusion equation and is written as follows

0 o0~
a—?:@gj—f—uu, l<a<2 peR (1)

AMS (2010) Subject Classification: 35R11, 35A01, 34A08, 35C06, 34K37.

Keywords and phrases: fractional diffusion, generalized self-similar solution, blow-up, global
existence, uniqueness

ISSN: 2081-545X, e-ISSN: 2300-133X.



[44] Farid Nouioua and Bilal Basti

with
o"u
%u ) gn’ a=néeN,
W 1 ’ n—a—1 o
x F(n—oz)/o (x —s) @u(s,t)ds, n—1l<a<néeN,

where u = u(z,t) is a scalar function of space variable x € [0, X], X > 0 and time
t € [0,T) with a finite or infinite positive constant T

The existence and uniqueness of solutions for fractional differential equations
or fractional-order’s PDEs have been investigated in recent years. For more on
the subject, we refer the reader to the following works [T} [2, [3] 4 [5] [6], @] [T0] [TT],
192, 13} (14, [17].

Recently, the Lie group analysis of this equation has been discussed by Luchko
et al. (see [6 10]), which studied the equation

0%*u dPu
= J=—_ > 2
o dmﬁ’ z>0,t>0,d>0, a,06>0, (2)

to obtain the partial scale-invariant solutions of this equation.

Hundreds of years ago, Sophus Lie initiated working on the method of dif-
ferential equations’ group analysis. A symmetry group of a system of differential
equations can in a way be said to be a group that transforms solutions of the
system to other solutions. Special types of invariant solutions under a subgroup
of the full symmetry group of the system can be determined for partial differential
equations. Such "group-invariant' can be found if we solve a reduced system of
equations with fewer independent variables than the original system.

In [6], the scale-invariant solutions of the time-fractional diffusion equation
(8 =2in ) were found using this method. Considering equation , an or-
dinary differential equation of fractional order with a new independent variable
n = xt~*/P is solved in order to find the scale-invariant solutions. The derivatives
there are the Erdélyi-Kober derivatives (left- and right-hand sided). Hence, they
depend on the parameters «, 8 of equation and on a parameter ~y of its scal-
ing group. The general solution of this differential equation of fractional order is
obtained in terms of the generalized Wright function.

For p = 0, the equation becomes

ou 0%

5% = e l<a<2 (3)
In [4], Basti et al. applied the Banach contraction principle, Schauder fixed-point
theorem and the nonlinear alternative of Leray-Schauder type, to show the exis-
tence and uniqueness of self-similar solutions for the space-fractional heat equation
(3). The proposed solution was

u(z,t) = tﬁf(t%) with (z,t) € [0, X] x [to, 0),

where X, tg > 0, f is the basic profile and 5 € R is a constant chosen so that the
solutions exist.
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Our main goal in this work is to determine the existence, uniqueness and main
properties of the global or blow-up solution in time of the space-fractional PDE
(1), under the generalized self-similar form which is

u(z,t) = c(t)f(%) with a,c € R .

The functions a(t) and ¢(t) which depend on time ¢ and the basic profile f are not
known in advance and are to be identified.

2. Definitions and preliminary results

We present in this section some necessary definitions. We denote by C[0, A]
the Banach space of continuous functions from [0, A] into R with the norm

[¥lloc = sup |y(n)].
0<n<A

We start with the definitions introduced in [9] with a slight modification in the
notation.

DEeFINITION 1 ([9])
The left-sided (arbitrary) fractional integral of order o > 0 of a continuous function
y: [0, A] = R is given by

¢ y(n) = 1) /Onm—s)“y(g)d&, ne .

NG
DEFINITION 2 (Caputo fractional derivative [9])

The left-sided Caputo fractional derivative of order « > 0 of a function y: [0, \] —
R is given by

ar 1 K dm
D) = 2 T — s [ T e =l

LemMa 3 ([9])
Assume that “Dg,y € C[0, A] for all a > 0 then

O
« (6% y
LwcpmyM)=yM)—§:47§)ﬂﬁ
k=0 ’

where n = [a] + 1.

