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Abstract. The class of pseudo-M algebras contains pseudo-BCK, pseudo-
BCI, pseudo-BCH, pseudo-BE, pseudo-CI algebras and many other algebras
of logic. In this paper, the notion of deductive system in a pseudo-M al-
gebra is introduced and its elementary properties are investigated. Closed
deductive systems are defined and studied. The homomorphic properties of
(closed) deductive systems are provided. The concepts of translation deduc-
tive systems and R-congruences in pseudo-M algebras are introduced and
investigated. It is shown that there is a bijection between closed translation
deductive systems and R-congruences. Finally, the construction of quotient
algebra A/ D of a pseudo-M algebra A via a translation deductive system D
of A is given.

1. Introduction

Y. Imai and K. Iséki [IT], [I5] introduced BCK and BCI algebras as algebras
connected with some logics. Q. P. Hu and X. Li [10] defined BCH algebras, which
are a generalization of BCI algebras (hence also a generalization of BCK algebras).
H.S. Kim and Y. H. Kim introduced in [I7] the concept of BE-algebras. It is known
that BCK algebras are contained in the class of BE algebras. In 2009, B. L. Meng
[20] defined CI algebras as a common generalization of BE and BCH algebras.

In 2001, G. Georgescu and A. Torgulescu [8] defined pseudo-BCK algebras as
a non-commutative extension of BCK algebras. In 2008, W. Dudek and Y. B. Jun
[4] introduced pseudo-BCI algebras as a natural generalization of BCI algebras
and of pseudo-BCK algebras. Next, pseudo-BE algebras were introduced in 2013
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by R. A. Borzooei et al. [2], as a non-commutative extension of BE algebras.
A. Walendziak [28] introduced in 2015 the class of pseudo-BCH algebras. Recently,
A. Rezaei et al. [25] defined pseudo-CI algebras as a common generalization of
pseudo-BE and pseudo-BCH algebras. All of the algebras mentioned above are
contained in the class of pseudo-M algebras introduced by A. Iorgulescu in the
book [I4] from 2018.

Deductive systems of algebras of logic are an important algebraic notion. From
the logical point of view, deductive systems correspond to those sets of formulas
which are closed under the inference rule modus ponens. Note that deductive
systems are the same as ideals considered among others in the papers [23] [16]
on BCK algebras, [9] 24] on BCI algebras, and [3] 29] on BCH and pseudo-BCH
algebras (in all these papers, the notation with * and 0 is used). Note also that
in the theory of BE algebras and in the theory of CI algebras, deductive systems
coincide with filters (see for example [21], 27] and [22] [1]).

In this paper, we introduce the notion of deductive system in a pseudo-M
algebra and investigate its elementary properties. We define and study closed
deductive systems. We describe deductive systems of direct products of pseudo-
M algebras and provide the homomorphic property of (closed) deductive systems.
We introduce and investigate the concepts of translation deductive systems and R-
congruences in pseudo-M algebras. We prove that the lattice of closed translation
deductive systems of a pseudo-RM algebra A with the property [(pD)]is isomorphic
to the lattice of R-congruences on A. Finally, we give the construction of quotient
algebra A/D of a pseudo-RM algebra A via a translation deductive system D of
A and obtain the fundamental homomorphism theorem.

The motivation for this work consists algebraic arguments; namely, the pseudo-
M algebras are a generalization of various pseudo-algebras. As another motivation
of this study we mention the possible applications in the theory of pseudo-BCK,
pseudo-BCI, pseudo-BCH, pseudo-BE and pseudo-CI algebras.

2. On pseudo-M algebras

Let A = (A,—,~,1) be an algebra of type (2,2,0). We say that A is a
pseudo-M algebra (more precisely, left-pseudo-M algebra, see [14]) if it verifies the
axioms:

(IdEq) z my=1z~y=1,
(PM) 1 5z =z=1~ 1.

A natural binary relation < can always be defined on A by: for all z,y € A,
(pEq) z<yeor—oy=1(x~y=1).

We consider the following list of properties (cf. [I4]) that can be satisfied by
a pseudo-M algebra A:

(An) (Antisymmetry) (z <y and y < x)=x =y,
(PBB) y wz2<(z—x)~ (y =), y~z2<(z~) > (Y~ ),
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(pB

y—z<(z=y) = (=2, yoz<(@vy)~ (2~ 2),
(pD) z <

)
Jr<(z=y)~y, < (z~y) 2y,
(pEx) (Exchange property) z~ (y — 2) =y — (x ~ 2),
PC) z~ (y=2)<y—(2~2), 2= H~2) <y~ (r—2),
(L) (Last element) 2 <1,
(Re)
(1)
(%)
)

*

(Reflexivity) = < z,
(Transitivity) (zr <y and y < 2)= z < z,
x

p <y (z—oz<z—oyand z~ < 2~ y),

*%

(p r<y=(y—oz<z—=zandy~ z <z~ 2).

PROPOSITION 2.1

If an algebra A satisfies and
(PD) z~ ((z=y)~y) =1, z—(z~y =y =1
then A also satisfies|(IdEq)| and |(Re)l|

Proof. Straightforward.

LEMMA 2.2 (see Proposition 2.1.8 and Corollary 2.1.11 of [14])
Let A be a pseudo-M algebra. Then the following hold:

(i ++ )= [@BB]
(ii) [(pBB)|=|(p™)|=|(Tr

) [(Re)
)
(iif) I(pBB)I = [(Re)} [(pC)} [(pD)}
)
)
i)

(iv) [(Re)|+[(PEx)| = [(pD)}
(v) [eBB] = [®B)]= [@)}
(vi) [PBB)|+[(An)| = [[pEx

DEFINITION 2.3 (see [14])
An algebra A = (A, —,~, 1) is called:

1. a pseudo-RM algebra if it is a pseudo-M algebra Verifying

2. a pseudo-ML algebra if it is a pseudo-M algebra Verifying

3. a pseudo-RML algebra if it is a pseudo-RM algebra Verifying

4. a pseudo-CI algebra (or pseudo-RME algebra) if it is a pseudo-RM algebra

verifying |(pEx)|

a pseudo-BE algebra if it is a pseudo-CI algebra verifying

a pseudo-BCH algebra if it is a pseudo-CI algebra verifying |(An)|
a pseudo-BCI algebra if it is a pseudo-BCH algebra verifying
a pseudo-BCK algebra if it is a pseudo-BCI algebra Verifying

® N o o
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Denote by pM, pML, pRM, pRML, pCI, pBE, pBCH, pBCI, pBCK the
classes of pseudo-M, pseudo-ML, pseudo-RM, pseudo-RML, pseudo-CI, pseudo-
BE, pseudo-BCH, pseudo-BCI, pseudo-BCK algebras, respectively.

