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Abstract. Using the notion of operations on a generalized topological space
(X, p) and a hereditary class we have introduced the notion of 7,-compact-
ness modulo a hereditary class H termed as 7, H-compactness. We have
studied v, H-compact spaces and ,H-compact sets relative to p.

1. Introduction

In 1979, Kasahara [7] introduced the notion of an operation on a topological
space and introduced the concept of a-closed graph of a function. After then
Jankovié [6] defined the concept of a-closed sets and investigated some properties
of functions with a-closed graphs. In 1991, Ogata [I0] introduced the notion of
y-open sets to investigate some new separation axioms of a topological space.
Recently, Krishnan et al. [8] and Van An et al. [I8] investigated the notion of
operations on the family of all semi-open sets and pre-open sets. The notion of
compactness is one of the most important area of research in mathematics.

The concept of Z-compactness was introduced in [9], while the notion of ~-
compact spaces was studied in [2]. Recently, Carpintero et al. [I] introduced the
concept of p-compactness with respect to a hereditary class H. The notion of
weakly pH-compact spaces was studied in [111 [12].

In this paper, by using hereditary classes [19] [5], a generalized topology [3]
and an operation [I5], we define the notion of v,-compactness modulo a hereditary
class called +y, H-compactness. We have studied several properties of vy, H-compact
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spaces and v, H-compact sets. Finally, we have given some preservation theorems
of v, H-compact sets.

We recall some notions defined in [3]. Let X be a non-empty set and exp X be
the power set of X. We call a class u € exp X a generalized topology [3], (briefly,
GT) if @ € p and the union of any elements of y belongs to p. A set X with a
GT p on it is called a generalized topological space (briefly, GTS) and is denoted
by (X, ).

For a GTS (X, u), the elements of p are called p-open sets and the comple-
ment of p-open sets are called p-closed sets. For A & X, we denote by c,(A)
the intersection of all p-closed sets containing A, i.e. the smallest p-closed set
containing A; and by ¢,(A) the union of all py-open sets contained in A, i.e. the
largest p-open set contained in A (see [3|,4]). It is easy to observe that ¢, and ¢,
are idempotent and monotonic, where v: exp X — exp X is said to be idempotent
iff for each A € X, v(v(4)) = 7(A4), and monotonic iff v(A4) € ~v(B), whenever
AC BC X. It is also well known from [4] that let u be a GT on X, A € X and
z € X, then z € ¢,(A) if and only if x € M € p implies M N A # () and that
cu(X\ A) = X \iu(A).

We recall that a collection H of subsets of X is a hereditary class (see [5]) if
it is closed under subsets, i.e. if A € H and B € A then B € H.

2. ~,H-compact subsets

DEFINITION 2.1 ([15])

Let (X, u) be a GTS. An operation v, on a generalized topology p is a mapping
from p to P(X) (where P(X) is the power set of X) with G € G"» for each G € p.
This operation is denoted by 7,: u — P(X). Note that v,(A) and A% are two
different notations for the same set.

DEFINITION 2.2 ([15])
Let (X,p) be a GTS and ~, an operation on u. A subset G of a GTS (X, ) is
said to be v,-open if for each point = of G, there exists a y-open set U containing
x such that U € G.

A subset of a GTS (X, 1) is said to be v,-closed if its complement is ~,-open
in (X, ). We shall use the symbol 7,0(X) to mean the collection of all y,-open
sets of the GTS (X, p).

REMARK 2.1 ([15])

Let (X,u) be a GTS and v,: p — P(X) be an operation on . We note that
7.O(X) is a GT on X. We also observe that every 7,-open set is a p-open set,
ie. v,0(X) <€ p.

DEFINITION 2.3 ([I])

Let (X, ) be a GTS and H be a hereditary class on X. A subset A € X is called
wH-compact if for every cover {U, : « € A} of A by p-open sets of X, there exists
a finite subcollection {Uy : a € Ao} such that A\ J{Us : o € Ao} € H. X is
called a uH-compact space if X is H-compact as a subset.



~uH-compactness in GTS [35]

DEFINITION 2.4 ([16])

Let (X, u) bea GTS and 7, : ¢ — P(X) be an operation on p. A subset A of (X, )
is said be ~y,-compact relative to y if for every cover {U, : a € A} of A by p-open
subsets of X, there exists a finite subset Ag of A such that A € J{Ua" : a € Ag}.
If A= X, then X is called a ,-compact space.