REMARK 4 ([4])

For all y, “Dg,y € C[0, A], where 1 < o < 2, we have
I8 DG y(n) = ' (n) — ' (0).

Moreover; if '(0) = 0, then we have for any 7 € [0, A],

a—1

/0| < Fra5 1D (4)
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LeMMA 5 ([])
We define
Q={yeCl0,A: y(0) =0} (5)

Then (|| - ) s a Banach space.

LeMMA 6 ([4])
Let 1 < a <2 and A: Q — C[0, ] be an integral operator, defined by

Avtn) = U+ s [Tn= 07 (500 - ) e

equipped with the standard norm

[Ayllo = sup |Ay(n)l.
0<n<A

Then A(Q) C Q.

THEOREM 7 (Banach’s fixed point [8])
Let Q0 be a non-empty closed subset of a Banach space P, then any contraction
mapping A of Q into itself has a unique fized point.

THEOREM 8 (Schauder’s fixed point [g])

Let P be a Banach space, and ) be a closed, conver and nonempty subset of P.
Let A: Q — Q be a continuous mapping such that A(Q) is a relatively compact
subset of P. Then A has at least one fized point in 2.

3. Main results

3.1. Statement of the problem

In this part, we first attempt to find the equivalent approximate to the follow-
ing problem of the space-fractional diffusion equation

%:M—i—uw (2,t) €[0,X] x [0,00), p€R, 1 < <2,
ot 0x® 5
U

u(0,t) = ¢(t)U, 3

X

(0,t) =0, u(z,0) = f(x), UeR
Under the generalized self-similar form which is

u(z,t) = c(t)f(n) with n = % and a,c € R7, (6)

where
a(0) = ¢(0) = 1.

We should first deduce the equation satisfied by the function f in @ used for the
definition of self-similar solutions.
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THEOREM 9

Letl < o <2 and (z,t) € [0, X]x[0,00) with0 < X < Aa(t) for some X\ > 0. Then
the transformation @ reduces the partial differential equation of space-fractional
order to the ordinary differential equation of fractional order of the form

D f(n) = Bfm) +mf' (),  B,yeER, nel0A,
where

{é(t) =c(t)(Ba"(t) + p), (7)

a(t) = —yal=(t).

Proof. The fractional equation resulting from the substitution of expression @
in the original PDE , should be reduced to the standard bilinear functional
equation. First, for n = %, we get 1 € [0, A] and

G = 00— ) s o). 0

On the other hand, we get for £ = ﬁt), that

0%u c * ey A" s
oze F(n<t)oz) /0 (=) anf(@)ds

= M ! a(n—a—l) _ n—a—ldin
T(n—a) /0 (0 =" e (O 9)
— S CDE- ).

If we replace and @ in , we obtain the following equation

D Fl) = o) (5 — 1) ) — 0" atens ()
By choosing
g=a" (2 1) and 5= 0" (a0,
we get the coupled system (7)) and
Dy f(n) = Bf(m) +mf' (),  me0,N.

The proof is completed.

3.2. Existence and uniqueness results of the basic profile

According to the preceding part, Theorem [0} we study this problem

Dy f(m) = Bfm) +mf' (), 1<a<2 nel0N], (10)

in which A > 0 is an arbitrary real constant with the conditions

f0)=U, f(0)=0. (11)
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LemMA 10
Let o, 8,7, € R, be such that 1 < a < 2 and A > 0. We give f, f’, CD8‘+f €
C[0,\]. Then the problem 7 s equivalent to the integral equation

1 n a— ’
) = U+ o5 /0 (n— " (BF(E) + L (©))dE  for alln € [0,M].

