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Compactness of quadruple band matrix operator
and geometric properties

Abstract. In this work, we characterize the class of compact matrix operators
from ¢o(Q), ¢(Q) and £ (Q) into co, ¢ and fo, respectively, with the notion
of the Hausdorff measure of noncompactness. Moreover, we determine some
geometric properties of the sequence space ¢p(Q).

1. Introduction

A set denoted by w is a collection of all real (or complex) valued sequences
and is a vector space according to point-wise addition and scalar multiplication.
A sequence space is a vector subspace of w. The sets symbolized by f~, cg, ¢
and /¢, are the spaces of all bounded, null, convergent and absolutely p-summable
sequences, respectively, where 1 < p < co.

A BK-space is a Banach sequence space X provided each of the maps p,,: X —
C defined by p,(z) = x, is continuous for every n € N (see [§]).

Given a BK-space X D ¢, if

n—oo

lim Hx—kae(k)Hx =0 for all x € X,
k=0
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then X is said to have AK-property, where ¢ is the set of all finite sequences and
e®) is a sequence whose only non-zero term is a 1 in the kth place for all k € N
(see [21]).
The sequence spaces {~., ¢ and ¢ are BK-spaces equipped with sup-norm
defined by ||z||cc = sup |zx| and ¢, is a BK-space according to p-norm defined by
keN

oo

el = (3 leul?) .

k=0

where p € [1, 00).

Let X and Y be two arbitrary sequence spaces and A = (a,x) be an infinite
matrix of real (or complex) entries. The domain of A in the sequence space X is
defined by

Xa={zx=(zx) eEw: Az € X} (1.1)

which is also a sequence space, where Az = ((Az),) is called A-transform of x
defined by

(Ax), = Z AnkTh
k=0

supposed to be convergent for all n € N. From now on, the summation without
limits runs from 0 to co. The class of all matrices provided X C Y4 is denoted by
(X :Y) and the sequence in the nth row of A is denoted by A,, = {an;}72, for all
n € N. If ap,, = 0 for k > n and a,,, # 0 for all n, k € N, then A is called a triangle
which has a unique and triangle inverse A~! (see [32]). Also, the transpose of A
is denoted by Af.

Define an infinite matrix S = (s,x) named summation matrix such that

B 1, 0 <k <n,
Sk = 0, k>n

for all n, k € N. Then, the spaces of all bounded and convergent series are defined
by bs = (¢)s and cs = cg, respectively.

Given two normed space X and Y, B(X : Y') stands for the set of all bounded
linear operators on X into Y. The unit sphere and closed unit ball in X are defined
by

Sx={zxeX: |z| =1}

and
Bx ={zeX: |z| <1}

respectively.

A linear operator L on X into Y is called compact if and only if for all bounded
sequence (z,) in X the sequence (L(x,)) contains a convergent subsequence in Y.
We denote the class of such operators by C(X : Y) (see [21]).

For a given BK-space X D ¢ and a sequence b = (by) € w, we write

oo
ol = sup | > b
xE€Bx k=0
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In the theory of summability, matrix transformations theory has a great impor-
tance. Cesaro, Norlund, Borel, Riesz and others have pioneered the development
of the theory of summability. Many authors have used the matrix domain of dif-
ference matrices for constructing new sequence spaces and have investigated some
properties of those spaces in ¢p(A), ¢(A) and £ (A) in [19], Aco(p), Ac(p) and
Al (p) in [T, co(u,A,p), c(u,A,p) and loo(u, A,p) in [2], co(A?), ¢(A?) and
loo (A?) in [13], co(u, A?), c(u, A?) and lo (u, A?) in [26], co(u, A%, p), c(u, A% p)
and Lo (u, A2,p) in [5], co(A™), ¢(A™) and Lo (A™) in [T, lo, ¢o, & and £, in
[18], co(B), ¢(B), loo(B) and £,(B) in [29], wf(r,s), wP(r,s) and wr, (r, s) in [10],
co(B), lso(B) and £,,(B) in [9], co(Q), ¢(Q), loo(Q) and £,(Q) in [6], f(Q(r, s, t,u)),
fo(Q(r, s, t,u)) and fs(Q(r,s,t,u)) in [7]. Recently, studies on the matrix domain
of generalized difference matrix A have also been done some authors in [30], [31],
[24], [25].