We say that a pseudo-M algebra A = (A4, —,~», 1) is:

9. a pseudo-BB algebra if it verifies

10. a pseudo-CI* algebra if it verifies |(Re)l |(pEx)| and |[(p*)| — that is, it is a
pseudo-CI algebra with |(p*)

11. a pseudo-BE* algebra if it verifies [Re)l [[pEx)} and |(p*)|— that is, it is
a pseudo-BE algebra with |(p*)}

Denote by pBB, pCI*, pBE* the classes of pseudo-BB, pseudo-CI*, pseudo-
BE* algebras, respectively.

From Lemma, we see that pCI* C pBB. The interrelationships between
the classes of algebras mentioned before are visualized in Fig. (An arrow
indicates proper inclusion, that is, if X and Y are classes of algebras, then X — Y
means X C Y.)

pM
pML
pBB / pRML
pBCH pBE
pBCI pBE*
pBCK
Fig. 1

A pseudo-M algebra (A, —,~»,1) is called a M algebra if - = ~». More
formally, an algebra (A, —, 1) of type (2,0) is said to be a M algebra if it satisfies

M) 1—>z=ux.

Similarly, if X € {M, RM, RML, CI, BE, BCH, BCI, BCK}, then a pseudo-X
algebra (A, —,—, 1) is called a X algebra. These algebras and many new general-
izations of BCI or of BCK algebras can be found in [I3].

In pseudo-RM, pseudo-RML, pseudo-CI and pseudo-BE algebras, < is a re-
flexive relation; in pseudo-BB, pseudo-CI* and pseudo-BE* algebras, it is reflexive
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and transitive by Lemma In pseudo-BCH algebras, by definition, < is
reflexive and antisymmetric. It is known that < is an order relation in pseudo-BCI
and pseudo-BCK algebras.

PROPOSITION 2.4

The class of pseudo-BB algebras is a variety of algebras of type (2,2,0) with the
associated set {—,~» 1} of operation symbols, defined by identities|(pM)| and

WBB) (y = 2)~ (2 0)~ (4> 2) =1, (y~ 2) = (2~ 7)
—(y~x) = 1.

Proof. Let A = (A,—,~,1) be an algebra of type (2,2,0) satisfying and
Let z,y,z2 € A. By |(pBB)and |[pM)l 1 = (1 — 2) ~ ((z = z) ~
loa))=z~(z—2z)~2)and1=(1~2) = (z~z) > (1~ 1)) =
z = ((z ~ x) — ), that is, holds. From Proposition we conclude that
(IdEq)| also holds. Therefore, A is a pseudo-M algebra satisfying Thus A
is a pseudo-BB algebra.

EXAMPLE 2.5
Let A = {a,b,1} and consider the following implications:

—1 a b 1 2 a b 1
a a 1 a a b 1 b
b 1 1 17 b 1 1 17
1 a b 1 1 a b 1
—2la b 1 ~9 la b 1
a a 1 1 a b 1 1
b b 1 1° b a 1 1
1 a b 1 1 a b 1

Then, A; = (A, —1,~1,1) is a pseudo-M algebra not verifying |(Re)| and for
a, [[An)| for a, b[(pD)] for a, 1; Ay = (A, —3,~+2,1) is a pseudo-ML algebra not
verifying [(Re)| for a, |(pD)| for 1, a (hence not |(pBB)).

EXAMPLE 2.6
Consider the set A = {a,b,1} and the following tables of implications:

—1la b 1 ~1la b 1
a |1 1 1 a |1 1 1
b b 1 b’ b a 1 a’
1 a b 1 1 a b 1
—9 |la b 1 ~o la b 1
a 1 1 a a 1 1 b
b 1 1 b° b 1 1 b
1 a b 1 1 a 1

Let A1 = (A,—1,~1,1) and Ay = (A4, —3,~2,1). Then, A; is a pseudo-RM
algebra and As is a pseudo-BB algebra. They do not verify for x = b, |(pEx)|
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for (z,y,2) = (a,b,a). Moreover, A; does not verify for (x,y) = (b,a) and
(pBB)| for (z,y,2) = (1,a,b).

ExXAMPLE 2.7
Let A ={a,b,c,1} and consider the following implications:

—>‘abcl ~la b ¢ 1
a |l 1 b 1 a |1 1 b 1
b |1 1 ¢ 1, b1 1 ¢ 1.
cla b 1 1 c|b ¢ 1 1
1 ]a b ¢ 1 1 |a b ¢ 1

Then, A = (A, —,~,1) is a pseudo-RML algebra. It does not satisfy [(An)|

For examples of pseudo-CI, pseudo-CI*, pseudo-BE and pseudo-BE* algebras
we refer to [2,[25], of pseudo-BCH algebras to [28], of pseudo-BCI algebras to |7, [18]
and of pseudo-BCK algebras to [12, [19]. Note that Iorgulescu’s pre-pseudo-BCI
algebras are our pseudo-CI* algebras and Iorgulescu’s pre-pseudo-BCK algebras
are our pseudo-BE* algebras.

3. Deductive systems

In this section, we define the notion of deductive system of a pseudo-M algebra
and give some of its properties.

Let A= (A, —,~,1) be a pseudo-M algebra. We say that a subset D of A is
a deductive system of A if it satisfies:

(D1) 1€ D,

(D2) for all z,y € A,if x € D and x — y € D, then y € D,
(D3) forall z,y € A, if x € D and x ~ y € D, then y € D.
S

By DS(A) we denote the set of all deductive systems of A. It is obvious that {1},
A € DS(A). The algebras from Example have only two deductive systems:

{1}, A.

REMARK 3.1

Let Aj be the pseudo-RML algebra from Example The set D = {1, ¢} satisfies
but it does not satisfy |(D3)]

EXAMPLE 3.2
Let A ={a,b,c,d,1} and —,~ be defined by the following tables:

—la b ¢ d 1 ~la b ¢ d 1
a 1 1 ¢ ¢ c a 1 1 ¢ ¢ d
b 1 1 ¢ ¢ ¢ b 1 1 ¢ ¢ d
c a b 1 1 ¢’ c a b 1 1 d°-
d |a b b 1 ¢ d |a b b 1 d
1 a b ¢ d 1 1 a b ¢ d 1
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By routine calculation, A = (A4, —,~+,1) is a pseudo-RM algebra, without
It is easy to see that DS(A) = {{1},{1,d},{1,qa,b},{1,c,d}, A}.