Proof. Let a,83,7,A € R, be such that 1 < a < 2 and A > 0. We may apply
Lemma [3|to reduce the fractional equation to an equivalent fractional integral
equation. By applying 7§ to equation we obtain

I8 DG f(n) = Tgs (BF () +nf' (). (12)
From Lemma [3] we find easily
I3 “Dg f(n) = f(n) = f(0) = nf'(0).
Then, the fractional integral equation , gives
f(n) =Zg: (Bf() +nf (m) + f(0) +nf'(0). (13)
Using in , we find that f is equivalent to

1 ! a— /
) = U+ o5 /0 (n— €21 (BF(E) +~E8(€))de.

The proof is completed.

LEMMA 11
Let A: Q — C[0,\] be an integral operator, which is defined by

Af(m) =U + ﬁ / "= ©° N (BHE) + 1€ ())de,

equipped with the standard norm

[Aflloo = sup [Af(n)].
0<n<A

Then A() C €, in which, 0 is the Banach space defined by (F)).

Proof. In view of Lemma [6] we can use the same steps to prove that A(€2) C Q.
The proof is completed.

THEOREM 12
Let a, 3,7, € R be such that 1 < o < 2, X € (0,]7]"'T(a))=. If

A%1B]
Ia+1) — aly|\@

<1 (14)

Then the problem 7 admits a unique solution on [0, A].
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Proof. To begin the proof, we will transform the problem (10)—(LL) into a fixed
point problem. Define the operator A: Q — Q by

Af(m) =U + ﬁ / " — 2 (B(E) + A€ (€))e. (15)

Because the problem f is equivalent to the fractional integral equation
, the fixed points of A are solutions of the problem 7.
Let f,g € Q be such that

D f(n) = Bf () +nf (), Disg(n) = Bg(n) +vng’ (n).
This implies that

Af(n) — Ag(n) = ﬁ / "= 2B — 9(0) + e (E) — g'(©))))de.
Also
AF(n) — Ag(n)] < ﬁ / " — " CDg. £(6) - ODg g(O)de.  (16)

For all n € [0, \] we have

“DG- f(n) = “Dgeg(m)| = 1B(f(n) — g(n)) +n(f'(n) — g'(n))]
< IBILF ) = g(m)| + AL (m) = o' ().
By using from Remark {4 we get

v a
19D+ = Dl < 1811 = gl + LI5S ~ Dl
As T(«) — |y|A* > 0, we obtain
c c BT ()
D, D, o X 5 —
|| 0+f O+9H = F( ) | |)\o¢
From (|16) we find

Af = Aglle <

I1f = glloo-

A B]
(a+1) — aly|A«

Now implies that 4 is a contraction operator.
As a consequence of Theorem [7} using Banach’s contraction principle [§], we

deduce that A has a unique fixed point which is the unique solution of the problem
(T0)—(T1)) on [0, A]. The proof is completed.

1f = 9lloe

THEOREM 13
Let A >0, B,7v€R, and 1 < a < 2. If we put

A (B[ + al)
Ia+1)

Then the problem (L0)-(11) has at least one solution on [0, A].

<1. (17)
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Proof. In the Theorem [12| we transform the problem (10)—-(L1) into a fixed point
problem

1 K _

Af) = U + e [ 0- 90701 +er (©)ie
I'(a) Jo

We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem

Bl This could be proved through three steps

Step 1: A is a continuous operator.Let (f,)nen be a real sequence such that
lim f, = f in Q. Then for each n € [0, A],
n—oo

3 UEEI
Afa) = Af)| < [ P -
X |B(fn(€) = £(§)) +7E(fr (&) — f1(€))]dE,
where
“Dgs fu(n) = Bfa(n) +ynfr(n) and  “Dgs f(n) = Bf(n) +nf ().
We have
“Dgs fu(n) = “Dgs f () = |B(fu(n) = F ) +yn(f1 () — £ ()]
< BIlfu(m) = F)| + [vIALfL () = f' ()]
Inequality from remarkyields
AOL
19D £ = D Fll < 18112 = Fle + DG = DG e

According to (17)), we have I'(a) — [y|A* > LX%|3] > 0, thus

'«
19D f — ODE fllo < ()

< o) = ol Flle

Since f,, — f, then we get CD8‘+fn — CD6‘+f as n — oo for each n € [0, A].