2. Compact operators on new sequence spaces derived by qua-
druple band matrix

In this part, we give some knowledge related to the sequence spaces ¢o(Q),
¢(Q) and £ (Q) obtained from the domain of quadruple band matrix and char-
acterize the class of compact matrix operators from ¢y(Q), ¢(Q) and £ (Q) into
cg, ¢ and f,, respectively by means of the notion of the Hausdorff measure of
noncompactness.

By using the domain of quadruple band matrix

Q= Q(T7 s, t, ’U,) = (an(T7 s, t, ’U,)),
Biggin defined the sequence spaces ¢o(Q), ¢(@) and £+ (Q) in [6] as follows:

co(Q) = {m = (z) Ew: klim (rag + sxp—1 + torg—o + uxgp_3) = 0},
— 00
c(Q) = {m = (z) Ew: klim (rag + sxp—1 + tog_o + uxg_3) exists}
— 00

and

lo(Q) = {x = (zx) € w: sup|rey + sTp_1 + trp—2 + urp_3| < OO},
keN

where Q = Q(r, s, t,u) = (qnik(r, s, t,u)) is defined by

r, k=n,

s, k=n-—1,
Gnk (1, 8,6, u) = t, k=n—2,

u, k=n—3,

0, otherwise

for all n,k € N and r,s,t,u € R\ {0}.
Here, it is easy to check that Q(1,—3,3,—1) = A% Q(r,s,t,0) = B(r,s,t),
Q(1,-2,1,0) = A%, Q(r,5,0,0) = B(r,s) and Q(1,—1) = A, where A3, B(r,s, ),



[20] Mustafa Cemil Bisgin and Abdulcabbar Sé6nmez

A% B(r,s) and A are called third order difference, triple band, second order
difference, double band (generalized difference) and difference matrix, respectively.
Therefore, our results derived from the matrix domain of the quadruple band
matrix are more general and more comprehensive than the results on the matrix
domain of the others mentioned above.

Also, for a given z = (z3) € w, the Q-transform of x is written as follows:

(Q)k = yr = T2k + sTp_1 + tx_o + uz)_3 (2.1)

for all k£ € N.
Let us consider the equation

red 4522 +tz+u=0
where r,s,t,u € R\ {0}. We know that this equation has three roots such that

z21=gla—b—s], 2 = —&=[(1 —iv3)a— (1 +iV3)b+ 2s] and 23 = —&[(1 +
iv3)a — (1 —iv/3)b + 2s], where

i/\/(27r2u + 9rst — 253)2 + 4(3rt — s2)3 — 27r2u + 9rst — 253
a =
2

and

- i/\/(277’2u + 9rst — 253)2 + 4(3rt — s2)3 + 27r2u — 9rst + 253
B 2

Here and in the following, unless stated otherwise, we assume that o1, o9 and
o3 are random three roots of the equation 723 + 522 +tz 4+ u = 0.

Let b = (by) € w. In this part, we suppose that the matrices Q7! = G = (gnx),
D = (dny), H® = (K°)), T = (t,1) and V = (1) are defined by

n—kn—k—i . )
1 S oot ElGlel 0<k <n,
Ink = i=0 (=0
0, k> n,
D =Gt
1 oo j—kj—k—i kil
ki .
B® o o oboibil, 0<k<n,
nk j=ni=0 [=0
0, k> mn,
T = DA, and

oo j—kj—k—i

1 G—k—iel 1 i
'Unk; - ; Ul U2U3a;n]

j=k i=0 1=0

for all n,k € N.
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LEMMA 2.1 (see [22], Theorem 3.2)
(a) Given a BK-space X provided AK -property or X = {o,. Then, b= (b;) €
{Xo}? if and only if b= (by) € (XP)p and H® € (X : ¢cp).
In addition, if b= (b) € {Xo}?, then we get

oo

Z brxy = Z(Dka)(Qkx)
k=0

k=0
for all x € Xq.