PROPOSITION 3.3
Let A be a pseudo-M algebra with the property and let D be a subset of A
containing 1. Then the following conditions are equivalent:

(a) D is a deductive system of A,
(b) D werifies|(D2)|
(¢) D werifies|(D3)|

Proof. By definition, implie’%@; To prove that [(b)] implies let D be a
subset of A verifying [(D1)| and |(D2)l Suppose that z ~» y € D and « € D. By
(pD)l # < (z ~ y) = y. Then z = ((z ~ y) — y) =1 € D, and we conclude
from that (z ~ y) = y € D, hence that y € D. Therefore, D verifies
and consequently D is a deductive system. Thus @ & @ The proof of the

equivalence [(a)] < [(c)] is analogous.

COROLLARY 3.4
If a pseudo-RM algebra A satisfies (pBB)| or |(pEx), then a subset D of A is a
deductive system of A if and only if it satisfies and or equivalently, if

and only if it satisfies|(D1)| and|(D3)]

COROLLARY 3.5
In pseudo-CI algebras (hence also in pseudo-BE, pseudo-BCH, pseudo-BCI, pseudo-
BCK algebras), a subset D is a deductive system if and only if it satisfies |(D1)]

and ((D2)], or equivalently, and |[(D3)

PROPOSITION 3.6
Let D be a deductive system of a pseudo-M algebra A. Then, for any x,y € A, if
x<yandz €D, theny € D.

Proof. Straightforward.

THEOREM 3.7
Let A; = (Ai, —i,~i,15), i € I, be an indexed family of pseudo-RML algebras and
A= [;c; Ai be the direct product of these algebras. Then

(i) if D; is a deductive system of A; for i € I, then []
system of A,

(ii) if D s a deductive system of A, then D; := m;(D), where m; is the i-th
projection of A onto A;, is a deductive system of A;, and D C [];c; D;.

Proof. |(i)| The first part of the assertion is obvious.
(ii)| Obviously, 1; € D;. Let x;,y; € A; and suppose that x; —; y; € D; and
x; € D;. Define z,y € A by

ser Di 15 a deductive

. T, ifj:i,
=15 i) 1
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and
y(])_ {1ja lf‘]#l
for any j € I. Then x(i) € D; and z(i) —; y(i) € D;. Hence, there exists an
element z € D such that m;(2) = (i) —; y(i). We have
N a0, if =1
@i = {30 0
Since z(j) < 1;, for j # 4, and A; satisﬁes we deduce that z <z —y. As D
is a deductive system and z € D, we conclude that x — y € D. Let now t € D be
such that m;(t) = x;. Clearly, t < z. Hence z € D, because t € D. Consequently,
y € D, and therefore y; = m;(y) € mi(D) = D;. Thus D; satisfies [(D2)| Similarly,

D; also satisfies|(D3)l This means that D; is a deductive system of A;.
Finally, it is easy to see that D C [[,.; D;.

DEFINITION 3.8
A deductive system D of a pseudo-M algebra A is said to be closed if xt -1 € D
and x ~ 1 € D for every x € D.

By definition, we have

PRrROPOSITION 3.9
In pseudo-RML algebras, hence in pseudo-BE, pseudo-BCK algebras, every deduc-
tive system is closed.

THEOREM 3.10

Let A be a pseudo-RM algebra with the property or|(pEx)| Then a deductive
system D of A is closed if and only if D is a subalgebra of A.

Proof. Suppose that D is a closed deductive system of A and let x,y € D. Observe
that
z—= 1<y~ (z—y). (3.1)

Indeed, if A satisfies thenz - 1< (1 =y~ (x=y) =y~ (x> y).
If [pEx)| holds, then 2 — 1 = 2 — (y ~ y) = y ~ (z — y). Therefore, A
satisfies . Since D is closed, x — 1 € D. We conclude from that
y~ (z = y) € D, hence that & — y € D. Similarly, z ~ y € D. Conversely, if D
is a subalgebra of A, then x € D and 1 € D imply x — 1 € D.

COROLLARY 3.11
Let A be a pseudo-CI algebra. Then every closed deductive system of A is a sub-
algebra.

REMARK 3.12
From Corollary we have Proposition 3.5 of [22] and Theorem 4.16 of [28].

REMARK 3.13
Let A be the pseudo-M algebra from Example Then {1,c,d} is a closed
deductive system of A but it is not a subalgebra.
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For any x,y € A and n € Ny, we define x =" y inductively as follows:

n+1

aj—}oy:y and z — y=$—>($_>ny) fornGNo,

We define x ~™ y in the same way.
In [28], it is proved that every deductive system of a finite pseudo-BCH algebra
is closed. Similarly, we obtain

ProrosiTiON 3.14
FEvery deductive system of a finite pseudo-BB algebra is closed.

REMARK 3.15
From Proposition we get Theorem 4.13 [5] for pseudo-BCI algebras.

REMARK 3.16

A pseudo-BB algebra in which every deductive system is closed does not have to
be finite; for example, we take any infinite pseudo-BCK algebra. Observe also that
the assumption of finiteness in Proposition [3.14] cannot be dropped, see example
below.

EXAMPLE 3.17

Let M be the set of all matrices of the form ], where x and y are rational

Ty

01

numbers such that > 0. We define the binary operations — and ~» on M by
X—->Y=YX"' and X~Y=X"1Y

10

for all XY € M. Then M = (M, —,~, E), where E = 01

}, is a pseudo-BB

20
algebra. Let C' = [0 1

deductive system of 9. Observe that D is not closed. Indeed, C — E = EC~! =
C~1¢D.

]. It is easy to see that the set D = {C™: n € NU{0}} isa

For any pseudo-M algebra A, we set
KA ={zeA: z<1}.

PROPOSITION 3.18
If a pseudo-M algebra A satisfies then K(A) is a closed deductive system
of A.

Proof. Obviously, 1 € K(A). Let z, z - y € K(A). Then z < land z — y < 1.
From [(pM)| and [(p™)| we obtain y =1 — y < 2 — y < 1. Hencey < 1 (A
satisﬁ by Lemma [2.2][(ii)), that is, y € K(A). Similarly we prove that if z,
x~y € K(A), then y € K(A). Thus K(A) is a deductive system of A. Tt is clear
that if z € K(A), then z — 1 € K(A). Therefore, K(A) is closed.