DEFINITION 2.5

Let (X, u) be a GTS, 7,: 4 — P(X) an operation on p and # a hereditary class
on X. A subset A of X is said to be ~,H-compact relative to p if for every cover
{Uqs : a € A} of A by u-open sets of X, there exists a finite subset Ag of A such
that A\U{Ua" : o € Ao} € H. X is said to be v, H-compact if X is v, H-compact
relative to u.

REMARK 2.2
(1) Let A be ~y,H-compact relative to p.

(i) If H = {0}, then A is v,-compact (see [16]).
(i) If H = {0} and ~, is identity, then A is p-compact (see [14]).
(iii) If H = {0} and ~,, is ¢,, then A is weakly p-compact (see [17]).

(2) Let (X, p) be vy, H-compact.

(i) If 5, is identity, then X is pH-compact (see [I]).
(ii) If v, is ¢,, then X is weakly pH-compact (see [11]).

In fact, we can recover almost all the well known classical concepts of com-
pactness by replacing the generalized topologies, operations and the hereditary
classes.

OBSERVATION 2.3

Since U € U for every u-open set U € p, it follows that every uH-compact space
is y,H-compact. But the converse is not true as shown by the next example. We
also note that every 7,-compact subset is 7y, H-compact but the converse is not
true.

REMARK 2.4

(a) Let R be the set of real numbers. Let p = {A S R: A is infinite}. Then
(R,p) is a GTS. If we take H = {4 & R : Ais finite}, then H is a
hereditary class on R. Tt is easy to check that (R, ) is not puH-compact.
In fact, {(—n,n) : n € N} is a cover of R by u-open sets of R, but there
do not exist any r € N such that R\ J{(—n,n): n=1,2,...,r} € H. Let
Yu: o = P(X) be an operation defined by A7 = A, if 1 ¢ A and A" =R,
if 1 € A. Let {U, : a € A} be a cover of R by p-open sets of R. Then
there exists Uy, such that 1 € U,,. Hence R\ Uy" = () € H. This shows
that R is vy, H-compact relative to p.

(b) Let R be the set of real numbers and p = 7., (countable topology on R).
Let H={A S R: m(A) = 0} (m(A) = the measure of A). Consider
Yu: = P(X) as the identity operation on p. It is easy to check that R is
not 7,-compact relative to p but v,H-compact relative to p.
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THEOREM 2.5

Let (X,p) be a GTS, vyu: p — P(X) an operation on p and H an ideal on X.
Then the union of two v, H-compact subsets relative to u is also a v, H-compact
set relative to p.

Proof. Let A and B be v, H-compact relative to p. Let {U, : « € A} be any
cover of AU B by p-open subsets of X. Then there exist finite subsets A; and As
of A such that A\ J{Ua" : e« € A1} € Hand B\ U{Ua" : o € Ay} € H. Since
Ay UA, is a finite subset of A and H is an ideal, AUB\ | J{Ua* : a € Ay Uy} C
A\U{US" + a e A} UB\J{Us" : a € Ay} € H. Thus AU B is v, H-compact
relative to p.

The following example shows that if the class  is not an ideal, then the union
of two 7y, H-compact subsets relative to u is not necessarily vy, H-compact relative
to p.

EXAMPLE 2.6

Let X = (0,1) and p be the restriction of the usual topology on X and H = {4 :
A C (o, 1) or A C (1 1)}. Let v,: p — P(X) be the identity function. Then
A=(0,2) and B = (3,1) are v, H-compact relative to y. But their union AUB is
not so. In fact, {(,1—21): n € N} is a cover of AUB by p-open sets. But there

n’

exist no ny, N, ..., Ng suchthatAUB\U{(n%,l—i_): i:l,2,...,k}€7—l.

n;

DEFINITION 2.6 ([16])
A GTS (X, p) is called a 7,-regular space if for each point = of X and each p-open
set V containing z, there exists a p-open set U containing « such that ~,(U) & V.

THEOREM 2.7 ([16])

For a strong GTS (X, ), the following properties are equivalent:
(i) p=7-0(X).
(if) (X, p) is v, -regular.

(ili) For each x € X and each U € p containing x, there exists W € ,-O(X)
such that x € W S W C U.

THEOREM 2.8
Let (X, ) be a GTS, where v, : p— P(X) be an operation on p. The implications

= = = hold. However, if (X, p) is v, -regular, then for any subset
A C X the following are equivalent:

(i) A is pH-compact relative to p.