Now let K1 > 0 be such that for each n € [0, A], then |“Dg, f,(n)| < K and
|“Dg.. f(n)| < Ki. Consequently,

|Afn(77) - .Af(n)| < L /On(n _ g)a—l

T(a)
X |B(fn(€) = F(E)) +1E(FL(E) — 1(6))Ide
1 n a— . o
< 5w /0 (n— €)1 1°Dg, f(€) € Dg, F(0)\de
1 K a—1 « «
< 5w / (n— ) [OD: f(€)| + [CDG. F()]]de
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As the function £ — 1%{;1) (n—¢€)*~1 is integrable on [0, n] for every n € [0, \],

then the theorem of Lebesgue dominated convergence and . 18) get us

|Afn(77)_-’4f(77)|_>0’ as n — o0,

and hence

lim || Af, — Af|lec =0.
n—oo
Consequently, A is continuous.

Step 2: According to , we set the positive real

e
2 (1 e ann) O

and define
Q={feQ: |fllec <1}
Observe that €2, is a closed, bounded and convex subset of 2.

Let f € Q. and A: Q, — Q be an integral operator defined by , then
A(Q,) C Q,. In fact, by using () from Lemmal[d] we have for each n € [0, A,

A&
©DE, F(n)] = 185 (m) + 0 f ()] < 1BILF()] + ”(' 0D
Then 18T (a)
oD, £l B (el o 0 A
19D flloe < o= e
Hence

Af(n >|<|U|+%) / (n— &)V BF(E) +~Ef (€)|de
|U|(1+r<a+1) TR N A% 8]

G T(a+1)—appe’
R B TRl (a+1) - al

< L+ 1) = A%(8] + apy])r n 2B
- Dla+1) — aly|\> Ma+1) —oz|7|)\°‘
<r.

Finally, A(Q,) C Q,.

Step 3: A(R,) is relatively compact. Let n1,m2 € [0,A], 71 < 12 and f € Q.
Then

A7) = AT = [ [ = 7 8510 + a6

1 n a—1 !
T /0 (1 — €)1 (B (€) + 7€ (€))de
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S " = O — (- ©)* )
< (BF(E) +~Ef(€)))de (19)
+ %a) “(ne — O (BFE) +AES (€))]de

then

[ =7 = = e < Sl — ) + (05— 0]

We also have

(2 —m)".

LI~

T2 1
[ =g = o - 9 <
m o

Then gives

o o
“INa+1) —aly|\

|Af(m2) — Af(m) (2(n2 = m)* + (ny = 7).

As 11 — 19, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 3, and by means of the Arzela-Ascoli theorem, we
deduce that A: Q, — €, is continuous, compact and also satisfies all assumptions
of the fixed point theorem of Schauder’s (Theorem [§). Then A has at least one

fixed point which is a solution of the problem f on [0,A]. The proof is
completed.

3.3.

Existence results of solutions for the original problem

In this section, we prove the existence and uniqueness of solutions of the the

following problem of the space-fractional diffusion equation

Ju 0%

_— = — <

5% =~ Baa +uu,au (x,t) €[0,X] x[0,00), p €R, 1 < <2, 20)
u(0,t) = ¢(t)U, (0,£) =0, u(z,0) = f(x), UeR.

T
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Under the generalized self-similar form
o
a(t)

We denote by (2)4 the positive part of z, which is z if z > 0 and else is zero.
Now, we give the principal theorems of this work.

u(z,t) = c(t)f(n) with n = and a,c € R} (21)

THEOREM 14
Let a and ¢ be two positive real functions of t and let o, 5,7, u, X € R be such that
l<a<2. If

XB|
Tt ) —apxe < &

then for f € Q the problem admits a unique solution in the generalized self-
similar form , where