REMARK 3.19
From Lemma we conclude that Proposition holds for pseudo-BB, pseudo-
CI*, pseudo-BE*, pseudo-BCI, pseudo-BCK algebras.
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REMARK 3.20
Example [3:2I]shows that the converse of Proposition [3.18|does not hold in general.

ExXAMPLE 3.21
Let A ={a,b,c,1} and consider the following implications:

—>‘abcl ~la b ¢ 1
ala b ¢ a ala ¢ b a
b la b ¢ b, bla b ¢ b.
cla b ¢ 1 cla b ¢ 1
1 la b ¢ 1 1 la b ¢ 1

Then, A = (4, —,~, 1) is a pseudo-M algebra. We have K(A) = {1, c}. It is clear
that K(A) is a closed deductive system of A, whereas A does not satisfy |(p™™)
sincec<1,butl—=b=bgLb=c—b

PRrROPOSITION 3.22
Let Ay and As be pseudo-M algebras. Then:

(i) K(Al X ./42) = K(.Al) X K(.AQ),
(i) if A1 and As satisfy[[Re)] and[(L)] then DS(A; x Az) = DS(A;) x DS(A»).

Proof. |(i)| This is immediate from definitions.

et A= A x Ay and D € DS(A). From Theorem it follows
that D C D; X Dy, where Dy = m(D), Dy = m3(D). Let a € Dy and b € Ds.
There are ¢ € Ay and d € A; such that (a,c),(d,b) € D. Since (a,c) < (a,1)
and (d,b) < (1,b), we conclude that (a,1),(1,b) € D. Observe that (a,b) € D.
Indeed, we have (a,1) — (a,b) = (1,b) and (a,1),(1,b) € D. From this (a,b) € D.
Therefore D = Dy x Dy € DS(A;) x DS(Ay).

Conversely, let D = Dy X Dy, where D; € DS(A;) and Dy € DS(Az). By
Theorem D is a deductive system of A.

The following two propositions give the homomorphic properties of deductive
systems.

PRrROPOSITION 3.23

Let A and B be pseudo-M algebras. If p: A — B is a homomorphism and D is a
(closed) deductive system of B , then the inverse image ¢~ (D) of D is a (closed)
deductive system of A.

Proof. Straightforward.

PROPOSITION 3.24

Let A= (A, —,~,14) and B = (B, —,~»,1p) be pseudo-RM algebras and p: A —
B be a surjective homomorphism. If D is a (closed) deductive system of A con-
taining ker ¢ := ¢~ 1({15}), then (D) is a (closed) deductive system of B.

Proof. Since 14 € D, we have 15 = ¢(14) € ¢(D). Let z,y € B and suppose
that ,2 — y € ¢(D). Then there are a,b € D and ¢ € A such that © = p(a),
z =y =) and y = p(c). We get 2 =y = p(a) = ¢(c) = p(b), so p(a = ¢) =
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©(b). Hence b — (a — ¢) € kerp, and consequently b — (a — ¢) € D. By the
definition of deductive system, ¢ € D. Therefore, y = ¢(c) € ¢(D). Similarly, if
x,x ~y € p(D), then y € ¢(D). This means that (D) is a deductive system of
B. Moreover, if D is closed, then ¢(D) is also closed.

REMARK 3.25
Propositions and imply Propositions 4.13 and 4.14 of [28] on ideals of
pseudo-BCH algebras, Theorem 14 of [2] on filters of pseudo-BE algebras.

The set DS(A) of all deductive systems of a pseudo-M algebra A (partially
ordered by set-inclusion) is a complete lattice where infima coincide with set-
theoretical intersections. Hence, for any X C A there exists the least deductive
system containing X. Denote it by D(X) and call it the deductive system generated
by X.

PROPOSITION 3.26
Let A be a pseudo-BB algebra and let ) # X C A and

Y={zxcA: a1 > (= (ap > x):) =1 for someay,...,a, € X, n € N}
={xeA: a1~ (-~ (ap~x)--)=1 for someay,...,a, € X, n € N}.

Then D(X) =Y U{1} and D(0) = {1}.
Proof. Byand we get
ag—=(=la, =) )=1loa,~(~(ag~x)--)=1

for any z,a1,...,a, € A and n € N. Then, it suffices to prove that Y U {1} is
the least deductive system containing X. Obviously, 1 € Y U {1}. Suppose that
z,x >y eYU{l}. fz=1,theny=1—-y € YU{l}. Let z € Y. By the
definition of Y, there exist aq,...,a, € X such that

ag~ (-~ (ap~x)---) =1 (3.2)
We shall consider two cases:

Case 1. x — y = 1. Then z < y. Since A satisfies|(p*)}, we have a,, ~ x < a,, ~ y.
Repeating this way n — 1 times and noticing (3.2)) we obtain

1:a1r\,>(.../\,>(a,n/\,)x)...)Sal/\,}(.../\,)(an/\,)y)...)7
that is, a3 ~ (-~ (ap~y)---)=1. Hencey € Y CY U{1}.

Case 2. © — y € Y. Therefore, there are by,...,b, € X (m € N) such that

by~ (oo~ (b~ (2 —y))--) =1 (3.3)
Applyingwe get

b ~ (x = y) <z — (b ~ ).
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Repeating this, by [(p*)} [(pC)| and |('Tr)l we obtain

b (oo (b (22 9) ) S = (b (oo (b ) ).

Hence, using (3.3), we have 1 = 2 — (b ~ (-++ ~ (b, ~ y)--+)), and
consequently, @ < by ~» (- -+~ (by, ~> y) -+ ). Then, by [(p)]

l=ay~ (-~ (an~a)-)

<ap~o (oo (@~ (b~ (oo (b~ y) o)) ).

Thus y € Y C Y U{1}. Therefore, Y U {1} € DS(A). It is obvious that
XCYcCyu{lh

To prove that Y U {1} is the least deductive system containing X, let D € DS(A)
and D D X. For any x € Y U {1}, if z = 1, then z € D; otherwise, there are
ai,...,a, € X such that holds. Since X C D, we have ay,...,a, € D.
By the definition of a deductive system, from we see that x € D. Hence
Y U{1} € D. Thus D(X) =Y U{1}.

Moreover, it is easily seen that D(0)) = {1}.