(ii) A is v, H-compact relative to 1.
(iii) A is pH-compact relative to v,0(X).
(iv) A is ’y,ﬂ-[ compact relative to v,0(X).

Proof. |(1)| It follows from the fact that for every p-open set, U S U7x.
ii ) = |(iii)|

Let A be 7, H-compact relative to p and {U, : o € A} be a cover
of A by 7,-open sets in X. Then for each z € A, there exists a(x) € A such that
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x € Uy(y). Since Uy(yy is yu-open, there exists V() € p such that x € Vi, &
VJ‘; € Ua(z)- Now {V,(s) : = € A} is a cover of A by p-open sets of X. Then

by there exists a finite subset Ag of A such that A\ U{VJ(’w) :x € Ag} € H.
Thus, A\ U{Ua(e) : = € Ao} € H. This shows that A is yH-compact relative to
TuO(X).

= The proof follows from the similar argument as in |(i)| =

= Let A € X be 5,H-compact relative to 7,0(X). We shall show
that A is pH-compact relative to p. Let {U, : « € A} be a cover of A by p-open
sets of X. Then for each x € A, there exists a(x) € A such that x € U,(,). Since
(X, ) is 7,-regular, there exists V() € p such that x € Vo) & VJ(‘T) € Un(a)-
Since {V(z) : @ € A} is a cover of A by p-open sets of X and A is y,H-compact
relative to 7,0(X), there exists a finite subset {x1,z2,...,2,} of A such that
ANUVAE, - i=1,2,...,n} € H. Thus A\ {Us,,, : i=12,...,n} € H.
Hence A is pH-compact relative to p.

i):

COROLLARY 2.9
Let (X, u) be a GTS, where 7, : 1 — P(X) be an operation on p. The implications

= = = hold. However, if (X, p) is y,-regular, then the following
are equivalent:

(i) X is pH-compact relative to p.

(i) X is v, H-compact relative to p.
(iii) X is pH-compact relative to v,0(X).
(iv) X is y,H-compact relative to v,0(X).

ExaMPLE 2.10

Let R be the set of real numbers and 4 = {A € R: A is infinite} U {#}. Then
(R, u) is a GTS. Let 7y,: p — P(X) be defined by A™ = ( if A = {0} and R,
otherwise. If we take H = {A : A is finite}, then # is a hereditary class on R.
It is easy to check that v,O(R) = {0,R}. Hence, R is ,H-compact relative to
7:O(R), but not v, H-compact relative to .

THEOREM 2.11

Let (X, p) be a GTS, ~v,: p— P(X) an operation on p and Hy be the hereditary
class of finite subsets on X. Then A & X is 7y,-compact relative to p if and only
if A is v, Hy-compact relative to pi.

Proof. If A is ~y,-compact relative to u, then it is clearly v, H s-compact relative to
p. Next, let A be v, H p-compact relative to p. Let {U, : « € A} be a p-open cover
of A. Then there exists a finite subset Ag of A such that A\J{Ua" : a € Ag} € H;.
Let A\ {Ua" : o € Ao} = {x1,2,...,2,}. For each 1 < j < n, choose U,
such that z; € Uy, S Ua?. Thus A S J{Ua" : a € Ag}U{Ua" : j=1,2,...,n}.
Hence A is v,-compact relative to p.

THEOREM 2.12

Let (X, p) be a GTS, vyu: p— P(X) be an operation on p and H be a hereditary
class on X. If A is v, H-compact relative to p and B is v,-closed, then AN B is
Y H-compact relative to fi.
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Proof. Let {U, : o € A} be a cover of AN B by p-open subsets of X. Then X \ B
is y,-open and A\ B € X \ B. Then for each € A\ B, there exists a py-open set
U, containing x such that € U, S U* € X \ B. Then {U, : a € A} U{U, :
x € A\ B} is a cover of A by p-open sets in X. So there exist finite subsets Ag
of A and Ag of A such that A € [U{Ua" : a € Ao} U [U{UZ" : =€ Ao}]UH
for some H € H. Then ANB € [U{Ua" NB: ac A} U[H{U*NB: z €
A} JUHNB) S U{Ua" : a € Ag}UH. Thus ANB\|J{Ua" : a € Ao} S H € H.
Hence AN B is vy, H-compact relative to p.

COROLLARY 2.13

Let (X, p) be a GTS, v,: p — P(X) be an operation on p and H be a hereditary
class on X. If X is y,H-compact and B is 7,-closed, then B is ,H-compact
relative to p.