(b) b= (bx) € {cq}? if and only if b= (bx) € (b1)p and H® € (c: c).
In addition, if b= (b) € {cq}?, then we get

> brrk =Y (Dra)(Qix) — b
k=0 k=0

for all x € cq, where £ = lim Qpx and o = lim )~ hff;i-
k— o0 n—00 .0

LEMMA 2.2 (see [22], Theorem 3.4)
(a) Given an arbitrary subset Y of w and a BK-space X provided AK -property
or X =ly. Then A€ (Xg:Y) if and only if T € (X 1Y) and HA») €
(X :¢g) for allmn € N.
In addition, if A€ (Xq:Y), then we get

Az =T(Qx)

forallz € Xg.
(b) Given a linear subspace Y of w. Then, A € (cq :Y) if and only if

Te(c:Y), HA) e (c:¢)

for alln e N and
Te — (ap) €Y,

— Lm 8= AW
where o, = lim > h " for alln € N,
In addition, if A € (cq :Y), then we get
Az =T (Qz) — &(om)

for all z € cg, where § = klim Qrx.
—00

PROPOSITION 2.3 (see [12], Proposition 3.2)
(a) If X € {co, loo}, then we have

1bll%g = 1Db] (2.2)

for all b= (b) € {Xo}".
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(b) We have
[1blle, = 1Dl + [ (2.3)

for all b= (bg) € {cg}?, a= lim > AY).

DEFINITION 2.1 (see [23], Definition 2.10)
Given a metric space (X,d) and E € Mx = {FE: E C X and F bounded}. Then,
the Hausdorff measure of noncompactness of F is defined by

n
X(E) :inf{6>0: EC UB(mi,(Si), eX, 6 <e(i=12,...,n) nEN},
i=1
where B(z;,0;) = {y € X : d(z;,y) < §;}. Here, the function x is called the

Hausdorff measure of noncompactness.

DEFINITION 2.2 (see [23], Definition 2.24)

Let x1 and x2 be the Hausdorff measure of noncompactness defined on the Banach
spaces X and Y, respectively. The operator L: X — Y is called (x1, x2)-bounded
if L(E) € My and there exists a positive constant k such that x2(L(E)) < kx1(E)
for all E € Mx. If an operator L is (x1, x2)-bounded, the (x1, x2)-measure of
noncompactness of L is defined by

1Ll (x1,x2) = Inf{k > 0: x2(L(E)) < kx1(E) for every E € Mx}.
For brevity of notation, If x1 = x2 = x, then || L||(y,y) = |L|lx-

LEMMA 2.4
Given two BK -spaces X and Y.

(i) For all A € (X :Y), there exists a Ly € B(X,Y) such that La(z) =
Az(xz € X), namely (X :Y) C B(X,Y) (see [23], Theorem 1.23).

(ii) If X has the property AK, then every L € B(X,Y) is given by a matriz
A e (X :Y) such that Av = L(x) (z € X), namely B(X,Y) C (X :Y)
(see [17], Theorem 1.9).

LEMMA 2.5 (see [23], Theorem 1.23)
Given a BK-space X andY € {{w,co,c}. Then, if Ac (X :Y), we get

[Lall = [[Allx,00) = sup [An X < oc.

LEMMA 2.6 (see [23], Theorem 2.25 and Corollary 2.26)
Given two Banach spaces X andY and L € B(X,Y). Then, we write

L]y = x(L(Bx)) = x(L(5x)); (2.4)
IL|lx = 0 if and only if L € C'(X,Y), (2.5)

L1 < (L. (2.6)
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LEMMA 2.7 (Goldenstein, Gohberg, Markus [23], Theorem 2.23)

Let X be a Banach space which has a Schauder basis {e1,es,...}, E € Mx and
P,: X — X be the projector onto linear span of {e1,es,...}. Then, the following
inequality holds.