REMARK 3.27
In particular, from Theorem we obtain Lemma 2.1.4 of [I9], Corollary 5.7 of
[20], Proposition 5.23 of [25], Proposition 3.7 of [6].

By Proposition the mapping X — D(X) is an algebraic closure operator
on the power set of A, that is, for every X C A,

D(X) = U{D(XO) : Xp is a finite subset of X}.

Hence we obtain

THEOREM 3.28
For any pseudo-BB algebra A, DS(A) forms an algebraic lattice whose compact
elements are precisely the finitely generated deductive systems.

REMARK 3.29
Theorem was proved for deductive systems of pseudo-BCK algebras by J. Kiihr
[19] and of pseudo-BCI algebras by G. Dymek [6].

4. Translation deductive systems and congruences

In this section we first study the notion of compatibility of deductive systems
and then we introduce translation deductive systems and R-congruences. We say
that a deductive system D of a pseudo-M algebra is compatible if, for all x,y € A,

r—yeD&Sr~yeD.

We use DScom (A) to denote the set of all compatible deductive systems of a pseudo-
M algebra A. It is easy to see that {1}, A € DS¢com(A).
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ExaMmPLE 4.1
Let A be the pseudo-M algebra from Example 3.2 The deductive system Dy =
{1, ¢,d} is compatible, while Dy = {1, d} is not compatible.

PROPOSITION 4.2

Let A= (A,—,~,14) and B = (B,—,~,1p) be pseudo-M algebras and v: A —
B be a homomorphism from A into B. Then ker ¢ = ¢~ 1({15}) is a closed com-
patible deductive system of A.

Proof. Straightforward.
We have the following characterization of compatibility of deductive systems.

THEOREM 4.3
Let A be a pseudo-M algebra satisfying and . Let D € DS(A). The

following statements are equivalent:

(a) D is compatible,
(b) (d—x)—x€D and (d~ x)~x €D, foralld € D and z € A.

Proof. [(a)] = [[b)} Let d € D and = € A. From [[pD)|it follows that d < (d —
z) ~ x and d < (d ~ x) — z. By Proposition (3.6, (d - z) ~ = € D and
(d ~ z) — x € D. Since D is compatible, we conclude that (d — z) — x € D
and (d~» x)~ z € D.

[(B)] = Let + — y € D. By assumption, ((z — y) ~ y) ~ y € D.
Applying [(pD)} we get © < (z — y) ~ y, and hence, by ((x = y) ~y) ~
y < x ~ y. Consequently, x ~» y € D. Similarly, z ~ y € D yields x — y € D.
Thus D is compatible.

PROPOSITION 4.4
Let A be a pseudo-RM algebra wz’th and . Then K(A) is a closed com-

patible deductive system.

Proof. By Proposition[3.18 K(A) is a closed deductive system of A. Let d € K(A)
and x € A. Then d < 1. Applying we have 1 — © < d — z. Hence (d —
z) > ¢ < (1 = z) = x =1, and consequently (d — x) — = € K(A). Similarly,
(d~ x)~ x € K(A). From Theorem [4.3| we conclude that K(A) € DScom(A).

PROPOSITION 4.5

Let A= (A, —,~,14) and B = (B, —,~,1p) be pseudo-RM algebras and p: A —
B be a surjective homomorphism. If D is a compatible deductive system of A
containing ker o, then p(D) is a compatible deductive system of B.

Proof. Let D € DS(A) and D D ker¢. By Proposition (D) is a deductive
system of B. Suppose that D is compatible. To prove that ¢(D)is compatible,
let 2,y € B and x — y € p(D). Then there are a,b € A and d € D such that
x = ¢(a), y =) and z — y = ¢(d). Hence p(a — b) = ¢(d), and consequently
d — (a — b) € kerp C D. Therefore a — b € D and using the compatibility of D,
we have a ~ b € D. Then z ~ y = p(a ~ b) € ¢(D). Similarly, z ~ y € ¢(D)
yields x — y € ¢(D). Thus (D) is a compatible deductive system.
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In [26], E. H. Roch et al. introduced the notion of translation ideal in BCH al-
gebras. In [29][30], we defined translation ideals and translation deductive systems
in pseudo-BCH and RM algebras, respectively. Similarly, we have

DEFINITION 4.6

A compatible deductive system D of a pseudo-M algebra A is said to be a trans-
lation deductive system (t-deductive system, for short) if it satisfies the following
condition: for all z,y, z € A,

r=yy—ore€D= (xoz) = (yoz), (zox) > (20y) €D, (4.1)
where o € {—,~1.

Denote by T(A), Ta(A) the set of all t-deductive systems and closed t-
deductive systems of A. Obviously, A € T¢(A). But {1} is not a translation
deductive system, in general (see examples below).

ExaMPLE 4.7

Consider the pseudo-RM algebra A; from Example 2.5] We have a —q b,b —
a€{l},but (@ >11) =1 (b—>11)=0a—11=a¢ {1}. Therefore, {1} is not a
translation deductive system of Aj;.

EXAMPLE 4.8
Let A = {a,b,c,d,1}. Define binary operations — and ~ on A by the following
tables:

= la b ¢ d 1 ~la b ¢ d 1
a 1 1 a a a a 1 1 a a a
b 1 1 b b b b 1 1 b b b
c a b ¢ d 17 c a b d d 1°
d a b ¢ 1 ¢ d a b ¢ 1 c
1 a b ¢ d 1 1 a b ¢ d 1

Then A = (A, —,~, 1) is a pseudo-M algebra (not verifying[(An)] [[Re)} [(L)} [pD)]
[(pBB)] m It is evident that DS(A) = {{1},{1,¢c},{1,d},{1,¢c,d}, A}. The

set {1} is not a translation deductive system, because d — d = 1 € {1} but
(d—c)—= (d—=c)=c— c=c¢{1}. The deductive systems {1,c} and {1,d}
are not compatible, since ¢ — ¢ = ¢ but ¢ ~ ¢ = d. We have T(A) = T (A) =

{{1,¢,d}, A}.

PROPOSITION 4.9
Let A be a pseudo-RM algebra satisfying ((An)l Then {1} € T(A).

Proof. Straightforward.

THEOREM 4.10
If A is a pseudo-BB algebra, then DS¢om(A) = T(A).