DEFINITION 2.7
Let (X, p) be a GTS, v,: u — P(X) be an operation on p and H be a hereditary
class on X. A subset A of X is said to be

(i) pHg-closed if ¢, (A) & U whenever A\ U € H and U € p.
(ii) pg-closed (see [13]) if ¢, (A) & U whenever A £ U and U € p.
REMARK 2.14

If Ais pHg-closed, then it is pg-closed. Also if H = {0}, then a pu{0}g-closed set
is simply a ug-closed set.

EXAMPLE 2.15

Let X = {a,b,c} p = {0,X,{a}}, vu: p — P(X) be an operation defined by
A = ¢, (A) for A C X. Let H = {0,{b}}. It can be checked that {a,b} is a
pg-closed set but not a uHg-closed set.

THEOREM 2.16

Let (X, ) be a GTS, vu: n — P(X) be an operation on p and H be a hereditary
class on X. If (X, p) is v, H-compact and A is a p-closed set such that (X \ A)"» =
X\ A, then A is vy, H-compact relative to p.

Proof. Let A be a p-closed set and {U, : « € A} be a cover of A by p-open sets
of X. Then (X \ A) U[U{U. : « € A}] is a p-open cover of X. Thus there exists
a finite subset Ag of A such that X \ [(X \ A)™ U [U{UJ" : o € Ag}]] € H. But

X\ [(X\NA)™ U [U{Ua" : a € A}]]
=X\ X\ AN [X\U{Us" : a€ Ao}
=ANn[X\U{Ua" : o€ Ao}
= A\U{Ua" : a € Ap}.
Therefore, A\ J{Ua" : a € Ao} € H. Thus A is v, H-compact relative to .

We call an operation v,: p — P(X) additive (see [16]) if for any A, B € p,
(AU B)"™ = A% U B,
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THEOREM 2.17

Let (X, ) be a GTS, v,: n — P(X) be an operation on p and H be a hereditary
class on X. Let A be a pHg-closed subset of X with A € B € ¢,(A). If B is
YuH-compact relative to p, then A is vy, H-compact relative to p. If in addition,
Y. 18 additive, then converse part is also true.

Proof. Suppose that B is v, H-compact relative to p and {U, : o € A} be a cover
of A by p-open sets of X. Since A is a uHg-closed subset of X, A is ug-closed
and B € ¢, (A) € U{Us : a € A}. Since B is v, H-compact relative to pu, there
exists a finite subset Ag of A such that B\ J{Ua" : o € Ag} € H. Since A C B,
A\U{UI* : o€ Ag} € H. Thus A is v, H-compact relative to p.

Conversely, suppose that A is 7, H-compact relative to p and {Uy : o € A}
be a cover of B by p-open sets of X. Then {U, : « € A} is a cover of A by
p-open sets of X. So there exists a finite subset Ag of A such that A\ J{Ua" :
a € Ao} € H. Since Ais pHg-closed, ¢, (A) € U{Us : o € Ag}. Since B € ¢, (4),
BCU{Us: a€ Ao} SUU : a € Ay} and B is y,-compact relative to pu.
Hence, B is 7y, H-compact relative to p.

3. ~,H-compact subsets and related continuity

Throughout the rest of the paper (X,u) and (Y, ) will denote GTS’s and
Vi p— P(X) and Bx: A — P(Y) will denote two operations on p and A, respec-
tively.

DEFINITION 3.1
A function f: (X, p) — (Y, A) is said to be

(i) (v, B)-continuous if for each x € X and each M\-open set V with f(z) € V,
there exists a p-open set U containing x such that f(U7) C VA,

(ii) weakly (v, 3)-continuous if f~!(V') is v,-open for each Sx-open set V of V.

THEOREM 3.1
Every (v, B)-continuous function f: (X,pu) — (Y, ) is weakly (v, B)-continuous.

Proof. Let V be any 8x-open subset of Y. For each x € f~1(V), f(x) € V and
so there exists a A-open set W containing f(z) such that f(z) € W S W/ C V.
Since f is (7, §)-continuous, there exists U € p containing z such that f(U") C
Wh. Therefore, v+ € U S U C f=1(f(U™)) C f~H(WF) C f~1(V). Thus f is
weakly (v, 8)-continuous.