“timsup (sup (7 = P)@)]) < x(E) < timsup (sup (= P) (@),

n—oo rxel n—o0

where v = limsup || — B, ||.

n—oo

LEMMA 2.8 (see [27], Theorem 2.8)
Given X € {€,,co}, wherel <p < 0o and E € Mx. For an operator P,: X — X
defined by P,(x) = " (z € X) the following statement holds

x(B) = lim_ (sup (T~ P)(@)]).

n—roo

THEOREM 2.9
Given X € {co(Q),2o(Q)}. Then the followings hold.

(i) If A€ (X :¢p), then
1all = 1 ([Viugllox, o) (27)

(ii) If A€ (X : £s), then

0 <1 Lallx < T [Vigllix o) (2:8)

where V},;,) = sup ( > |vnk|> for all m € N.
k=0

n>m

Proof. In (2.7) and (2.8]), the limits clearly exist.
(1)| By applying Lemmas and we get

ILll = x(E(Bx)) = Tim ( sup [[(T = Pu)(AD)]), (2.9)

m—00 \ xcBy

where P,,: ¢g — ¢, Pp(z) = zI™ for © = (1) € ¢ and m € Ny. Now, let us
define Al™ = (@i )nk=o such that

m
a’n

0, 0<n<m,
" \ank, n>m

for all n,k,m € N. Then, because of A" € (X : ¢y) and so AL{"] € X8, by
considering Lemmas and and (2.2)) in Proposition we get

o0 o0 o0
AR5 = 1DAR | =Y T IDR AT =D 7Y " gjrary.
k=0 k=0 j=k
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By taking into account the definition D = (d,x), we have

j—kj—k—i
tos = DA, = Zamz Z ol gl gl
=0 [=0
for all k£ € Ny. Thus, we obtain
oo
TS5 = o]
k=0

for n > m. As a result of these, we conclude that
Sup (I = Pr)(Ax)|| = | L] = sup |AT 5 = sup (3 el
r€Bx n>m \ =0 (2.10)

= [Vimill x,00)-

So follows from and ( -

ii Now, let us deﬁne a projector P, : Loy — loo, P(x) = 2™ for z = () €
ls and m € Ny. Then, by combining L(Bx) C P, (L(Bx))+ (I — P,)(L(Bx)),
the known properties of x(see [23], Theorem 2.12) and conditions (2.4) and (2.6)),

we write
X(L(Bx)) < x(Pn(L(Bx))) + x((I = P)(L(Bx)))
=X((I = Pn)(L(Bx))) < sup [[(I — Py)(Az)]|
r€Bx
= [|Latm ],
which yields that the condition (2.8]) holds. This completes the proof.

By connecting the Theorem and the condition (2.5)), we can give the fol-
lowing result.

COROLLARY 2.10
Given X € {¢p(Q), 40 (Q)}.

(i) In case of A € (X : ¢g), La is compact if and only if

lim [ sup (i |vnk|)] = 0. (2.11)

n>m k=0

(ii) In case of A € (X : {s), L4 is compact if the condition (2.11)) holds.

THEOREM 2.11
The following statements hold.

(i) In case of A € (¢(Q) : co),

IZall = T [Viwgllox o)
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(ii) In case of A € (c(Q) : o),
0< 1 Zall < tim [Vl ox, o

where |Vim) |l (x,00) = sup ( > vnk] + |an|) and o, = lim > hnfk").
n>m k=0

Proof. In the proof of Theorem if we change (2.2]) with (2.3]), theorem can be

proved in a similar way.

By combining Theorem and condition ({2.5)), the next corollary can be

given.

COROLLARY 2.12
(i) In case of A € (¢(Q) : ¢o), La is compact if and only if

lim [su ( o, —I—an>]:0. 2.12
Jin [sup (32 el + oo (2.12)

(ii) In case of A € (¢(Q) : ), L4 is compact if the condition (2.12)) holds.
Let us give two more results.