Proof. By Lemma A satisfies Let D be a compatible deductive
system of A and let z,y,z € A. Suppose that x — y,y — = € D. Using the
compatibility of D, we get z ~ y,y ~ x € D. By[[pBB)l y = = < (z — 2) ~
(y—z)andy~a < (r~2) = (y~ 2). Sincey »>x € D and y~ z € D,
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we see that (z — 2) = (y = z) € D and (z ~ 2) = (y ~ z) € D. From [(pB)] it
follows that z — y < (z > z) = (z — y) and z ~ y < (z ~ 2) ~ (2 ~ y). We
have (z = z) = (z = y),(z ~ z) ~ (2 ~ y) € D, because x — y,z ~ y € D.
Thus D is a translation deductive system of A.

COROLLARY 4.11
In pseudo-CI*, pseudo-BE*, pseudo-BCI, pseudo-BCK algebras we have

DSeom (A) = T(A).

PROPOSITION 4.12
If o: A — B is a homomorphism of pseudo-M algebras and D € T(B), then
o YD) € T(A).

Proof. Straightforward.

ProrosITION 4.13

Let A = (A;—,~,14)and B = (B;—,~,1p) be pseudo-RM algebras and let
w: A — B be a surjective homomorphism. If D is a translation deductive system
of A containing ker , then (D) is a translation deductive system of B.

Proof. By Proposition 4.5, ¢(D) is a compatible deductive system of B. Let
x,y,z € B. Since ¢ is onto, there exist a,b, ¢ € A such that x = p(a), y = ©(b)
and z = ¢(c). To prove that ¢(D) € T(B), let © — y,y — = € @(D). Then
wla = b) = ¢(a) = ¢(b) =z — y € (D), and similarly, (b — a) € ¢(D).
Hence p(a — b) = ¢(d1) and ¢(b — a) = ¢(ds) for some dy,dy € D. Therefore,
o(dy — (a = b)) = p(d2 — (b — a)) = 15, and consequently

dy — (a—b),ds — (b—a) € kerp C D.

It follows that dy — (a — b),d2 — (b — a) € D. By definition, a — b,b — a € D.
Since D is a translation deductive system,

(avc) = (boc),(coa) = (cob) € D,
where ¢ € {—,~}. This forces

(xoz) = (yoz) = (pla) o p(c)) = (p(b) 0 p(c)) € p(D),
and similarly, (z o z) — (z0y) € (D). Thus (D) € T(B).

ProOPOSITION 4.14

Let A = (A, —,~,14) and B = (B —,~,1p) be pseudo-RM algebras and let
¢: A = B be a homomorphism. If B satisfies then ker ¢ is a closed t-
deductive system of A.

Proof. By Proposition [£.2] ker¢ is a closed compatible deductive system of A.

Let B satisfy [(An)l Then {15} is a t-deductive system of B by Proposition
From Proposition we conclude that ker ¢ € T(A). Finally, ker ¢ is a closed

t-deductive system of A.
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Let A be a pseudo-M algebra and 6 be an equivalence relation on A. We say
that 0 is a congruence on A if x10y; and x40y, imply x7 — x20y; — yo and
1~ o0y ~ yo for all z1,xz9,y1,y2 € A. Let us denote by Con A the set of all
congruences on A. For § € Con A and x € A, we write z/6 for the congruence
class containing z, that is, ©/0 = {y € A: ybz}. Denote A/0 = {x/0 : z € A}.
Set ©/6 —' y/0 = x — y/0 and x/0 ~' y/0 = x ~ y/0. The operations —’ and
~' are well-defined, since 6 is a congruence on A.

LEMMA 4.15
Let A be a pseudo-M algebra and 8 € Con A. Then 1/0 is a closed deductive
system.

Proof. Straightforward.

LEMMA 4.16
If A is a pseudo-M algebra with and 6 € Con A, then 0 satisfies the following
condition

x — yfl & x ~ yhl (4.2)
forall x,y € A.

Proof. Straightforward.

ProrosITION 4.17
If A is a pseudo-M algebra satz’sfying and 0 € Con A, then:

(i) 1/0 is a closed compatible deductive system of A,
(i) A/0 = (A/6,—',~',1/6) is a pseudo-M algebra with [(pD)}
Proof. By Lemma 1/6 is a closed deductive system. From Lemma it
)

follows that 6 satisfies . Then 1/6 is compatible.

By (4.2), A/0 verifies [IdEq)| and, obviously, [pM)] and Therefore,
A/0 is a pseudo-M algebra with |(pD)

ExXAMPLE 4.18
Consider the set A = {a, b, ¢,d, 1} with the following tables of implications:

—la b ¢ d 1 ~la b ¢ d 1
a 1 b b d 1 a 1 b ¢ d 1
b a 1 ¢ d 1 b a 1 a d 1
c 1 1 1 d 1° c 1 1 1 d 1
d |d d d 1 1 d |d d d 1 1
1 a b ¢ d 1 1 a b ¢ d 1

Then A = (A, —,~, 1) is a pseudo-BE algebra (see [25]). By Lemma it
also satisfies Let 0 = {a,b,c,1}?> U {(d,d)}. Obviously, # € Con.A. We have
1/6 = {a,b,c,1}. Tt is easy to check that 1/6 is a closed compatible deductive
system.
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COROLLARY 4.19
If A is a pseudo-BB algebra and 0 € Con A, then 1/0 is a closed t-deductive
system.

Proof. By Lemma A satisfies From Proposition and Theo-
rem we deduce that 1/6 is a closed t-deductive system.

We say that § € Con A is an R-congruence on a pseudo-M algebra A if it
satisfies the following conditions: for all z,y € A,

(R1) = — 301 and y — 201 imply 26y,
(R2) =~ 301 and y ~ 261 imply x0y.

PROPOSITION 4.20

If A satisfies[[pD)], then [RT)k=[R2)]

Proof. Let hold. Suppose that z ~ yf1 and y ~ 261. Hence x — ((x ~

y) = y)fz — y, and so x — y1. Similarly, y — z61. By [(R1)| zfy. Thus is
satisfied. Analogously, implies

We will denote by Cong(.A) the set of all R-congruences on A.

ExXAMPLE 4.21
Let A ={a,b,c,1} and —,~be defined by the following tables:

%‘abcl '\»‘abcl
a |l 1 ¢ a a |1l 1 ¢ b
b |1 1 ¢ 1, b |1 1 ¢ 1.
cla b ¢ 1 cla b ¢ 1
1 ja b ¢ 1 1 la b ¢ 1

Then, A = (A, —,~,1) is a pseudo-M algebra. Let § = AU {(a,1),(1,a), (b, 1),
(1,b),(a,b), (b,a)}, where A = {(a,a), (b,b), (c,c),(1,1)} is the diagonal relation.
It is clear that A6 € Con.A. Moreover, 6 is an R-congruence on A, while A ¢
Cong (A).