X €(0,a*)|y|"'T(a))* and

alt) = (1 - an)?,
0<t<T (23)

b
c(t) = eM (1 —ayt) .7,

with T > 0 is the maximal existence time for the solution u, which may be finite
or infinite. Thereupon, we separate the following cases:

(1) If v < 0, then for all B, € R the problem (20)) admits a global solution in
time under the generalized self-similar form (21)), this solution defined for
allt >0, (i.e. T =00). Moreover, if n <0 or (=0 and 5 < 0), we have

lim w(z,t) =0 for all x € [0, X].

t——+oo

(ii) If v > 0, the functions a and c are defined locally and well defined if and only
if
1
0<t<T =—.
ay
The moment T = 0717 represents the maximal existence value of the functions
a(t), c(t).
Moreover, if B > 0, the problem admits a solution under the generalized
self-similar form which blows up in the finite time T .

Proof. The transformation reduces the space-fractional diffusion equation
to the ordinary differential equation of fractional order of the form

Dy f(n) = Bfm) +nf' (), By ER, (24)

wheren = 7, a(t) > Oforallt > Oand z € [0, X] for some X € (0,a®(t)|y| ()=
and

¢(t) = e(t)(Ba™*(t) + p),
—ya' (1), (25)

~
~
|
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with the conditions
f(O)=U, f(0)=0 (26)

Now, to determine the functions a and ¢, we just solve the system (25]) and after
an integration from 0 to ¢, we get easily the system presented in (23| as follows

alt) = (1 - a7z,
c(t) = et (1—ayt), ™.

We deduce that the functions a and ¢ are globally defined if v < 0 and are maximal
functions if v > 0, and are well defined if and only if

1
0<t<T =—.
ay
We notice from this theorem that we have two time behaviours of functions a and
¢, their behaviours depend on parameters of similarity 5 and ~.
In the case (i) (i.e. v < 0), for every 3, u € R the functions @ and ¢ are defined
globally in time. Moreover, we have in both cases p < 0 and (u =0 and § < 0)
lim w(z,t)=0  forall x € [0,X].

t—+o0

In the case v > 0, we have a and c given in are well defined if and only if

O<t<T = i
ay

We recall that the solution blows up in finite time if there exists a time T' < +00
which is called the blow-up time, such that the solution is well defined for all
0 <t<T, while

sup |u(z,t)] = +oo, when t — T

z€R
If B > 0, the generalized self-similar solution of the problem is defined
for all t € (0,T), the moment T represents the blow-up time of the solution such
that tlir}l ¢(t) = 400 and for all z € [0, X] we get

g

T 1
I )= i t‘(——ﬂ: ith T = — > 0.
v [u(z, &) v «|f a(t) oo b ary
Let f € Q be a continuous function. By using 7 the condition , is equivalent
to , which is
)\Q
18] <1
[la+1) — aly[r~

We already proved in Theorem [I2] the existence and uniqueness of a solution of
the problem f provided that holds true. Consequently, if holds
for any (z,t) € [0, X] x [0,00), then there exists a unique solution of the problem
of the space-fractional diffusion equation under the generalized self-similar
form . The proof is completed.

(27)
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THEOREM 15
Let o, B,7v, 1, X € R, be such that 1 < a <2 and X > 0. If

X(l+ ahl)

O+l (28)

Then, for f € ., the problem has at least one solution in the generalized
self-similar form which is global in time when v < 0 and blows up in a finite
time0<t<T = when B,v > 0.

ay’
Proof. Based on Theorem we use the same steps through which we proved
Theorem [I4] to prove the global existence and blow-up of a generalized self-similar
solution to the problem provided that the condition holds true. The
proof is completed.

4. Conclusion

This paper discussed the existence and uniqueness of solutions for a class of
space-fractional diffusion equations with mixed conditions under the generalized
self-similar form. The behavior of these solutions depends on parameters that
satisfy certain conditions, and which make their existence global or local in finite
time T'. For that matter, we used the Banach contraction principle and Schauder’s
fixed point theorem, while the differential operator used is the Caputo fractional
derivative.
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