PROPOSITION 2.13 (see [11], Corollary 5.13)
Define a sequence p = (ug) such that pp = lim tnx for all k € Ny. Given
n— oo

X € oo, c0}. Then, A€ (Xgq :c), the following

1 . .
5 lm (sup [T = pll) < | Eally < Tim (sup [T = gl )
n>m m—00 \ n>m

2 m—o0

holds.

THEOREM 2.14 (see [LI], Theorem 5.14)
Let £ = lim ( >tk — ozn) and A € (cg : ¢). Then
k=0

n—oQ

1
SB< Ll < B,

where

’IT}H)IlOO [ sup (kz_otnk _Mk| + ’g_an _’;Oﬂk‘)}

n>m

THEOREM 2.15 R
Define a sequence fi = (i) such that fix, = lim v,k for all k € N and let £ =
n—oo

o0
lim (Zvnk—an .
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(i) Given X € {co(Q),lo(Q)}, then if A € (X : ¢) we have

1 . - ;
SBi= lm [ sup (; = il )| < lILallx = Br,

m— 00 n>m

where Bl = limmﬂoo ||Vv[m] — ﬂ”(X,oo)
(i) If A € (¢(Q) : ¢), then
1
2By <Ll < By

where
o0 o0

By = lm [ sup (3 ows = el + [E— an = 3] )].
n=m k=0 k=0

Proof. By keeping in mind Proposition and Theorem [2.14] one can see that
the proof is obvious. Therefore, we omit it.

Bs zrr}gnoo{sup (kz_ovnk_ﬂk|+ ‘f—An—kZ_Ouk

n>m

By combining Theorem and condition (2.5, the next corollary can be
given.

COROLLARY 2.16
(i) Given X € {co(Q),%(Q)}. In case of A € (X : ¢), L, is compact if and

01 1y if
lim [ sup ( E V. — ﬂ . )} =0.
m—=o0 Lp>m k_Ol nk k‘

(ii) In case of A € (¢(Q) : ¢), L4 is compact if and only if

o0 o0
im { sup (kzolvnk — fig] + ‘ﬁ—an —kzoukm =0.

n>m

3. Geometric properties of the sequence space £,(Q)
In this chapter, we determine some geometric properties of the space ¢,(Q).
Given a Banach space (X,|.||x). If all bounded sequence x = (z,) contains a
n
subsequence y = (y,,) provided the Cesaro means %_H > yk are norm convergent,
k=0

then X has the Banach-Saks property (see [4]).
If all weakly null sequence = = (x,,) contains a subsequence y = (y,,) provided

n
the Cesaro means %ﬂ kX_: Yk are norm convergent, then X has the weak Banach-

Saks property (see [4]).
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If all weakly null sequence x = (z,,) has a subsequence y = (y,,) provided
HZka < M(n+1)7
=0 X

for some M > 0 and for all n € N, then X has Banach-Saks type p, where
1< p< oo (see [20]).

Given a weakly compact convex set £ C X. Then, X is said to have the weak
fixed point property, if every self mapping T: E — E that provides ||Tx — Ty|| <
lz — y|| for all z,y € E has a fixed point (see [15]).

For a given normed linear space X and a unit sphere S(X) of X, the Gurarii’s
modulus of convexity is defined by

fx(Q) =inf {1— int Jlaw+(1—ayl: 2,y e SX), |z —y| =c},

where 0 < e < 2 (see [28]).

THEOREM 3.1 (see [16])
A Banach space X has the weak fized point property, if X provides the condition

R(X) =sup{ 11nrr_1>10r01f 2 + 2|} <2,
where the supremum is taken over all weakly null sequences (x,,) of the unit ball
and all points x of the unit ball.

THEOREM 3.2
The sequence space €,(Q) is of the Banach-Saks type p.