PROPOSITION 4.22
Let A be a pseudo-M algebra satisfying and 6 € Cong(A). Then 1/6 is
a closed t-deductive system of A.

Proof. By Proposition 1/6 is a closed compatible deductive system of A.
Let x - y € 1/0 and y — = € 1/0. Then © — yf1 and y — z01. Since 0
satisfies we have xfy. Therefore, x — 20y — z and hence (v — z) = (y —
z)01. Thus (x — z) = (y — z) € 1/0. Similarly, (z — z) = (z = y) € 1/6.
Consequently, 1/6 satisfies for ¢ = —. Analogously, it satisfies for o =
~». Thus 1/ is a closed t-deductive system of A.

PRrROPOSITION 4.23
Let A be a pseudo-M algebra satz’sfying and let @ € Con A. Then the following
are equivalent:
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(a) 6 is an R-congruence on A,
(b) A/0 satisfies|(An)|

Proof. @ = @ Let € be an R-congruence on A and z,y € A. Suppose that
x/0 —y/0=1/0=y/0 — x/0. Then x — y/0 =1/0 =y — x/6. Hence x — yf1
and y — x61. Since 0 satisfies we have z0y. Therefore, z/6 = y/6, and
consequently, holds in .A/6.

= @ Let z,y € A. Assume that + — y01 and y — x01. Hence
x/0 —y/0=1/0 =y/6 — x/6. Since A/0 satisfies [[An)] we get z/6 = y/6, that

is, z0y. Thus 6 is an R-congruence on A.

We will show that R-congruences are characterized by translation deductive
systems. For D € T(A), we define

r~pysr—yeD and y—axeD.

THEOREM 4.24
Let A be a pseudo-RM algebra wz’th and D be a translation deductive system
of A. Then:

(i) ~p 1is an R-congruence on A,

(ii) 1 /~p C D is a closed t-deductive system of A,
(iii) 1 /~p = D if and only if D is closed,
(iv) if 0 € Conr(A), then 6 =~ 9.

Proof. By r — x =1¢€ D, that is, x ~p = for any x € A. This
means that ~p is reflexive. From definition, ~p is symmetric. To prove that ~p
is transitive, let © ~p y and y ~p z. Thenz — y, y - x € D and y — =z,
z = y € D. Since D is a t-deductive system, (y — z) — (x — 2) € D and
(z = y) = (2 = z) € D. Hence, by the definition of deductive system, we get
x— 2z € D and z— x € D. Consequently, z ~p z, and so ~p is transitive. Thus
~p is an equivalence relation on A.

Let z,y,2z € A and suppose that x ~p y. Then x -y € D and y — x € D.
Since D is a t-deductive system, (z ¢ z) = (y ¢ 2), (yoz2) = (x o 2) € D, where
o € {—,~}. Thus

TozZ~pYOZ. (4.3)

Moreover, (zox) = (zoy) € D and (z0y) = (z0x) € D. Therefore
ZOT ~p ZOY. (4.4)

Let now x ~p y and u ~p v. From it follows that o u ~p you. By ({.4),
you~p yov. Since ~p is transitive, we have x ¢ u ~p y ¢ v. Consequently, ~p
is an congruence on A.

Observe that ~p satisfies (hence also . Let + — y ~p 1 and
y—x~pl Thenz -y=1=(r—=y)eDandy >2x=1— (y = z) € D.
Consequently,  ~p y. Thus ~p € Cong(A).
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From Proposition we see that 1 /~p C D is a closed t-deductive
system of A.

If 1/~p = D, then it is obvious that D is closed. Conversely, assume
that D is closed. It is sufficient to show that D C 1/~p. Let & € D. Then
lsax=x€Dandx— 1€ D, thatis, z € 1 /~p. Therefore, 1 /~p = D.

For an R-congruence 6 on A, we have x ~ gy S o =y, y € 1/0 &
x0y. Thus 0 =~y 9.

As usual, a deductive system D of a pseudo-M algebra A is called the kernel
of the congruence 6 on A if D =1/6.

THEOREM 4.25
Every closed translation deductive system of a pseudo-RM algebra A satisfying
is the kernel of some R-congruence on A.

Proof. Let D € Ta(A). By Proposition ~p € Cong(A). Moreover, we
have
x€l/~pSr~pler—l,a=1s2xeDsxeD.

Therefore, D =1 /~p.

The sets T¢1(A) and Cong (\A) partially ordered by set-inclusion are obviously
lattices. Moreover, we get

THEOREM 4.26
For any pseudo-RM algebra A with the lattices T (A) and Cong(A) are
isomorphic.

Proof. We consider the function

w: 0 —1/6 for all § € Cong(A).

By Proposition ¢ maps Cong(A) into Tci(A). Since any closed t-deductive
system of A is the kernel of some R-congruence on A, we conclude that ¢ is onto
Te(A). Observe that

01 C 02 < ¢(61) € ¢(0-) (4.5)

for all 01,05 € Cong(A). If 6; C 65, then clearly 1/6; C 1/65, that is, p(6;) C
©(02). Conversely, assume 1/6; C 1/65. Let 26;y. Then x — y6#;1 and hence
x — ybBo1. Similarly, y — z651. Since 0 satisfies we have zfy. Thus
61 C 65. Consequently, ¢ maps Cong (A) onto T¢(A) and satisfies . Therefore
Cong (A) is isomorphic to T (A).

EXAMPLE 4.27
Consider the set A = {a,b,c,d, e, 1} with the following tables of implications:

—la b ¢ d e 1 ~la b ¢ d e 1
al|ll 1 ¢ d e 1 a |l 1 ¢ d e 1
bla 1 ¢ d e 1 bla 1 ¢ d e 1
clc a 1 d e 1, clc b 1 d e 1.
d|la b ¢ 1 1 d d|la b ¢ 1 1 d
e la b ¢ 1 1 e ela b ¢ 1 1 e
1 la b ¢ d e 1 1 la b ¢ d e 1
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Then, A = (A, —,~,1) is a pseudo-RM algebra verifying [[(pD)} It is easy to check
that D1 = {1}, D2 = {1,1)}, D3 = {l,a,b}, D4 = {1,&,[),6}, D5 = {1,d,€},
D¢ ={1,b,d,e}, Dy ={1,a,b,d, e}, Ds = A are deductive systems of .A. Observe
that Dy is not compatible. Indeed, c~ b =0b € Dy but ¢ — b = a ¢ D,. Similarly,
Dg is not compatible. D3 does not satisfy , since a — b,b — a € D3, but
(c > a) > (c > b) =c— a=c¢ Ds. Analogously, D7 is not a t-deductive
system. We have T¢(A) = {D1, D4, D5, Dg}. From Theorem we conclude
that the lattice Cong(.A) is isomorphic to the lattice of Fig. [2| that is, it is the
four-element Boolean algebra.