EXAMPLE 3.2

Let X =Y = {a,b,c}, p={0,{a},{b},{a,0}, X} and X = {0, Y, {b}, {c}, {b,c}}.
Then (X, 1) and (Y, \) are two GTS’s. Let 7,: p — P(X) be defined by A™ =
iu(cu(A))) for all A € X. Let By: B — P(X) be defined by A°» = ¢, (A) for any
A € X. Consider the identity function f: (X,u) — (Y, A). Then f is a weakly
(7, B)-continuous function but not a (v, §)-continuous function.

THEOREM 3.3
If (Y, \) is Ba-regular, then every weakly (v, B)-continuous function f: (X,u) —
(Y, \) is (v, B)-continuous.
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Proof. Let x € X and V be a A-open subset of Y containing f(z). Then there exists
a By-open set W in Y such that f(z) € W € W5 C V. Since f is weakly (v, 3)-
continuous, f~'(W) is a 7,-open set containing z and hence a p-open set in X
such that x € U S U C f=Y(W). Therefore, f(U"») S W S Wh SV C VA,
Thus f is a (v, §)-continuous function.

We recall [I] that if H is a hereditary class on a set X and f: (X, p) — (Y, )
is a function, then f(H) = {f(H): H € H} is also a hereditary class on Y.

THEOREM 3.4

Let H be a hereditary class on (X, p), f: (X,pn) = (Y, A) be a (v, B)-continuous
function and A be vy, H-compact relative to p. Then f(A) is Bxf(H)-compact
relative to \.

Proof. Let {V, : a € A} be any cover of f(A) by A-open sets of Y. Then for each
r € A, there exists a(z) such that f(z) € V(). Thus there exists a p-open set
Ua(z) containing x such that f(UZ(“L)) C VP, Now, {Ua@@) : = € A} is a cover
of A by p-open sets of X. Thus there exists a finite subset Ay of A such that

A\ U{UZ(“@ : x € Ao} € H for some H € H. Therefore,

FA) SULFU,) : € Aoy U f(H) S ULV, - @ € Ao} U f(H)

Hence,
PNV, - @ € Ao} € F(H).
Thus f(A) is fxf(H)-compact relative to A.

THEOREM 3.5

Let H be a hereditary class on (X, pn), f: (X,u) = (Y, ) be a weakly (v, 5)-
continuous function and A be vy, H-compact relative to v,0(X). Then f(A) is
B f (H)-compact relative to BAO(Y).

Proof. Let {V, : a € A} be any cover of f(A) by Sx-open sets of Y. For each
r € A, there exists a(x) € A such that f(x) € V(). Since f is weakly (v, 3)-
continuous, z € f~H (V) € 7,0(X) and {f (Vo)) : « € A} is a cover of A
by 7,-open sets of X. Since A is 7,H-compact relative to v,0(X), there exists
a finite subset Ag of A and H € H such that A € {f (Vo)) : @ € Ao} UH.
Hence f(A) € UH{Vaw) @ = € Ao} U f(H). Therefore, f(A) is Bxf(H)-compact
relative to S,O(Y).

DEFINITION 3.2
A function f: (X, u) — (Y, \) is said to be (a, §)-closed if for eachy € Y and U € p
containing f~'(y), there exists V € X containing y such that f=1 (V) C U,

THEOREM 3.6

Let 1 be a hereditary class on (X, pn) and v, be additive. Let f: (X, pn) — (Y, )
be a (v, B)-closed surjection. If f~1(y) is p-compact relative to u for each y € Y
and B is BrH-compact relative to X, then f~1(B) is v, f~ ' (H)-compact relative
to p.
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Proof. Let {U, : a € A} be a cover of f~(B) by u-open sets of X. For each
y € B, f~1(y) is p-compact relative to p, so there exists a finite subset Ag of A
such that f~(y) S U{Us : « € Ao} = Uy (say). Since Uy is a p-open set of X
containing f~!(y) and f is (v, )-closed, there exists a A\-open set V,, containing
y such that f~1(V,/) S U,". So {V, : y € B} is a cover of B by A-open sets of
Y. Since B is 8)H-compact relative to A, there exists a finite subset By of B such
that B\ U{V,” : y € By} € H. Therefore

BS| v} yeBoyuH

for some H € H and hence

FHB) SULFH (V™) s ye Bopu f7H(H)
C U{Uy" : y € Bo}U f(H)
CHU* . a€ Mg,y Bo}U fLHH).

Thus f~Y(B)\ U{Ua" : « € Ao,y € By} € f~HH). Thus f~1(B) is v, f~H(H)-
compact relative to .
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