Proof. Let us take a weakly null sequence « = (z,,) € B(¢,(Q)) which is unit ball
of £,(Q) and assume that (e,) is a sequence of positive numbers with Y€, < 1.
Define yo = z9 = 0 and y; = x,, = 1. Then, one can find an m; € N such that

| 3w

i=mi+1

< €71.
£ (Q)

Resulting from x, — 0 implying z,, — 0 coordinatewise, one can find an ny € N

such that
my
|3 antiet?
i=0

as n > ny. Define y» = x,,,. Then, one can find an mg > my such that

< €1,
£(Q)

o0

| 3 e

1=mo—+1

< €3.
£(Q)

By using v,, — 0 coordinatewise once more, one can find an ng > ng such that

ma

H Z 2 (i)e®

=0

£(Q)
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as n > ng. If this method is continued, one can derive two increasing sequences
(my) and (ny) such that

mp
H Z xn(i)e(i) < €
paar Q)
for all n > ng41 and
| > we], <
i=mp+1 ZP(Q)
where y, = . In this way
o (@)
n mE—1 mp ) [ele] )
(X 0@+ 3 wm@e+ Y w@e)|,
k=0 =0 i=mp_1+1 i=mp+1 r(@)
mg n
IS S w23

k=0 i=mp_1+1 EP(Q) k=0

and
n mg P
> e
k=0i=mgr_1+1 6 (Q)
n mip
=3 > lryk(d) + sye(i — 1) + tyn(i — 2) + uyk(i — 3)/7
k=0i=mp_1+1
SO rye(d) + syr(i — 1) + tyn(i — 2) + ugp(i — 3)|P <n+ 1.
k=0 i=0

Therefore we get

=

1
n+1)7+1<2(n+1)7,

H > <(

= w@
which yields that the space £,(Q) is of the Banach-Saks type p. This completes
the proof.

In [6], Theorem 2.2 gives that £,(Q) is linearly isomorphic to £,. As a result
of this, we write R(£,(Q)) = R(£,) = 27
If we combine this result and Theorem The next theorem can be given.

THEOREM 3.3
The sequence space £,(Q) has the weak fized point property, where p € [1,00).
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THEOREM 3.4
The Gurarii’s modulus of convezity of the space £,(Q) holds

Be,@)(e) <1— {1 _ (g)z’]%
where 0 < e < 2.

Proof. Given 0 < e < 2. Let us suppose that the inverse of quadruple band matrix
Q@ is G. Now, we define two sequences x and y by

o= (60~ (5)) a5 0o)
v=((c(1- (5)) e(~5)00...).

1Qzlle, = llzlle,@) =1 and [[Qulle, = [[ylle,@) = 1-

This gives us that z,y € S(£,(Q)) and [|Qz — Qylle, = |7 — Ylle, @) = €
For given 0 < a < 1, we write

_ P _ _ p_q1_ (&Y 1 &Y
loz + (1 = a)yll? ) = lleQz + (1 =)@yl =1—(5) +[2a—1(5)

and

T

ke~

Then, we have

inf 1 o1 (9) 3.1
Jnt oz + (1 - a)yll? =1 (3) (3.1)

So, we have
€

ol
Be @) <1 [1 - (5) ] :
for p > 1. This completes the proof .

By considering the equality (3.1]), the next results can be given.

COROLLARY 3.5
Because of 3y (g)(€) = 1 for € = 2, the sequence space £,(Q) is strictly convex.

COROLLARY 3.6
Because of 0 < 3, (q)(€) < 1 for 0 < e <2, the sequence space £,(QQ) is uniformly
convex.

4. Conclusion

By taking into account the definition of Quadruple band matrix, we can
derive that Q(1,-3,3,—1) = A3, Q(r,s,t,0) = B(r,s,t), Q(1,-2,1,0) = A2,
Q(r,s,0,0) = B(r,s) and Q(1,—1) = A, where A3, B(r,s,t), A%, B(r,s) and A
are called third order difference, triple band, second order difference, double band
(generalized difference) and difference matrix, respectively. Moreover, Quadruple
band matrix is not a special case of m-th order generalized difference matrix B™
defined in [3] and is not a special case of the weighed mean matrices. Thus, our
work fills up a gap in the known literature.
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