Dy

Dy Ds

D,
Fig. 2

Let D be a t-deductive system of a pseudo-RM algebra A satisfying For
x € A, we write x/D = {y € A: = ~p y}. We note that z ~p y if and only if
x/D =y/D, that is,

z/D=y/D&sx—y, y—xzeD.

In particular,
z/D=1/Dez=1—z,x—1€D.

Denote A/D ={z/D: z € A}. Set /D =" y/D =2 —y/Dand z/D ~' y/D =
x ~ y/D. The operations =’ and ~»' are well-defined, since ~p is a congruence

on A.

PROPOSITION 4.28

Let A be a pseudo-RM algebra wz’th and D be a closed t-deductive system of
A. Then A/D := (A/D;—',~',D) is a pseudo-RM algebra satisfying [(An)| and
(pD)}

Proof. Theorem yields 6 := ~p € Cong(A). We have /0 = x /~p =
x/D, for all x € A, and 1/0 = D, since D is closed. Then A/0 = A/D and, by
Propositions and [£.23|[(b)} A/D is a pseudo-RM algebra satisfying [(An)|
and

The algebra A/D is called the quotient pseudo-RM algebra of A modulo D.

COROLLARY 4.29
If A is a pseudo-BB algebra and D is a closed compatible deductive system of A,
then A/ D is a pseudo-BCI algebra.
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Proof. By Theorem [4.10, D € Ty(A). From Proposition we deduce that
A/D is a pseudo-RM algebra with [[An)} Clearly, .A/D satisfies [[pBB)|and hence,

by Lemma it also satisfies [(pEx)], [(p*)} Thus, A/D is a pseudo-BCI

algebra.

ExaMmPLE 4.30
Let A = {a,b,c,d, 1} and consider implications: —,~> from Example and the
following implication:

a0 ooy
QL Q O O e
[SINES R NS
A0 R0
QA — Q 2 Ol
——Q Q o=

It can check that A; = (A,—,—,1) and Ay = (A4, —,~,1) verify
and Then A = A; x Ay is a pseudo-BB algebra. It does not Verify
for z = (b,c), y = (c,b), [[L)] for z = (a,a), and [[pEx)| for z = (a,a), y = (c,a),
z=(b,a). Let D = {1,d} x{1,b,c}. It is easy to see that D is a closed compatible
deductive system of A. We have

a:= (b’ 1)/D = {<b’ 1)) (b7 b)7 (b7 C)7 (07 1) (C C) (Cv b)}v
b:=(1,a)/D = {(lva)’ (1,d), (d,a), (d, d)}7
¢:=(b,a)/D ={(b,a), (b,d),(c,a), (c,d)},

d := (a,b)/D = {(a,b),(a,c),(a,1)},

e:= (a,a)/D = {(a,a), (a,d)},

1:=(1,1)/D=D

Set A/D = {a,b,c,d,e, 1} and (z1,y1)/D =’ (22,42)/D = (21 — 22,51 —
Y2)/D, (w1,41)/D ~' (22,92)/D = (21 — T2,y1 ~ y2)/D. We get a =’ a =
(b,1)/D =’ (b,1)/D = (b - b,1 = 1)/D = (1,1)/D =1 = a~' a. Analogously,
a—'"b=(b1)/D =’ (1,a)/D = (a,a)/D = e = a ~' b. Finally, we conclude
that —'=~+" and obtain the following table:

—'la b ¢ d e 1
a|l e b a ¢ d
bjla 1 a d d 1
c 1 d 1 a a d.
d|d c¢c e 1 b a
e|d a d 1 1 a
1 |a b ¢c d e 1

Thus, by Corollary A/D = (A/D,—',—', D) is a (pseudo-) BCI algebra.

THEOREM 4.31
Let A and B be pseudo-RM algebras and ¢: A — B be a homomorphism from A

onto B. If A satisfies[(pD)| and B satisfies[(An)] then A/kery is isomorphic to B.
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Proof. By Proposition [I.14] D := keryp is a closed t-deductive system of A. Define
a function ¢: A/D — B by ¢(z/D) = ¢(x) for all x € A. We have

z/D=y/D & x—yy—ax€D
& () = oy) =1=p(y) = ¢(z)
& p(r) = ¢(y).

This means that v is well defined and one-to-one. It is easy to see that v is
a homomorphism from A/D onto B. Thus % is an isomorphism from .4/D onto
B.

COROLLARY 4.32
If A is a pseudo-BB algebra, then K(A) is a closed t-deductive system of A and
A/K(A) is a pseudo-BCI algebra.

Proof. Since A satisfies and by Proposition K(A) is a closed
compatible deductive system of A. From Theorem [£.10] and Corollary [£.29] it
follows that K(A) € Tei(A) and A/K(A) is a pseudo-BCI algebra.

5. Conclusions

Pseudo-M algebras are a common generalization of pseudo-BCK, pseudo-BCI,
pseudo-BCH, pseudo-BE and pseudo-CI algebras. In this paper, the notion of
deductive system in a pseudo-M algebra is introduced and its elementary properties
are investigated. Closed deductive systems are defined and studied. Deductive
systems of direct products of pseudo-M algebras are described. The homomorphic
properties of (closed) deductive systems are provided. The concepts of translation
deductive systems and R-congruences in pseudo-M algebras are introduced and
studied. It is shown that there is a bijection between translation deductive systems
and R-congruences. Finally, the construction of quotient algebra A/ D of a pseudo-
M algebra A via a translation deductive system D of A is given.

As a direction of research, one could define various deductive systems in
a pseudo-M algebra, and investigate the relationships between these. It will also
be possible to study the pseudo-M algebras verifying the commutative property or
verifying the implicative property. Another topic of research could be to introduce
and investigate the notion of fuzzy pseudo-M algebra.
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